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PREPACE 


The impetus given within the last decade and a half by the theory of re- 
lativity to the study of generalized spaces and their differential invariants 
has resulted in many interesting and important discoveries in this field. 
Most important among these and most fruitful for later developments was 
the concept of the infinitesimal parallel displacement formulated by Levi- 
Civita in 1917 — a concept which was soon extended by Weyl in the theory 
of the general afidnely connected space. The discovery of the existence of a 
projective theory of the affinely connected space was made in 1921 by 
Weyl. This was followed by the discovery of the affine representation of the 
projective theory as well as of the conformal theory of metric spaces by the 
author. More general geometrical theories of projective space, intimately 
related to this affine representation, were devised by Schouten, Veblen and 
others. Also L. P. Eisenhart arrived at the idea of the invariant theory 
of the group space of an r-parameter continuous group, which was more 
fully developed by Cartan and Schouten. These and other researches in the 
theory of the differential invariants of generalized spaces, or as it is some- 
times called, the absolute differential calculus, mark the period through which 
we have just passed. Further interesting results in this field undoubtedly 
await the investigations of the future. 

The following pages are intended to give the student a connected account, 
including the above recent developments, of the subject of the differential 
invariants of generalized spaces. It is my hope also that the book may be of 
some use to research workers. I have adopted the notation in most common 
use, which is undoubtedly the best. The book is exclusively analytical in 
character — above all I have striven for elegance of analytical procedure. 
Special geometrical points of view have been, as they should be, omitted, 
as such are primarily a matter of personal taste and should, in any case, 
be confined to books on geometry; I have thus excluded the viewpoint 
initiated by Cartan as well as the more recent geometrical formulations of 
Schouten and Veblen. While certain of the results given may possibly be 
included in the field of differential geometry, I have made no invasion of 
the strict province of this subject, i.e. the theory of curves and surfaces 
embedded in a space of higher dimensionality. 

Among the features of the book the following may be mentioned. 
Chapter I contains a general discussion of the ? 2 --dimensional spaces which 
have won a recognized position in the literature. The immediately following 
chapters give the foundations of the invariant theories of these spaces, so 
arranged that their relationships and essential differences are exhibited. In 
Chapter V we have a discussion of normal coordinates in generalized spaces, 
which forms the basis of the general theory of extension. Chapter VI 
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contains a very complete exposition of spatial identities based on the funda- 
mental concept of the complete set of identities of an invariant. The subject 
of absolute scalar differential invariants and parameters in generahzed 
spaces, defined by means of complete systems of partial differential equa- 
tions, is treated in Chapter VII. This requires some knowledge of the Lie 
theory of continuous groups and in this connection the underlying elements 
of the invariant theory of the group space are introduced. Then follow the 
important Chapters VTII and IX on the equivalence problem and the 
reducibility of spaces, and finally a chapter on the functional arbitrariness 
of spatial differential invariants. 

It was decided after some reflection to make no attempt to present the 
theory of groups of motions in generahzed spaces, since this leads to con- 
siderations of a topological nature entirely foreign to the local character of 
the subject of differential invariants. 

Throughout the book the practice has been adopted of ViBrngsmallprintiox 
those passages which supplement the main ideas of the text. Such parts, 
however, are to be interpreted in no sense as being less important than 
those which are not so printed. At the end of each chapter there are to be 
found references to the original sources of the material contained in the 
chapter. This has required an occasional cross-reference, but on the whole 
has been deemed more satisfactory than placing all references at the end of 
the book; by bringing the references mto closer proximity with the material 
of the text, the problem of making descriptive comments has been greatly 
facilitated. 

During the preparation of the first four chapters of the manuscript, Dr 
E. W. Titt acted in the capacity of research assistant. After he left to 
take up his duties as a National Research Fellow, this work was undertaken 
by Dr N. H. Ball. Their tasks consisted in reading and checking the manu- 
script and in the preparation of the references; for this latter they are 
primarily responsible. To both these young men I extend my most hearty 
acknowledgments. 

I wish finally to express my gratitude to the members of the Cambridge 
University Pr^ for the many ways in which they have assisted during 
the printing of the book. 

T. Y. THOMAS 


Mar(^ 1904 



CHAPTER I 


JV^-DIMENSIONAL SPACES 

Iisr this chapter we have presented the basic ideas of the important Ti-dimen- 
sional spaces which will he studied in detail in the subsequent chapters. An 
understanding of the summation convention and its uses as well as the idea 
of the ordinary vector* has been assumed, as such knowledge is usually in 
the possession of most readers approaching the more advanced treatment 
of the differential invariants of generalized spaces. 

1. Space. Cooediitates 

By a space ^ oin dimensions we shall mean a set of elements or points for 
which one can define a system of sub-sets called neighbourhoods, satisfying 
the following conditions (i): 

A. The points of each neiglibourhood V can be put into one to one reciprocal 
correspondence with the interior points of a hypersphere S of the Euclidean 
space of n dimensions, 

B. Each point of the space belongs to at least one neighbourhood, 

0. Let V he an arbitrary neighbourhood, S the hypersphere in correspondence 
vnth y, M a point of V, m the corresponding point of S and a a hypersphere 
with centre m interior to S. There exists a neighbourhood F', of M, interior to V 
and such that the correspondents in E of all the points of V' belong to a, 

E. Let M he a point belonging to F, m its correspondent in S and V' a 
neighbourhood containing M. There exists a hypersphere a of centre m such 
that the correspondents in V of all the points of E which belong to a are in V' . 

E. If M and N are two points, there exists two neighbourhoods V and F' 
containing M and N respectively and such that F and F^ contain no point in 
common, 

A point A of the space 0^ is said to be a cluster point for an infinite set of 
distinct points of this space if each neighbourhood containing A in its 
interior contains at least one point of the set distinct from A. We shall say 
that the space 0" is open or closed according as one can or cannot find an 
infinite set of points which admit no cluster point. 

An infinite sequence of points ••• is said to approach a 

li m it point P if, given an arbitrary neighbourhood F containing P, a point 
P^ of the sequence can be found such that all following points are in F . 
It follows from Postulate E that an infinite sequence cannot admit two 
distinct limit points P and Q, 

* This is, in fact, a special case of the affine tensor defined in § 10. 
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By a continuous curve is meant a set of points wMch can be put into 
one to one reciprocal correspondence with the numerical values of a real 
variable t satisfying such that if the sequence of points 

corresponding to tends toward the point corresponding to The space 
0^ is said to be connected if two arbitrary points of 0^ can be joined by a 
continuous curve. In the study of differential invariants it is sufficient to 
limit our considerations to connected spaces 0^. 

By Postulates A, C, and T> a one to one reciprocal continuous corre- 
spondence exists between the points of a neighbourhood V and the points 
interior to any hypersphere S. Hence the points of a neighbourhood V can 
be dejSned analytically by n real coordinates such that if P is the 

limit point of a sequence P^, the distance of P from P^, as given by the 
Euclidean measure of distance, approaches zero as n approaches infinity. 
Any particular association of the coordinates x'^ with the interior 

points of a neighbourhood V is called a coordinate system; more precisely 
this will be called the x coordinate system. As an abbreviation x°^ will 
usually be written for the coordinates of a point P. 

A coordinate system may exist which will cover the entire space 0^; or it 
may be possible to find a coordinate system which will cover this space with 
the exception of one or more surfaces of lower dimensionality, the extent to 
which the space 0^ can be covered by a single coordinate system depending 
obviously on its topological character. In the following we shall refer to the 
portion of the space 0^ covered by the x coordinate system as the region 0%. 
The coordinates of the region 0^ thus constitute a class 9^ of sets of ordered 
real numbers x\ x'^ possessing the foUowmg properties: (1) if a^, 
belongs to the class 9*1 so also does x^, where 


(Id) 


\x^ — a?~\<b^, \x^ — a'^\<.h'^ 


for sufficiently small positive constants and (2) the points of 0d and the 
elements of W are in one to one reciprocal correspondence. It is to be under- 
stood, however, that the extent to which the coordinate system covers the 
space 0" is immaterial. We shall, in fact, find it convenient from time to time 
to restrict the r^on 0i so that our results will be valid throughout the entire 
region 0if; in conformity with the local nature of the subject of differential 
invariani® this vsill constitute no essential loss of generality. 


Reet^goto Cartesiaii coordinates furnish a simple example of coordinates in the 
of Urn above definition. Another example is given by the polar coordinates of a 
plane, provided that we exclude the polar axis including the origin i e 
impose the ccMMiitions r > 0, 0 < 0 < 27r. We might, of course, include the polar axis With 
the exTOptKm of the origin, by imposing the conditions r>0, 0 ^^< 27 r; this would 
that we woffid sacrifice the existence of ineqnaHties of the form ( 1 . 1) for aU points 
of the ^moe, rfthou^ we would retain the property of a one to one reciprocal corre- 
betw^ points and coordinates. There is, however, an ioherent simpHcitv 
^rdomt^ as above defined which makes their use desirable in theoretical 
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The process by which we pass from one system of coordinates to another 
is called a transformation of comdinates. Such a transformation of coor- 
dinates is represented by a set of n equations 
( 1 . 2 ) 

which expresses the fact that the coordinates of a point P with respect 
to the X system of coordinates are determined when the coordinates of 
the same point P with respect to an x system of coordinates are giwen. 
Since a particular set of coordinates determine a point P which in turn 
determines its set of coordinates x°^ with respect to the x system of co- 
ordinates, we have that the transformation ( 1 . 2 ) can be expressed in the 
inverse form 


(1.3) x^ = P“ x'^). 

If the values of the x°^ coordinates in terms of the x°^ coordinates which are 
given by (1.3) are substituted into the right members of ( 1 . 2), these equations 
must be satisfied identically, i.e. they must reduce to the equations x°^—x°^, 
since otherwise there would be a relation between the independent quantities 
x^. Similarly, the substitution of ( 1 . 2 ) into (1.3) must lead to equations 
which are satisfied identically. Hence (1.3) can be regarded as obtained from 
(1.2) by solving for the x°^ and (1.2) as obtained from (1.3) by solving for the 
x°^ coordinates. 

If the fanctions/“ and P“ are diffeirentiable and possess finite derivatives 
at each point of we shall have the set of identical relations 


(1.4) 


dx<^ dxy_ 
dxy dxP ^ 


holding throughout the region here the Kronecker 8 ^ is defined as 1 or 0 
according as a = or a 7 ^ respectively. Taking the determinants of both 
members of (1.4), we obtain 

— - 1 * 

hence neither of these determinants can be zero at any point of the region 
The set of all transformations ( 1 . 2 ) of the coordinates of the region ^ ^ 
obviously forms a group of which a sub-group is the set of all analytic 
transformations ( 1 . 2 ) of coordinates (see §55). Much of what we shall have 
to say in the following work wiU require only the existence of a finite number 
of derivatives of orders one to^ of the functions let us, nevertheless, for 
the sake of definiteness impose the condition of analyticity on these functions, 
i.e. limit ourselves to the group @ of analytic transformations ( 1 . 2 ) of the 
coordinates of ^ with analytic inverses (1.3). Cases for which this require- 
ment is unnec^sarily drastic will be found to be discerned easily and need 
be the occasion of no especial comment.* 

* The statement that the fimctions are anal3?tic in the region ^ means that each of these 
fhnctions can. be expanded in a convergent power series about an arbitrary point P of 
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2. ApPIKE C0I?'KECTI03Sr 

A structure can be imposed on tbe point space of § 1 by establishing a corre- 
spondence between the totality of vectors at a point P and the totality of 
vectors at an infinitely nearby point Q : corresponding vendors at P and Q will 
be said to be paralld, A vector at Q which corresponds to a vector at P will be 
said to resnlt from the vector at P by infinitesimal parallel displacement 
When this law of correspondence is such that the change in the components 
of a vector by infinitesimal parallel displacement is (1) linear in the com- 
ponents of the vector and (2) linear in the components dx^ of the displace- 
ment say that the point P is affinely connected with the point Q or 

simply that the space bears an affine connection (cf. § 10). The change in 
the components of a contravariant vector due to an infinitesimal parallel 
displacement from P to Q in a space with affine connection is therefore given 
by an expression of the form 

( 2 . 1 ) 

By imposing the condition that the scalar product f is invariant under 
an infinitesimal parallel displacement, the above quantities are likewise 
introduced as the coefficients of the set of bilinear forms which define the 
change in the components of a covariant vector as the result of an in- 
finitesimal parallel displacement. Thus 

and since this must hold for arbitrary components f we have 
( 2 - 2 ) dy,^=L^fz^dxy, 

The quantities are called the components of affine connection', they will be 
assumed to be arbitrary analytic functions in the region ^ covered by our 
coordinate system. 

The above concept of infinitesimal parallel displacements can be extended 
to permit the comparison as to parallelism of vectors at distant points P and 
Q of the r^ion W provided that a route of displacement from P to Q is 
specified. Let the curve C be defined by the parametric equations = (s) 
and consider the equations 

(2.3) = 

valid, along O. A solution (s) of these equations, determined by the 
arhitraiy initial conditions (0) in accordance -with the general existence 
theorem for systems of linear differential equations, defines a vector at each 
point v£ O: we say of these vectors that they are paraMd with respect to the 
curm C ai^ that they are generated by paralld displacement along C of the 
vector with eomponmts (0) at the point P ‘ Parallel displacement of this 
latter vector along different routes C and C joining points P and Q will in 
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general result in different vectors at Q (see Mg. 1). Similar remarks apply to 
tke parallel displacement of co variant vectors. * 

Tlie components of affine connection can be broken up into two parts 
by putting 


such that 


L%- 




(2.4) {a) (6) = 

If the quantities Q vanish identically in the region 01, the affine connection 
is said to be symmetric; otherwise it is said to be asymmetric. In the following 
we shall refer to the as the components of the symmetric affine connec- 
tion or in fact merely as the components of affine connection when there is 
no danger of ambiguity. 


The following gives a geometrical property connected with an affine connection. 
Let the point P have coordinates aP- and consider two infinitesimal vectors d and S at P 
with components dbcF- and respectively. Denote the points with components 




and + by Pj- and Pg re^ectively. When the vector d is subjected to a 
parallel displacement to the point P^, the coordinates of the end point of the vector 
at Pg, namely Pgu are given by 

when terms of higher order are neglected. Sinoilarly, when the vector S is transported 


* An extension of the definition of parallelism with respect to a curve C can be made, which will 
permit ns to say that 77 “' {s) —a{8)^ (s), where a («) is an arbitrary analytic function of s, is parallel 
with respect to (7 if is parallel with respect to the curve C. We have 


(a) 


dnf- 


3 dx^ 




( 6 ) 

and hence 




(c) 


7t 


Ijet us say that the vectors with components 17 “ (a) are parallel with respect to the curve O if 
equations (c) are satisfied. Conversely, if equations (c) are satisfied along C we can pass to equa- 
tions (a) and henoe to the determination of a function a (s) such that the components ^ (a) defined 
by 77 * =a^satisfy' (2.S) along G. See I/. P. Eisenhart, “Fields of parallel vectors in the geometry 
of paths”, Proc. N.AS, 8 (1922), pp. 207-12. 
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by parallel displacement to the point the coordinates of its end point P^^ are 

given by !B«+da^‘ + 8a^‘-i“ Sx^dxy. 

py 

Hence a necessary and sufficient condition that the points Pgi and P^^g coincide for 
arbitrary vectors d and S is that the affine connection be symmetric. 


3. ApI'INE aEOMETBY OP PATHS 

A curve O defined by which possesses the property that its tan- 

gents are parallel with respect to the curve C itself is given as a solution of 
the equations 

^dx^dxy 

such curves are a generalization of the straight lines of Euclidean space. 
They wiE he referred to as paths and may he thought of as affording a means 
by which one can fimd his way about in a space of affine connection. The 
body of theorems which state properties of paths as defined by a particular 
set of equations (3.1) will be called an affine geometry of paths As au ex- 
ample of an affine property we may mention the property of a set of vectors 
in virtue of which they are mutually parallel with respect to an arbitrary 
curve G. 

An important property of the paths is the following: For any point P of 
the region there exists a domain n9' containing P such that any point Q of 
is joined to P by one and only one path C lying in the domain If 
we differentiate the equations (3.1) successively, we obtain the following 
sequence ® 

j^oc dx^ dxy dx? 
ds^ ds ds ds ~ ^ 

r pa dx^ dxy dx^ dx^ 
ds^ + ^ = 


The coefficients T in these equations are given by the recurrence formtaa 

L dxy ^ PY...a^ixy^> 

ae rnimher of subscripts p, y, „ and the symbol P 

^tes tlm smn of the terms obtainable from the ones inside the Wkets 

subscripts cyclicaJly. As so defined the above 
ftmetions r have the property of being unchanged by any permutation of 

/»? ooBtaiK^p^a that mv^h^T ^w* P ^ “ domam 

lyiBg ta the deaain See J. jomed by one and only one path (7 

«««t. Jomm. cfMath. 3 (1932), Rp. geometry of paths” 
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the subscripts. The parametric equations = (, 9 ) of a path C are deter- 

mined by (3.1) and the above sequence of equations in conjunction with the 
initial values and dx^jds = corresponding to the value a = 0 of the 

parameter. We have in fact 

where the right members are convergent power series for sufficiently small 
values of s. A path C is therefore uniquely determined by the specification 
of a point P and a “direction” with components through P. Putting 
y a = f the above series give 


(3.2) + 2 /“ - ^ r|y {p ) ^ (p) y^yry^ 

and these series will converge in a domain ZIP' defined by \y’^\< where the 

a’s are sufficiently small positive constants. Since the Jacobian determinant 
of the right members of (3.2) with respect to the variables y°^ is equal to 
unity at the point P, these equations can be solved so as to obtain 
y<^ == x°^ — 4 - A“ {py X —p), 

where is a multiple power series in beginning with second order 

terms. Hence (3.2) defines a coordinate transformation to a system of 
coordinates y^ such that the equations = ^“5, where the are arbitrary 
constants, represent a path through the origin of this system, i.e. the point P; 
conversely any path through the point P can be so represented. In conse- 
quence of this fax3t the coordinates y^ are called Tiormal coordinates {4=}, 
Through any point Q with coordinates in the domain nP' defined by 
\y°^\ a path can be drawn to the origin, for example are the 

equations of such a path and this path will lie entirely in as there is 
evidently one and only one such path through the origin and the point Q, 
the above statement is proved.* 

* It lias been shown by Douglas that a general system of curves for which the above local 
property is satisfied, and also such that one and only one curve passes through any point in a given 
direction, is defined as solutions of the differential equations 


~d^ 


p). 


35® = 


dxP- 


where the fonctions are homogeneous of the second degree in See J. Douglas, “The general 
geometry of paths”, Ann. of Math. (2), 29 (1927), pp. 143-68. This extension of the geometry of 
paths, as above defined, brings this theory into relation with the work on general metric or Einsler 
spaces, in which connection the following authors may be consulted : 

P. Knsler, Ueber Knrven und Fldchen in dUgemeinen Hdumen, Dissertation, Gottingen, 1918. 

J. L. Synge, “A generalization of the Riemannian line element”, Trans. Amer. Math. Soc. 27 
(1926), pp. 61-7. 

J. H. Taylor, “A generalization of Levi-Civita^s parallelism and the Prenet formulas”, Trans. 
Amer. Math. Soc. 2nt (1925), pp. 246-64. 

D. Berwald, “Ueber Parallelubertragung in Raumen mit aUgemeiner Massbestitmnung”, 
Jahresb. Dsutsedk. Mouth. Ver. 34 (1925—6), pp. 213—20; “Untersuchung fiber die Pjriimmung allge- 
meiner metrischer Raume. . . MaJth. Zeit. 25 (1926), pp. 40—73; “Ueber zweidimensionale allge- 
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If, imder the transformation (3.2) the components of affine connection 

then, at = 0, the components <7^^ are equal to zero (see § 35 in Chapter V). Hence the 
change or dfjta in the components of a vector defined by the above symmetric 
aifine connection vanishes for infinitesimal parallel displacements from the origin of 
a normal coordinate system to any infinitely nearby point Q. 


The differential equations of a path O can be written in a form which is 
independent of the particular parameter s occurring in (3. 1). To deduce such 
a form of the equation of the paths let us make an arbitrary analytic sub- 
stitution of parameter as a result of which the parametric equations 
of a path C become */r“ (t). These latter functions satisfy the differential 
equations 


(3.3) 


a dxy 

dx^ 

dt 


dH 


Hence the equations (5) 


(3.4) 


™ dxy d^xP -pp dx^dx^ 

dx^ dxP 

dt dt 


are satisfied by the equations of the paths and are such that they continue to 
be satisfied if the independent variable in the parametric representation of 
any path is subjected to an arbitrary transformation. 

It is evident from (3.3) that the differential equations (3.1) will continue 
to be satisfied if the independent variable s in the equations = {s) of a 

path is replaced by as -f 6, where a and h are constants; also it is evident that 
t=as-i-d is the most general substitution which will leave the form of the 
equations (3.1) invariant. 

The system of curves defined by (3,4) is, moreover, no more general than 
that defined by (3.1). For, suppose that = (f) satisfies (3.4) and let any 

of the expressions whose equality is asserted by (3.4) be represented by O (i) . 
Then 


(Px°^ pa dx^ dxfy 


dx°^ 


=0(^). 


dt 


a transfomaation of parameter t-^s, these latter equations become 


d^^ , xta dx^ dxy d^a 
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Now if «=/(<)=^ + -Bje^*“’‘*‘<?!5, 

where A and are constants, equations (3.5) reduce to (3.1). Hence the 
equations (^) of any curve defined by (3.4) can be written as solutions 

of (3.1). In other words, equations (3.1) can he replaced by (3.4) as theequcdions 
which define the system of paths C. 


4. Projective geometry of paths 


Let us inquire under what circumstances a set of differential equations 


(4.1) 


d^x^ oc dx^ dxy 


can represent the same paths as (3.1). Suppose that a curve = (t) is a 

path both for (3.1) and (4.1). The functions are not necessarily solu- 

tions of (3.1) or (4.1), but they are solutions of (3.4) and also of the corre- 
sponding equations determ in ed by (4,1), i.e. 


21 dxP / d^x° ^ ^ dx^ dxy\ __dx^ /d^xP p dxP- dx^\ 

dt \ dt^ ^y dt dt) dt \ dt^ dt dtj* 

Between (3.4) and (4.2) we can eliminate the second derivatives, obtaining 


(4.3) 

Let 


(r^y “ d^^ dxy 

dx^ dt dt 

dt 


(r^y -^^y) dx^ dxy 
dxP dt dt 
dt 


Then equations (4.3) can be written 

(<t>hK 


,p dxy dx^ 

dt dt dt 


and, since dx^jdt may be chosen arbitrarily, this gives 

Setting p = € in these latter equations and summing with respect to e, we 

obtain 

(4.4) 

If equations (3.1) and (4.1) are to represent the same system of paths, the 
above relations (4.4) must therefore be satisfied. 

Conversely let €j}^ represent a set of n functions of the coordinates 
analytic in the region and consider the differential equations (3.1) and 
(4.1) subject to the relations (4.4). From these latter relations we see that 
along any path C determined by (3.1) we have 

docP (r^y — A^y) dx^ dxy 
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Hence (4.3) is satisfied. But if (4.3) is subtracted from (3.4), the corresponding 
equations in A are obtained. Every path with respect to the P’s is therefore 
a path with respect to the A’s. Hence a necessary and sufficient condition that 
(3.1) and (4.1) shall represent the same system of paths is that a set of functions 
exist such that the relations (4.4) are satisfied. 

The body of theorems which states properties of the paths independently 
of any particular definition of affine connection T is called the projective 
geometry of paths i^). Two symmetric affine connections whose components 
and A^y are related by (4.4) will be said to be obtainable from one another 
hy B, projective change of affine connection; the projective geometry of paths 
is therefore concerned with properties of the paths which remain unaltered 
tmder projective changes of the affine connection T. Evidently such a pro- 
perty of the paths is furnished by the result obtained in § 3, namely that a 
point P of the region is contained in a domain such that any point Q of 
is joined to P by one and only one path C lying in the domain This 
result therefore constitutes a theorem in the projective geometry of paths. 

If we put a~ p in (4.4) and then sum on the index we obtain a set of 
equations which can be solved for the quantities <f>y; elimination of the <j>y 
from (4.4) by means of these latter equations gives 




S“ 






SiOi 

n-hl n-hl 


Hence the set of quantities 11 defined by 




pc. 

'^fiy n+l' 


n+1 


r 




constitute the components of a connection which remains unaltered by all 
projective changes of the affine connection T. The connection with com- 
ponents is called the projective connection. If we write the equations of 

the paths in the form 


(4.5) 


d?x^ dx^ dxy_ 

dp^ dp dp ’ 


we observe that the parameter p is normalized in the sense that it is in- 
de|>endent of projective changes of the affine connection P; this parameter 
p is called Hkeprcjectiveparametem), The theory of the projective connection 
and projective parameter evidently belongs to the projective geometry of 
paths^. 


5. BieMANH OB METBIO SPACE 

The concept of distance does not enter into the preceding considerations. 
We now introduce this concept by the assumption that the distance ds 
between two infinitely nearby points P and Q is given by 

(S-I) d^=g^dx^dx^^ 
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where the right member of this eqnation is a positive definite quadratic form 
in the coordinate differences dx^ of the points P, Q\ the coefficients are 
analytic fimctions of the coordinates of the region 01. The above form 
will be called fuTidamental quadratic form. Since the form (5.1) is positive 
definite, it follows that the determinant g of its coefficients is positive, i.e. 
explicitly 

I ^11 ••• 9ln 

(5.2) I > 0 

Q nl * • • 9n 

thronghoTit A space bearing the above structure is known as a Riernann 
space (S). The structure of a Hiemann space not only permits the determina- 
tion of lengths of curves, angles, areas, volumes, etc., but likewise leads to 
a definition of infinitesimal parallel displacement as described in § 2. 

(а) Length of a curve. Consider the curve C'. (i) in the region 0i. 

The length of G ffiom the point A , with coordinates corresponding to ^ , 
to the variable point P, of coordinates determined by an arbitrary value 
of the parameter t^ is by definition 

/ dx^dx^ 

This latter equation can, moreover, be regarded as a parameter transforma- 
tion ^ leading to the parametric representation of the curve C with para- 
meter 8 denoting the distance of the variable point P of (7 from the above 
fixed point A. As defined by (5.3), the length of the curve C is easily seen to 
be independent of the parameterization. 

(б) Length of a vector. By definition the square of the length of a contra- 

variant vector with components is Similarly the square of the 

length of a covariant vector having components is where 

j cofactor of g^^ in g 


* By definition a positive definite quadratic form ^ =ffa^ inn variables x\ . . x^ is positive 
for real values of the variables x^, ...yX^ not all of which are zero, and vanishes only for 

ici = ,..=a:«=0; 

a n^atdve definite quadratic form is defined in an analogons manner. 

If the above form is definite it follows that the determinant g is different from zero; in par- 
ticular if the form is positive definite, we have <7 > 0. To prove this let us suppose that ^ is definite 
and let us consider the equations 

(«-b 

Now if p=0, these equations can be solved so as to obtain a real set of values x^, ...» a;” not aH of 
which are zero; for these values the form (j> will van i sh contrary to hypothesis. If ^ is positive 
definite, it can be reduced to the sum of squares 

by a real linear substitution of the form xP- the determinant | j of which does not vanish. 
Hence a® and from this it follows that gr | a® j® = 1 - In other words > 0. 
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or 

(5.4) 

these latter equations being equivalent to the former. A vector of unit 
length is said to be a unit vector. 

(c) Angle between two directions. OrtTiogonality . The angle 6 between the 
two directions d and 8, defined by the infinitesimal displacements dx°^ and 
Sx°^ respectively, is given by the equation 


g^p dx°^Sx^ 

'"g dxf^dx^V g^^Bx^Bx'^ 


If cos 6~0, the two displacements d and S are said to be orthogonal. 


To show that the above formula for eos B is legitimate, we must show that | cos ^ 1. 
Liet us suppose first that the two displacements d and 8 are proportional so that we 
can put = hd 3 cf^, where 6 is a j>ositive or negative constant. Then (5.5) gives cos $=■! 
for h positive and cos ^ = — ■ 1 for b negative ; hence in the first case the angle between 
the displacements is zero, and in the second ease it is equal to two right angles. 
Now assume that the displacements d and 8 are not proportional, i.e. that we cannot 
find constants fx and v, not both zero, such that ixdocf^+v8x^ vanishes. Then make the 
substitution z“= ixd3d^+ in the quadratic form g^^z^z^ which therefore becomes 

g!xffz^z^=: [j[,^<l>(d,d) + 2/j,v<l>{d, 8) + v^<f>{8f S), 
where ^(d,d)= ga^ docP^ dx^ , 

(f, (d, S) = gapdxf*^ 8x ^ , 

1^(8, 8 )=go: 08 x^ 8 x^ . 

Since the z® cannot all vanish for fx, v, not both equal to zero, it follows that 
(5.6) 4 , (d, d) + 2[xv<l>{d, 8 ) + v^4>{8, 8 ) > 0, 

provided that the real constants y, v do not both vanish; hence 

<f> {d, d) 4 > (a, 8) ~ s) > 0 , 

since otherwise it would be possible to find real constants fx, v not both zero such that 
the left member of (5.6) would be equal to zero. Substitution of the above quadratic 
forms for the ^ in this last inequality shows immediately that the absolute value of the 
right member of (5.5) is less than unity. 


Since the dx°^ and 8x°^ are the components of contravariant vectors, the 
above formula (5.5) can be considered to define the angle between two contra- 
variant vectors provided that the components of neither of these vectors 
all vanish. In particular the angle d between two unit vectors having com- 
ponents and is given by 

(d) V{dmme of space. The volume ofan ^-dimensional portion of the region 

^ is defined by the integral 

(^**7) J J ...J's/gdx^dx^ ...dx”', 

wb&m the int^rarion is extended over the portion of the space in question. 
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(e) Geodesic curves. Consider a curve C joining any two points A and B of 
tile region M (see Eig. S) ; let the curve G have as its equations 

where s denotes the arc length measured from the fixed 
point A. Also consider the one parameter family of 
infinitely nearby curves which likewise join the points 
A and B and which have equations 

= a^s^b, 

where the parameter € takes on values in the neigh- 
bourhood of € = 0 and the function is such that 
ifr°^(s,0) — <^°^{s). Since all curves of this family pass 
through the points A and B, it follows that {a, e) and 

(b, e) are independent of the parameter €. The length of any curve of the 
family is given by 

ox 7 / \ dx^ 

(5.8) = 

If 81 = 0, the above curve C wdll be said to have a stationary length, and will 
be called a geodesic. It can be shown that a geodesic curve C satisfies the 
system of differential equations 



(5.9) 


d^x°^ dx^ dxy 


where the functions F are defined by 


( 6 . 10 ) 


\dxy dx^ dx^J’ 


these functions are called Christoffel symbols. 


To deduce equations (5.9) let us first denote the expression under the radical in (5.8) 
by U for simplicity; then 17= 1 for €= 0. The curve determined by a value of €(=p^0) 
can be considered to be obtained from the curve C, corresponding to € = 0, by ma.Tr-ing 
a variation of G such that each point of C undergoes a variation 


the variation Sac® vanish^ at the end points A. and JB of the curve <7. Por the first 
variation of the length I defined by (5.8) we have 


U=€ 

or 

{5.11) 

since 17 = 1 for the curve C. Now 


JaZVU 
SZ=i y* 8Vds, 


ds^ 
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(5-12) 

wiiere we have put 
Substituting (5.12) into (5.11) and integrating by parts, we obtain 

where use is made of the fact that ^(s) vanishes at the end points A and J5. If SZ= 0 
for arbitrary infinitesimal displacements of the curve O, i.e. for arbitrary functions 
^ (s), the bracket expression in the above integral must vanish along O ; this leads 
immediately to the equations (5.9). 

Among the totality of geodesic curves joining the points A and jB of the 
space ^ there will evidently be one curve possessing the least length of any 
curve joining these points; in particular, if there is only one geodesic joining 
the points A and jB, this will be the curve of shortest length. 

For example, if our space is of the nature of the surface of a 
cylinder, curves such as C and O' in Fig. 4 may be geodesics; in 
fact for this case there will be an infinity of such geodesics 
determined by encircling the cylinder 0, 1, 2, ... times, the 
geodesic O being the curve of shortest length between points A 
and J5. There is an interesting property connected with any 
geodesic which can be stated roughly by saying that it represents the 
shortest curve between any two of its points provided that these points are 
sufficiently close together. More precisely we can say that for any point P 
of a geodesic O in the region ^ there exists a domain of such that the 
geod^ic O is the curve of shortest length joining P to any of its points Q 
lying in the domain /#; this follows from the discussion in § 3, 

Any integral curve of (5.9) is such that along it the condition 

/e- dx°^dx^ 

(5.13) g,^^__ = const. 

is satisfied, where the constant in the right member of this equation is 
positive. To show this we have merely to differentiate the left member of 
(5.13) and then eliminate the second derivatives d^x^^jds^ by means of (5.9) ; 
the expr^sion so obtained then vanishes identically on account of (5.10). 
Fora geodesic curve C, where a denotes the arc length measured from a fixed 
point A of 0, the right member of (5.13) is of course equal to unity. 

(/) The affine confmction. The CJhristoffel symbols defined by (5.10) 
csan be coimdered as the components of a symmetric affine connection as 
d^cribed in § 2. Introducing this affine connection into the Fiemann space, 
we are led to the natural identification of the paths in the sense of § 3 with 
(5.9); geodeacs thus appear as curves possessing the property 
oi autoparallelism. 
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It is interesting to observe that the length of a vector remains unchanged 
tinder infinitesimal parallel displacement in Riemann space. For consider 
a curve C defined by {s) and a set of contravariant vectors with 

components {s) parallel with respect to C, Differentiating, with respect 
to the parameter 5, the expression which gives the square of the length of 
the vector at a point C, we have 

use being made of equations of the type (2.3). But the expression in the 
parenthesis in the right member of the above equation vanishes identically 
on account of (5.10). A similar consideration applies to the covariant vector. 

We have assumed in the above discussion that the quadratic differential 
form in the right member of (5. 1) is positive definite. If this form is indefinite 
there will exist displacements with real components dx°^ for which ds^ > 0, 
ds^ — 0, dd^ < 0 will occur. Now it is evident that the above definitions and 
formulae can be carried over to the indefiLnite case or even the negative 
definite case provided first that we take account of the exceptional behaviour 
of the directions for which ds^ = 0, and second make the formal modifications 
necessitated by those directions for which If the form (5.1) is 

indefinite and the constant in the right member of (5.13) is zero, the curve 
defined by (5.9) along which (5.13) is satisfied will be called a geodesic oj 
zero length,'^ 

A space whose metric is defined by (5.1) subject only to the condition that 
the determinant g does not vanish at any point of the region ^ will be called 
a metric space; in particular the word Riemann space will be reserved for a 
metric space for which the metric relationships are defined by a positive 
de finit e quadratic differential form. It is to be understood, furthermore, 
that the use of the term metric space implies that the afiSne connection is 
that determined by the Christoffel symbols defibaed by (5.10). 

6. Space op oistakt parallelism 
In the general a ffin ely connected space it is of significance to say that a 
vector at a point P is parallel to a vector at an infinitely nearby point Q, e.g. 
the vector at Q parallel to the vector at P is determined firom this latter 
vector by infinitesimal parallel displacement. It is, however, of no signi- 
ficance to say that a vector at a point P is parallel to a vector at a distant 
point Q of the region ^ covered by the coordinate system, but only that 
* In this comieetion, L. P- Eisenhart has made nse of the formal device of putting 

where e is plus or minus one, so that the right-hand member shall be positive, unless it is zero. See 
Biemannian Geome&y (Prinoeton Univ. Press, 1926), p. 35. 

t It should be observed that this is merely a “trade name” and that in fact the discussion of 
geodesic curves in sub-section (e) does not apply here. 
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these vectors are parallel mth respect to a ciirve C joining the points P and 
Q, We shall now introduce into the affine space the possibility of distant 
parallelism, in an absolute sense. To do this we associate with each point 
of the underlying continuum a configuration consisting of n independent 
vectors which can be used to define a local coordinate system-,'^ it is assumed 
that these vector configurations are in parallel orientation in such a way that 
the arbitrary orientation of the configuration at one point determines 
umq_uely the orientation of the configurations at all points of the region 
This affords the possibility of determining whether or not two vectors at 
different pointe are parallel, namely, by comparing their components in the 
local systems: Two vectors are parallel if the corresponding components are 
egwcd wh&n referred to a local system of co- 
ordinates. If the vectors f and J at points P 
and Q of the region as indicated in Fig. 5, 

are parallel, th^e vectors will be parallel in 
an absolute sense independently of the curve 
C, joining points P and Q. 

Let us denote by h'^(x) for i=l, .,,^n the 
components of n contravariant vector fields; 

we observe that the Latin index i is thus used to denote the vector, and 
the Greek index a to denote the component of the vector. In general 
we shall adopt this convention throughout this section and related 
sections in the following work, i.e. we shall employ a Latin letter for an index 
which is of invariantive character with respect to the arbitrary transforma- 
tions of the coordinates, and a Greek letter in all contrary cases. Depar- 
ture jffom this rule, as well as departures from the rule that an index which 
appears twice in a term is to be summed over the values of its range, will be 
such as are easily recognized on observation. By means of the quantities 

(^) impose on the underlying region ^ its structure as a space of distant 

parallelism in accordance with the following 

Postulates ow space structure 

A. e^mMs a unique affine connexion for the determination of the affine 

pmp&r^es of ^ke region « 

B. Atemr^poird P of the regton 0B there is determined a configuration con- 

of n vectors issuing from P. 

C. Oorre^pomMmg in the configurations, determined at two points P 

cmd Q of the r^ion M, mre pemdM. 

]D. The components h% Of the vectors determining the configurations at any 
P ve^^m M me cmcdyUc functions of the x°^ coordinates. 

Tfe reiwfcra feefewem mm ewdmat^ z» of Hhe local system and the coordinates of 
wSeWTOw eonteniMa wil he R ^ tt 




SPACES 


17 


The space whose stractiare is characterized by the above postulates will 
be spoken of as an affine space of distant parallelism. The n vectors with 
components {x) which enter in Postulates B, C and B will be called the 
fundamental vectors. Since these vectors are independent by Postulate B, 
the determinant | j will not vanish in the region It is therefore possible 
to deduce hrom the fundamental vectors a system of n covariant vectors 
with components AJ (x) uniquely defined by the relations 

( 6 . 1 ) 

the components will be called the covariant components of the funda- 
mental vectors to distinguish them j&*om the contravariant components AJ 
of these vectors. 

The condition that the fundamental vectors be parallel as demanded by 
Postulate C has its analytical expression in the equations 


( 6 . 2 ) 




where is used to denote the components of the afSne connection. This 
gives 


(6.3) 




=A? 


dh} 

dxy 


as the equations which define the components of affine connection. 

Let us now suppose the existence of another system of fundamental 
vectors in the same affine space of distant parallelism. Let us denote the 
contravariant components of these vectors by *A“ (x) in the x coordinate 
system, and let us put 


(6.4) 




these equations define the quantities a* as analytic functions of the x°^ co- 
ordinates in consequence of Postulate D. Multiplying both members of (6.4) 
we obtain the equations 

(6.5) A^ = a£*A^, 

which represent the transformation induced by (6.4) on the covariant com- 
ponents A^. On account of the uniqueness of determination of the com- 
ponents demanded by Postulate A, we must have 


A? 


dhe 

dxy 


-*A? 


d*hl 

dxy 


From (6.4), (6.5), and these latter equations it readily follows that the 
quantities are constants. It is in fact evident that the constants are 
arbitrary subject to the condition that the determinant | a* | is not equal to 
zero, i.e. the components A“ in the affine space of distant parallehsm are 
determ in ed only to within a transformation (6.4) in which the coefficients 
a* are arbitrary constants such that | a* [ is not zero. 
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The possibility of metric determinations can be introduced into the above 
space of distant parallelism by replacing Postulate B by the two following 
postulates : 

Bx . There exists a unique quadratic differential form for the determination 
of the metric 'properties of the region 

Bg . At each point P of the region 01 there is determined a configuration 
consisting of n independent orthogonal unit vectors issuing from P. 

The space characterized by Postulates A, B^, Bg, C and D is called a 
metric space of distant parallelism^^). The quadratic differential form in 
Postulate B will be used to determine the metric properties of the region 0i 
in accordance with the equation 

= go^^dx°^dx^ , 

as described in § 5. Since the fundamental vectors at a point P are orthogonal 
by Postulate Bg, the expression is equal to zero for i # h; the con- 

dition that the fundamental vectors are unit vectors, Hkewise specified by 
Postulate Bg, means that for i = Jc the expression g^^^h^h^ has the value ± 1. 
Hence we can write 

9^fih^h^^ = e,Sl ■ 

■where the convenient notation for + 1 or - 1 is introduced.* Since the 
fondamental vectors are independent by Postulate Bj, the determinant 
[ A? 1 does not vanish at any point P of the region lienee the components 

A* are defined by (6.1) and these can be used to solve the equations (6.6) for 
the quantiti^ . We thus obtain 

g^= 

as the equations which define the coefficients of the fundamental quadratic 
dffierentirf form. By (6.7) and Postulate D the are analytic functions of 
the coordinates of the region Also we see by taking the determinants 
of both members of (6.7) that the determinant | g o | does not vanish at any 
point P of 

In am metric space of distant parallelism the quantities aj in (6.4) are 
not^trary constants since they must satisfy a condition of orthogonality. 


1=1 

• ^ »aa inteodtioed by L. P. EiaenW, Uc. cit. Chapter H 

T » May be obeerved ip that the assumption of the indeMndenee ef tho r j 4 . , 
iwtera at a pote f of 0? to not neoossMy as thto^ be dedu<^bvthrfMTe *™damental 

If ttoeee seetom are dependart at a point P i.e if . tbe fonomng consideration, 

exist eonstanm o* not ^ P 

index a. it Mtoisa immeiiately from (S-eft^f 
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wMcli is obtained from (6.5) and (6.7) as the direct result of the uniqueness 
of deteirmiiiation of the fandamental form specified by Postulate . 

Taking the determinant of both members of (6.8), we find that the deter- 
minant I a\ I has the value ± 1. We can therefore define uniquely a set of 
quantities h\ by the equations 

Another form of the conditions (6.8) which is sometimes useful can be 
derived in the following manner. Multiply both members of (6.8) by 6^ so 
as to obtain 

or 

^ . -lI 

When we multiply both members of these latter equations through by 
and sum on the index I, we find 

(6.9) S 

Z=1 

The transformation (6.4) in which the coeiOfieients a* are constants satisfying 
(6.8) or (6.9) will be called an ortkogcmal trarmformaUon of the components 
of the fandamental vectors. 

The components f ® of a contravariant vector in an afiSne or metric space 
of distant parallelism at a point P become 

when referred to the vector configuration or local system at this point. To 
show that the components of this vector are indeed unchanged by in- 
finitesimal parallel displacement, we form the equations defining such 
displacements, namely 

( 6 . 10 ) -A^S^dxy, 

or d4^+h'^^^S^dxy=di^+m^d^ = 0. 

Multipl37ing these latter equations by and summing on the index a, we 
obtain 

hidi<-+i^dhi^d (A^f“) ^d^*= 0. 

Thus the equations (6. 10) reduce to equations expressing the vanishing of 
the quantities which completes the proof. It is moreover clear that while 
in genercd the componervts of a contratxiriaTvt vector will be changed by in- 
finitesimal parcdM, disjslaeement from a point P to a point Q along a curve C 
joining these points, the components at the point Q will be independent of the 
route of displacement C, Similar remarks of course likewise apply to the 
i nfi nit^imal parallel displacements of co variant vectors. 
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The paths of a space of distant parallelism, i.e. the curves which are generated by 
continuously displacing a vector parallel to itself along its own direction, are those 
curves which are given as solutions of the system of equations 


( 6 . 11 ) 


, .a dx^ dxy 
+ ^ Os 


0 , 


where A^ = ^ ( A Jy + A^Js) . 

The geodesics of a metric space of distant parallelism, on the other hand, are given as 
solutions of ( 5 - 9 ) in which the quantities P^y are dejSned by ( 5 . 10 ); hence in the space 
of distant parallelism the paths and geodesics are in general distinct. 


7 . COI^PORMAL SPACE 


A confcyrmal spam is one for which it is of significance only to compare lengths 
of line segments or vectors at a point P; in such a space length in an absolute 
sense is without meaning. To efiect this comparison of lengths we assume the 
existence of a fundamental quadratic differential form with coefficients 
9(x^ (^) same degree of generality as for the case of the metric space of 

§ 5. Two vectors with components and associated with the same point 
P have lengths the squares of which are proportional to the values 

and 

respectively. Now, however, the quantities are determined only to 
within a factor of multiplication cr (x), which we assume to be an analytic 
function of the coordinates of the region The transformation 

which is thus imposed on the coejB&cients of the fundamental form, where 
a (x) is not zero in the region is called a conformal transformation. 

The angle 6 between two directions d and 8 as defined by (5.5) remains 
unchanged by the transformation (7.1); thus angle possesses an absolute 
significance in conformal space. 

In general the paths or geodesics determined for a definite selection of the 
quantiti^ by equations (5.9) are changed by the conformal transforma- 
tion. Geodesics of zero length are^ however, unaltered by this transformation. 
To see this we form the equations 

== r|y H- ^ — g 9 ^ 9 

where = - — — 

2 dx^ ’ 

here and are the Ghristoffel symbols determined by g*Q and g^o 
rwpectively. ^ 

Let O represent a geodesic of zero length before the application of the 
ccmforinal liranafcwmation, i.e. O is a curve aloi^ which 


ds^ ^y~dsl[^ 


= 0 





and 

(7.4) 
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dx^ dx^ _ 

?— — = 0 


are satisfied. Eliminating F^y from (7.3) by means of (7.2) and omitting 
terms wMch. vanish, on account of (7.4), we have 

d^x°^ * 0 ^ dx^ dxy d log cr dx^ dx^ __ 

^ ^ ds^ ds ds dx^ ds ds 

Upon making the change of parameter s^t, where 


dt 

ds 


= a(a;). 


we find that equations (7.5) become 

d^ x°^ *ocdx^ dxy __ 

and that (7.4) becomes 

★ dx^ dx^ . 

In other words the curve C remains a geodesic of zero length after the con- 
formal transformation (7.1). 

Suppose that the projective properties of a conformal space are determined; this 
means that we must limit ourselves to those transformations (7.1) which leave geodesics 
invariant. The condition for this is that 

(7-6) + 

where the tff^ are any functions of the coordinates. If we put a = jS in (7.6) and sum on 
these indices, we obtain 

hence (7.6) becomes 

(7.7) S“^y4-S“^^~(7i+l)gr«^5r^y^^ = 0. 

Now multiply (7.7) by and sum on the repeated indices. We thus obtain a set of 

equations which reduce to 

(n^ + n — 2) ^y = 0, 

so that = 0 if 2; hence the factor a in (7.1) can at most be taken as a constant. 
Now it is evident that a conformal transformation (7-1) in which o- is a constant will 
leave unaltered aU metric relationships existing throughout the region We can 
therefore say that the projective and cxmformcd properties of a m^ric space determine its 
metric r^ationships uniqtcely.* 


* In the theory of relati-vity, where the underlying space structure is assumed to he that of the 
metric space, tMs result has a direct and important interpretation. Since a feeely moving mass 
particle moves along a g^>d^ic in this theory, the motion of such particles determines the projec- 
tive properties of the four-dimensional world. The conformal properties are determined by the 
light cones 

ga.pdx**-dxP=^0, 

which are invariant configurations under the conformal transformations (7.1) and which specify 
those world points in causal connection with one another. It follows from the above result that 
the metric relatioushi|^ of the world are completely determined by the observation of the tracks 
of ficeely moving maas particles and the propagation of light. See H. Weyl, loc. cit, ref. (6). 
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8. WEYIi SPACE. GaPGE 

WMle tlie components of a -v-ector are in general changed by an infinitesimal 
parallel displacement in a Itiemann space, the length I of the vector remains 
unchanged as a result of this displacement. The observation of this fact was 
taken by H. Weyl as the basis of an extension of Riemann space which will 
be called a Weyl spaceiiO). In analogy to the concept of infinitesimal parallel 
displacement let ns introduce the concept of congruent displacement of a 
vector in consequence of which the length I of the vector is changed by an 
amount dl in accordance with the equation 

( 8 . 1 ) dL^-L4>J.x^ {L^P), 

where the are analyfac functions of the coordinates of the region 'dd; 
these quantities arise as the coefiS-cients of a homogeneous linear differen- 
tial form which we shall refer to as the fundamental linear differential 

form. Roughly speaking, the Weyl space can be regarded as obtainable from 
the conformal space of § 7 by the introduction of this concept of congruent 
displacement,* in this sense it is a space of conformal character. As the basis 
of precise discussion we shall lay down the following postulates by means of 
which the structure of the Weyl space is completely specified. 

PoSTTJIiATES OP SPACE STETJOTTJBE 
A. Th&re exists a fundamental quxidratic differential form of signature s; 
this form is determined to within a factor of multiplication A (a;), called the gauge^ 
and the quantity X is a positive analytic function of the coordinates x°^ of the 
region 

R. Th&re exists a fundarrh&ntal linear differential form which is uniquely 
dM&rmined when the gauge A {x) is fixed. 

O. Th&re exists a unique symmetric affine connection. 

R. The coefficients and of the fundamental linear and quadratic 
differential forms respectively are analytic functions of the coordinates x°^ of 
the region 

XiCt us now ex amin e certain of the consequences of the above postulates. 
Since the fundamental quadratic differential form is determined only to 
within a factor A (a?) by Postulate A, we have the transformation equation 

asalc^oiiK to eqiia«on (7.1). The factor A is always positive by Posttdate A 
anaa® iasas a ocMseqTieaMietihefact that the signatiixe s of the fundamental 
qpadrafe form will lemain nnchanged under transformations 

(8.2) ; tSilB maa^ a si^t refinement over the discussion of the conformal 
E^pace in 1 7 where the reqnireanent that the factor o (x) he positive was not 
impoaed. !I%e zegicHi ^ will he said to he calihrated when the gauge A (a;) is 
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Now suppose tliat the region is definitely calibrated and that a Tector 
at point P of ^ has length I on the basis of this calibration; by congruent 
displacement of this vector to an infinitely nearby point Q its length will be 
changed by a differential amount dl in accordance with (8.1) provided that 
dx^ gives the coordinate differences of the two points P and Q. If a new 
cahbration of the region ^ is effected by means of (8.2), the length of this 
vector will become I* in accordance with the equation 

(8.3) P*=AP; 
also 

(8.4) dL*=-L*<f>*dx°^ (I/*=:Z*2), 

as a result of the above congruent displacement. From (8.1), (8.3) and (8.4) 
we therefore obtain 

This equation gives the coefficients of the new fundamental linear differential 
form induced by the change of gauge, i.e. by the transformation (8.2). 

The concepts of congruent displacement and of infinitesimal parallel 
displacement are inherent in the above postulates of space structure; more 
precisely these concepts are inherent in Postulates B and C respectively. 
We come now to the final postulate of the structure of the Weyl space which 
relates these two concepts of congruent and infinitesimal parallel displace- 
ment. 

E. A congrum^ displacement of a vector is likevoise an infinitesimal parallel 
displacernent of the vector^ and conversely. 

On the basis of this last postulate we can calculate the components of 
affine connection in terms of the coefficients and of the two funda- 
mental d i ff erential forms. By parallel displacement of a contravariant vector 
with components f “ from point P to an infinitely nearby point Q of the 
region the components change by a differential amount 

( 8 . 6 ) 

where the quantities are symmetric in their lower indices; this 

follows from Postulate O. Since this displacement is also a congruent dis- 
placement by Postulate E, it follows that the square of the length of the 
vector, namely 

( 8 . 7 ) 

changes in Etocordanoe ■with eqna-feion (8.1). Hence 
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from (8,1) and (8-7). Elimination of the in these last equations by means 
of (8.6) leads to the equations 

(8.8) 9 av^ (x/ 0^y 9cx^^y> 

from these equations, we obtain 

(8.9) 9pv^y(X.'^ 9yv^ ^(X 9py4^oc> 


( 8 . 10 ) 


9yv "h 9 oaf ^yjS 


r*- 


by cyclic interchange of indices. Now add equations (8.8) and (8.10) and 
from the equations so obtained subtract (8.9); there result the equations 


or 

( 8 . 11 ) 


^'j + (g,f4,+s„h str4’S\, 


These latter equations define the components of afSbtie connection in the 
Weyl space. 

To sum up : let us observe that in a Weyl space, first we can only speak of 
length in an absolute sense after a definite calibration of the region has 
been effected, the square of ’the length of a contravariant vector with com- 
ponents at a point P of then being given by the equation (8.7) ; second^ 
the coefficients of the fondamental quadratic differential form are sub- 
ject to transformations of the type (8.2) and that this induces a transforma- 
tion of the type (8.5) on the coefficients of the fundamental linear differ- 
ential form; third, the equation (8.1) gives the differential change dl in the 
length I of a contravariant vector with components at a point P when this 
vector is displaced by congruent or infinitesimal parallel displacement from 
point P to the infinitely nearby point Q of the region the quantities dx°^ 
representing the coordinate differences of these points; amd finally under 
th^e same conditions the change df “ in the components of the vector due 
to infinit^imal paarediel displacement are given by (8.6) in which the com- 
ponents of affine connection are defined by (8.11). 

When the r^on ^ has been definitely calibrated, measurements of 
lengths, an^ks, volumes, etc., can be made in the Weyl space exactly as in 
the mefacMj sgpace discu^ed in §5; in this connection we observe that the 
measur^nent of the an gle between two vectors at a point P of the region ^ 
M defined iiMiepmdentiy of the ambiguity of the type (8.2) in the coefficients 
of the fu ndam ental quadratic differential form. It is an interesting fact that 
tiiK ambiguity in the coefficients i.e. more precisely, the simultaneous 
feansformations (8.2) and (8.5) leave rmchanged the components of the 
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affine connection; tMs can be established fi*om (8.11) by direct calculation. 
Hence the paths of the Weyl space have a significance independent of the 
transformations (8.2) and (8.5); this is also true of the geodesics of zero 
length of this space since the discussion in § 7 shows that such geodesics are 
invariant under the transformation (8.2). 

In § 3 we defined a sj-sfcem of normal coordina;te8 with origin at an arbitrary point P 
of the region ^ and this system of coordinates possesses the property that with respect 
to it the components of affine connection vanish at the origin. This results in the con- 
sequence that the change vanishes for infinitesimal parallel displacements from the 
origin of a normal coordinate system to any infinitely nearby point Q. An analogous 
result regarding congruent displacements can be established — ^it is possible to calibrate 
the region so that for an arbitrary point P of ^ the length of any vector with com- 
ponents ^ will be unchanged when moved from P to an infinitely nearby point Q by a 
congruent displacement. To accomplish this we have in fact merely to choose the 
gauge A {x) so that 

, _ aiogA 
^ da^ 

at the point P; then the right member of (8.5) will vanish at the point P and the above 
statement is proved. 

9. Tra^tstobmatioit theory of space 

It is clear that the system of coordinates of the region 0^ used in the pre- 
ceding sections can be replaced by any system of coordinates x°^ defined by a 
transformation of the form (1.2) in which the /“ are analytic functions 
throughout the region 0^, and that these latter coordinates will do equally 
well as the basis of our discussion. We shall express the principle of the 
equivalence of all such systems of coordinates by the following statement 
serving to emphasize the importance of this concept. 

Geometrical Principle of Relativity. In the analytical treatment of the 
problems of space, any system of coordinates of the region 01 can be replaced 
by a system of coordinates x^, related to the coordinates x°^ by a transformation 

(9.1) x°^=f^ix\...,x^), 

in which thef°^ are analytic functions of the variables x^, throughout the 

region 01. 

This principle implies that the anal 3 rtic form of our spatial or geometrical 
relationships must be invariant under the group of analytic transformations 
of the coordinates of the region 0i. Let us apply this test to certain of the 
relationships of the preceding sections. For example, consider what happens 
to the equations (2.1) defining an infinitesimal parallel displacement of a 
vector, under an analytic transformation (9.1). The components and the 
differentials enjoy the contra variant vector transformations 


(9.2) 
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respectively. By differentiation of (9.2 (a)) we have 


hence we obtain 




+ L\ 


dx^ dxy 


dx^ dx' 


(9.S, 

The condition that (2.1) be invariant in form, i.e. that 




is therefore that 
(9.4) 


dx^ I d^x^ 
dx^dW 


_ / 


jy dx^ dxy\ 

^y dW dW ) * 


These constitnte the equations of transformation of the components 
demanded by the above principle; evidently we could likewise arrive at the 
transformation (9.4) by a similar consideration of (2.2). 

In particular (9.4) gives 


(9.5) 
and 

(9.6) 




Bx°^ 

/ d^x^ 

dx'' ' 

[dx^dxy 


pv dx^ dxf^\ 


dx^^ dxP' dx^ 


as the equations of transformation of the symmetric and skew-symmetric 
pajrts of the components L'^y- The transformation (9.5) likewise results from 
the requirement of invariance of the equations of the paths (3.1). Evidently 
the tranrformatdon (9.5) also applies when the are the Christoffel 
symbols in a metric space; these equations likewise furnish the equations of 
transformation of the Ckristoffel symbols in a conformal or Weyl space 
when (7.1) or (8.2) is taken as the identical transformation. 

In addition to the invariance of form of the analytical equations defining 
geometocal confi^tions as illustrated by the above examples, the above 
pnnciple of relativity requires likewise an invariance of value of the geo- 
metry magnitudes associated with these configurations. To iUnstrate this, 
y ^yeof theequation (5.1)defining the distance ds between two points 
and Q withyrdinates *“ and a:“+da:“ respectively. The requirement of 
mvanance of ds under transformations (9.1) gives 

gc^da:'^dxP==g„d^dW-, 

0£C“ dx^ 


(«- 7 ) 
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These equations give the transformation of the coefficients of the funda- 
mental quadratic differential form induced by the coordinate transfor- 
mation (9.1). 

Similarly consider the equation (5.5) which defines the angle 6 between 
two displacements d and S — ^here the configuration in question consists of 
the displacements d and h and the angle 6 is the associated magnitude. Use 
of (9.2 {b)) and (9.7) leads immediately to the invariance of the right member 
of (5.5) and hence to the invariance of value of the angle 6 tmder coordinate 
transformations (9.1). 

It is obvious that invariance under coordinate transformations (9.1), as 
illustrated by the above examples, is a common property of geometrical 
configurations (defined analytically by equations) and the magnitudes 
associated with them. Indeed this property of invariance is but the neces- 
sary result of the fact that one system of coordinates is taken to be on an 
equal footing with any other in the analytical treatment of geometrical 
problems, i.e. the geometrical principle of relativity. In addition, however, 
to invariance under coordinate transformations we must demand in the 
case of conformal geometry an invariance under the transformation (7.4) 
and in the case of the Weyl geometry a similar invariance with respect to 
transformations (8.2) and (8.5). We are hereby provided with a means by 
which we can test any equation or expression to see if it can possibly repre- 
sent a true geometrical entity — ^invariance of the above type being the 
necessary requirement. This suggests that we assume a point of view in 
which this requirement of invariance is taken to be fundamental; we shall 
refer to this as the invariant-theoretic view 'point. 

On the basis of this point of view we can construct our invariant entities 
first and then inquire later as to their geometrical interpretation. For 
example, we could have been led to the equations of the path (3. 1) on account 
of the invariance of form of these equations under coordinate transforma- 
tions. Also we could have arrived at the right member of (5.5) as a very 
simple invariant associated with two displacements d and 8 in a metric, 
conformal or Weyl space. Similar remarks can be made with regard to 
other geometrical configurations and their associated magnitudes. 

The invariant-theoretic viewpoint will be adopted in the following work. 
Indeed our object will be the construction of invariants in a rather general 
sense and the geometrical interpretation of these invariants will be pushed 
into the background. We shall in fact be concerned exclusively with the 
analysis of space as such and not at all with the treatment of the configura- 
tions, e.g. curves, surfaces, etc., which can exist in space. 
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AFEIISrE AND RELATED INVARIANTS 


10. Ten-sous 


AoENERAEiZATiONof the vector called the tensor is fundamental in the 
development of the programme mentioned at the end of the preceding 
chapter; we proceed to define this concept of tensor (i). 

Definition of Affine Tensor. A set of functions coordinates 

x°^ of the region where a, . . . , y, . . . , 8 = 1 , . . . , constitute the components of a 
rdaiive affine tensor T of weight W with respect to the x coordinate system, 
provided that the functions transform according to the equations 


( 10 . 1 ) 




dxi^ 


3a:’’ dxy 
dxP dx'^ 


3a:® 


dx^ dx^ 
dx^ 3 »” 


where 


(xx) = 


3a:”' 3a:”' 

^ "■ 3i” 


when <Ae coordinates a;“ are transformed by (1.2). The object obtained by ab- 
straction from the above components with respect to the totality of coordinate 
systems whose coordinates are related by (1.2) is called the tensor T. 

It IS to ^ considered that the components ;;; | (a;) which are associated 
with a point of the region 'di are transformed by (10.1) into the com- 
ponents 2’^;"^($) which are associated with the same point P. 

A tensor y m the sense of the above definition is sometimes spoken of as 
aUmsor fidd. We shall also adopt this terminology on occasion when we 
wish to emphasize the character of the components of P as functions of the 

^rdinates x^, otherwise the more abbreviated termmology of tensor will 
be employed. 


It M dear that if a set of quantities -w^here the indices a, . . . , S take 

on values 1, », are assigned as arbitrary functions of the coordinates a:“ 

oftoere^^ toea these functions together with the law oftransformation 
to the definition of a tensor T in the sense of the above 


Ihe law of ttMisformation (10.1) of the 
transUwe. if w© denote the compoimnts 


components of a tensor T is 
of a tensor T by A for brevity 


and (2) that A as tbe result of a coordinate transformation then 
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A->A B& the result of the transformation Cr^ which is the resultant of the 
two transformations and . 

If the components of a tensor T are of the form the tensor is called 

a contravariant terbsor, and if the components have the form it is called 

a covariant tensor', correspondingly the indices a, . ^ are cBAedcontravariant 
indices and the indices y, . S are called covariant indices. Thus the contra- 
variant and covariant tensor is a direct generalization of the contravariant 
and covariant vector, respectively. Since indices of both contravariant and 
covariant type appear on the components I of the tensor T in the above 

definition, this tensor is sometimes called a mixed tensor. 

The number of indices which appear in the symbol for the components of 
a tensor is called the ranh of the tensor. Thus represents the components 
of a covariant tensor of rank 2, and represents the components of a 
mixed tensor of rank 5. A tensor of rank 0 is a scalar and a tensor of rank 1 is 
a covariant or contravariant vector. 

The following is a list of some of the simpler operations that can be per- 
formed on tensors, all of which can be proved directly by recourse to the 
law of transformation of the components of the tensor. 

(а) Addition. The components A^'['^ and of two tensors of the 

same weight can be added to produce the components of a single tensor. Thus 

( 10 - 2 ) 

are the components of a tensor. Similarly the differences between the corre- 
spK>ndmg components of two tensors constitute the components of a single 
tensor. 

(б) Multiplication. If we multiply together all the components of 

a tensor by all the components of another tensor, we obtain a set of 

quantities 

(10.3) -b?;;:: 

which constitute the components of a new tensor. 

(c) Contraction, The components of a tensor can be used to define 

a set of quantities 

(10.4) 

which possess a tensor character. The components B^zX said to be 
obtained from the components A^Zv contracting the indices a and A. 
It is evident that any index of the set oc, p, ...,y and any index of the set 
A, ft, .. ., F can be contracted in this manner. A tensor is said to be symmetric 
with respect to two contravariant or covariant indices a, ^ which appear in the 
symbol of its components, if the interchange of oc and p leaves unaltered the 
value of all components of the tensor. It is shew-symmetric if the interchange 
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of a and ^ changes the sign of all components of the tensor. For example 
the tensor with components is s y mmetric in the indices a and p if 

and it is skew-symmetric if 

— JL^ay. 

It is readily verified that the symmetric or skew-symmetric properties of the 
components persist tmder transformations of coordinates. A tensor which is 
symmetric or skew-symmetric with respect to all pairs of adjacent contra- 
variant or covariant indices in the symbol of its components is spoken of 
simply as a symmetric or skew-symmetric tensor. 


If Va are the components of a co variant vector V, then the quantities , defined by 

_ 3F« dV0 
dx^ daf^ * 

constitute the components of a skew-symmetric tensor W; this tensor is called the 
curl of the vector V. 




Let ns say that two tensors A and B are of the same hind if (1) the symbol 
of the components of A contaios the same nnmber of contravariant indices 
and likewise the same nnmber of covariant indices as the symbol of the com- 
ponents of the tensor B and (2) the tensors A and B are of the same weight 
W. Two tensors of the same kind are therefore of the same rank, but it is 
not true that if the ranks of two tensors are the same, these tensors are 
necessarily of the same kind. 

D^nition of Equality. Two tensors A and B of the same hind will be said 
to be equcd if their corresponding components are equal in all coordinate 
systems. 


Thbobem. If the components of a tensor A are equal to the corresponding 
componenls of a tensor B, of the same hind as A, in one coordinate system, then 
AL and B are eqncd. 

To prove this theorem we have merely to construct the equations 


( 10 . 5 ) 




dxf^ dxy dx^ 
dx°^ * * * dx^ dx^**' ’ 


aad ol^nre that, by hypothesis 

CoBOXTARy . If components of a tensor vanish in one coordinate system 

fmmiA in mary coordinate system. 


Tlwmaportesice of the concept of a tensor is largely due to this last corollary, 
since we are th^by enabled to express our equations in a form which will 
rran^ v^Miinderarbitraiy traosformatiorisofcoordinates; on this account 
too the lee of the tensor is admirably adapted to a discussion of spatial 
profetens, on tihe basfe of the invariant-theoretic viewpoint described at the 
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end of Chapter I. If all the components of a tensor T vanish, we shall say 
that the tensor T vanishes as a matter of convenient terminology. 


A theorem of the general natixm of the above theorem and which is of possible 
although r^tricted application can also be stated (2). Preliminary to this we lay down 
the foBowing 

JDeJinUum of the Cluss of a Component. The components and of 

the tensor T mill he said to be in the same class if when Oi — aj we have anA when 

ag^a^ we have 

TheosjEM. If one component a of a tensor A is eqtial to the corresponding component 
of a tensor B, of the same kind as A, in all coordinate systems^ then the corresponding com-' 
ponents of the classes of a and ^ are equal in all coordinate systems. 


By hypothesis we have 

( 10 . 6 ) 


AV::. 


.b 
d 9 


where a, ...» 6, c, ...» d= 1, n have particular values; this relation holds in all co- 
ordinate systems. Now J[et a, . . . , y, 8 denote particular values of a, - . - , y, . . . , S 
in ( 10.2) such that A* ‘“f is in the same class as A“ ”' We wish to show that 


A 


oc 


y 


■i 

6 


=zB 




this however follows from the fact (1) that the left member of (10.5) is zero by (10.6) 
and (2) that we can make a coordinate transformation such that the coefficient of 


y...5 -y... 5 


is not equal to zero, while all other such coej0fi.cients in the right member of (10.6) are 
equal to zero. A transformation of this sort is 


x°' = aP-, 


x^ = xy^ 


= (x\ ...,x^), e^a, ...,b,c^ ...yd. 

CoROi.T.ARY {a). If one compon&nlof eadh class of a tensor A is equal to the corresponding 
component of a tensor B, of the same kind as A yin all coordinate systems y then A and B are 
equal. 

COBOLLARV (6). If one component of a vector is equal to the corresponding component of 
amdher vector of the same hind in all coordinate systems, then the two vectors are equal. 

All the above remarks have had reference to relative affine tensors of weight 
IF although only the abbreviated designation of tensor was employed. If 
the weight IF is 0 the tensor is called an absolute tensor and if the weight IF 
is equal to 1 it is called a tensor density, the symbol for its components then 
being usually written The justification of the name tensor density 

lies in the fact that the law of transformation of the integral 

extendi ovct a definite ?i-dimensional domain /i^ of approaches more and 
more closely the law of transformation of an absolute tensor with com- 
ponents 5^”; I as the domain of integration zip' closes down on a point. Thus 
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the tensor densityrepresents asort of tensor of weight 0 per unit of coordinate 
volume. As, however, we shall usually be concerned with absolute tensors 
in the following developments, we shall use the word tensor in that sense 
and only speak of a relative tensor of weight W when the weight W is 
different from 0. 

Equations (9.7) show that the quantities constitute the components 
of a covariant tensor of rank 2. This is an important tensor called the 
fuTidamental metric tensor. Moreover the quantities defined by (5.4) can 
easily be shown to form the components of a contravariant tensor; we refer 
to this tensor as the contravariant form of the fundamental metric tensor. 

In a metric space, a metric space of distant parallelism, and a Weyl space, 
the gauge being fived^ we can raise or lower the indices in the symbol of the 
components of a tensor by an operation involving the components of the 
fundamental metric tensor. For example we can deduce from the com- 
ponents of a covariant vector the components 

of a contravariant vector; similarly the components 

can be deduced from the components of a contravariant tensor of the second 
rank. A tensor derived in this manner from a tensor T is called an associated 
tensor of T, It is likewise possible to modify the weight of a tensor T by an 
operation having its origin in the transformation equation 

(10.7) g^{xx)^g, 

deducible from (9.7). By (10.7) the determinant g is the component of a 
relative scalar of weight 2. Hence if is a relative tensor of weight TF, the 

quantities _ 

constitute the components of a relative tensor of weight F + TF ; in particular, 
for example, if are the components of a contravariant vector, i.e. a 
relative vector of weight zero, then 

will be the components of contravariant vector density. 

An analc^us process in a space of distant parallelism enables us to con- 
struct a set of rdc^m scalars ofroeight W from a relative tensor T of the same 
weight- Thus we have 

( 10 - 8 ) K- 

as th© componraxtB of these scalaxs. Under a transformation (6.5) of the 
fhndammital vectors, the components Z7^ transform by the equations 

(10.9) ... a' ; 
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we call these scalar components the components of the tensor T with respect 
to the local coordinate systems defined by the fundamental vector con- 
figurations of the space of distant parallelism. 


If ^ (ac) denote tiie components of a contravariant vector where the ^ are analytic 
functions of the coordinates of the region we can find a coordinate system for a 
limited domain of ^ with respect to which the components of this vector are given by 
S? . Thus consider the equation 

dx^ 


this equation admits n—l independent solutions/®, .*•,/” which are analytic functions 
of the coordinates of an n-dimensional portion of Hence the equations 

^=/oc(a;), 

where is an analytic function in rd' such that the determinant 

^ dj^ 

dx^ dx^ 


dx”^ dx^ 

does not vanish in define a transfora^tion of the coordinates of /& such that the 
components ^ {x) become {x)^0 and = 0 for oc= 2, We now make a second 

coordinate transformation, namely 

where we suppose that the domain zip' is taken so small that the quantity (a) is not 
equal to zero at any point of This will then transform the components into the 
components = Si with respect to the coordinates ^ of the domain /79'. 


11. Invariants 


In the further development of the spatial theory of Chapter I we shall be 
concerned with the determination of tensors whose components depend on 
the fuTidam&rital fuTictions and their derivatives for the space in question. 
For example, in the case of the affine space discussed in § 2 of Chapter I, we 
shall be concerned with tensors whose components depend on the funda- 
mental functions and their derivatives, i.e. more precisely on a ffin e 
differential invariants in the sense of the following 

Definition of Affine T&nsor DiffereTvtial Invariant, A tensor T will be called 
an affine differenMal invariant of order r if its cornponents 




dL\ 


'^y . 




da^ . . . Bx^/ 


are functions of the Ds and their derivatives to the rth order, such that each corn- 
ponent retains its form as a function of the Ds and their derivatives under the 
transformation (10. 1). 


3-2 
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Replacing tlie law of transformation (10.1) in the above definition by 
other equations of transformation possessing the required property of 
transitivity, we are led to the concept of differential invariants which gener- 
alize the affine tensor differential invariants ; we shall refer to such invariants 
as non-tensor differential in'oariants. Thus the quantities (2.4(d)) are the 
components of a tensor differential invariant of order zero which is skew- 
symmetric in the indices J5 and y; also the are the components of a non- 
tensor differential invariant of order zero, i.e. the affine connection. 

In the case of the metric space we shall be concerned with invariants in 
the general sense of the affine differential invariants except that the com- 
ponents of the invariants in question depend on the components and 
their derivatives; if the components of the invariant involve derivatives of 
the up to and including those of order r ( > 0), it will be called a metric 
differential invariant of order r. As an example of such invariants we have the 
fundamental metric tensor with components g^^ . There are also the quantities 
defined by (5.4) which constitute the components of the contravariant 
form of the fundamental metric tensor. Likewise there are the Christoffel 
symbols (5.10) which constitute the components of a non-tensor difierential 
invariant of order 1, i.e. the affine connection of this space. 

When we consider the analogous differential invariants for a space of 
distant parallelism we must take account of transformations of the funda- 
mental vectors of the type (6.4) as weU as coordinate transformations; this 
leads to the following 


Defin^t^on of Tensor Differential Invariant of a Space of Distam^t Paral- 
Idism. A tensor T vnll be called a tensor differential invariant of a space of 
dtstani paraZlelism of order r if its components 

are functions of «Ae and their derivatives to the rth order, such that (1) each 
c^nponent retains its form as a function of the h^ and thei/r derivatives under 
1M transfomwtion (10.1) and (2) each ccrmponent remains unaltered by a 
transformation (6.4) of the fundamental vectors. 

The p^bility of constructing a set of scalars as defined by (10.8) de- 

man^ bke-wise that we define a set of scalar differential invariants of order 
r with components 




\ 

’... dxy) 


by ibe requirement that each component retains its form as a function of 

derivatives (1) when transformed as a scalar under a co- 

transformed by the transformation 
(10.9) imposed by the transformation (6.4) of the fundamental vectors 



AFFIHE AKB BELATED mVARIANTS 


37 


Similarly we can consider differential invariants of a space of distant 
parallelism wMcli are a combination of the two types above defined and for 
which the components depend both on Latin and Greek indices; such in- 
variants, which are defined in an evident manner on the basis of the above 
definitions, will be called mixed differential invariants of a space of distant 
parallelism. The fundamental vectors themselves furnish an example of 
mixed invariants of order 0. As an example of a non-tensor differential in- 
variant of order 1 we have the affine connection of the space of distant 
parallelism whose components are defined by (6.3). 

We now consider the Weyl space. When the gauge is changed the co- 
variant components of the fundamental metric tensor change in accordance 
with (8.2). Under this same change of gauge the equations 

( 11 . 1 ) 

represent the change in the contravariant components of the fundamental 
metric tensor. In the following defiboition we extend this idea to differential 
invariants of higher order. 

Definition of Weyl Tensor Differential Invariant. A tensor T vnU be called 
a Weyl tensor differential invariant of order (r, s) and gauge-weight e if its 
components 

sxr’ dx-’ dx'=‘...dx^) 

are functions of the g^^ and their derivatives to the rth order and of the and 
their derivatives to the sth order such that each component (1) regains its form as 
a function of the above quantities under the transformation (10.1) and (2) is 
multiplied by A® as the result of a transformalion of gauge, i,e. more precisely 
as the result of the transformations (8.2) and (8.5). 

Thus the covariant form of the fundamental metric tensor is of gauge- 
weight 1 and the contravariant form of this tensor is of gauge-weight — 1. 
An example of a non-tensor differential invariant of order (1,0) and gauge- 
weight 0 is furnished by the afiOne connection of the Weyl space. 

If a contravariant index of the symbol of the components of a tensor T of gauge- 
weight e is lowered by means of the components ga$ as described in § 10, the resulting 
components will define a tensor T* of gauge-weight e -h 1 ; similarly w© can obtain a 
tensor T* of gauge-weight e — 1 by raising a covariant index of the symbol of the com- 
ponents of a tensor T of gauge-weight e. An interesting invariant offering the possi- 
bility of additional change of gauge-weight of a tensor T is the scalar density with 

component V g, where g is the determinant of the components goL^i this invariant has 
n 

gauge-weight £. By multiplying ihe compon&nls of a tensor T by the quanMty V g we 

obtain the componenis of a tensor T* of gauge-w&igM ^ greats than that of the tensor T; 

iheweigM of the tensor T* so obtained wiU be W +1 iftheweiglUoftheorigindLlsnsor Tis W 
(see § 10). 
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We shall see that the analytical theoiy of the affine space, based on the 
intrinsic differential invariants of this spaee, may be carried over to the 
metric space, the space of distant parallelism and the Weyl space without 
changing its essential characteristics. This circumstance is, in fact, indicated 
to a certain extent by the very terminology which we have adopted: for 
while we have used the designations of metric invariants, Weyl invariants 
and invariants of the space of distant parallelism in the statement of the 
above definitions, these tensors come under the general classification of 
affine tensors as defined in § 10. 


12. Paballel displacement of a vector abound an 

INFINITESIMAL CLOSED CIRCUIT 


When we displace a vector by infinitesimal parallel displacement around an 
infi n itesimal closed circuit in an affine space, the components of the vector 
will be altered in general. In deducing the analytical expression for the 
change in the components of the vector due to this displacement we arrive 
at an important differential invariant called the affine curvature tensor {Z). 
If the components of this tensor vanish identically throughout the region 
then the above parallel displacement of a vector around an infinitesimal 
closed circuit in this region will leave the components of the vector un- 
altered. In this sense the curvature tensor provides a measure of the cur- 
vature of space; a further discussion of the significance of this tensor is to be 
found in the later chapters. 

We consider a point P of the region ^ through which passes an analytic 
surface of parametric representation 

( 12 . 1 ) 

the parameters s and t being chosen so that a = 0, i = 0 is the point P itself. 
Let ^ denote an arbitrary contravariant vector at P having components 
(i°‘}o . Then the equations 

( 12 . 2 ) 


expressing the condition that the vectors with components along the 
parametric line f = 0 be parallel with respect to this curve, admit one and 
only one solution (a, 0) such that 
(12.3) ^“(0,0)==(|“)o. 

Similarly the equations 


(12.4) 


dt 


T tx. > o _ 


which express Hie condition that the vectors wdth components along the 
parametrio line ^ = 0 be parallel, admit one and only one solution (0, t) 
satisfying the above condition (12.3). 
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When we consider the functional components (s, 0) and (0, t) we see 
that there are two possibilities of extending the corresponding vectors by 
infinitesimal parallel displacements to the other points of the surface (12.1). 
For a given value of t = tQ we may displace the 
vector with components (0, i) in a parallel 
manner along the curve t = tQ, Allowing Iq to 
assume all values in a small neighbourhood of 
t = 0, we obtain a vector f with components 
at each point of the surface (12.1). The 
similar process by which the vector having 
components (s, 0) is displaced paraEel to itself 
along the curve s=Sq leads to a second set of 
vectors defiLned over the surface (12.1) with com- 
ponents which we shall denote by (s, t). 

The difference of the components (Sq, tg) — (Sq, ^ 0 ) represents the change 
in the components (sg , tg) due to infinitesimal parallel displacement 
around the circuit RSFQH indicated in Fig. 6. 

The method of derivation of the components (s, t) and (s, t) shows 
that for 

In view of this fact* 



in the right member are evalua 
)ts indicate terms multiplied bj 

li. . 

\ Jo 

ect< 
anc 


( 12 . 6 ) 

where the derivatives in the right member are evaluated at the point s = 

^ = 0, and where the dots indicate terms multiplied by s, t. Hence 

( 12 . 6 ) 

Since — are the components of a vector, it follows that the limit in 
(12.6) forms the components of a vector, and hence 

\ dsdt 

constitute the components of a vector. 


* Tliat the fonctioBS (-s, 0 are aoalytic in the variables t can be shown in the following 
manner. First ol^erve that the functions ^ (a, 0) are analytic in the single variable & in conse- 
quence of their definition as solutions of the differential equations ( 12.2). Then the functions U (^, i) 
are given as solutions of (12.8) by the power series expansions 

« ‘ 

The coefficients of i in th^e expansions are analytic functions of the variable s on account of the 
analyticity of the components and the surface (12.1); it is easily seen likewise that the coeffi- 

cients of higher powers of i in these expansions axe analytic functions of the variable s. Hence we 
can replace the first set of terms (a, 0) and the successive coefficients in the above expansions 
by th^ oorreeponding power seii^ This results in the power series expansions of the fhnctioua 
(s, t) in llie two variables s, t. Similar remarks apply to the functions ^ (a, t). 
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The components (s, t) and (s, t) satisfy the equations 

(12.7) 
and 

( 12 . 8 ) 

identically; likewise the equations 

^ + ^^=0 (s = t = 0), 

dt dt ^ 


(12.9) 
and 

( 12 . 10 ) 




are satisfied at the point P. If we differentiate (12.7) with respect to f, 
evaluate a>ts = i — 0, and then make use of (12.9), we obtain 

Similarly 


. dxy dx^ 
ds dt 


_ r,« . 7-« IT 


„ dxy dx^~\ 
ds dt Jo 




d^xr 


, dxy dx^^ 


3s at "^^^7 -^^8 St 8a Jo’ 


by differentiating (12.8) with respect to s, evaluating at 5 = ^ = 0, and then 
using (12.10). Hence 


(12.13) 
where 

(12.14) 




dxy da. 
ds dt 


W — ^-^^3 ■ jroc JJ^ TOC jfx 


The left members of (12.13), as well as the quantities (^“)o, (dx^lds)^ and 
{dafyjdt}^ occurring in the right members of these equations, form the com- 
ponents of vectors. In consequence it can easily be shown, by recourse to the 
law of transformation of the components of the above vectors, that the 
quantities J5^ constitute the components of a tensor invariant, i.e. the 
affine curvature t^isor above mentioned. It is seen immediately from (12. 14) 
that the components are skew-symmetric in the indices y and S, i.e. the 

.equations. 

are satie^ id^ticaJly; for other identities satisfied by the components of 
^ enrratnre taisor derived on the basis of a general investigation of spatial 
wentities, the reader is referred to Chapter VI. 



41 


AFFINE AND RELATED INVARIANTS 


From (12.6) and (12.13) we have 


(12.15) 
Now put 


Hm 



(12.16) = 

Also denote the differential components of an infinitesimal displacement 
from the point P along the curve t^O by dx°^ and along the curve 5 = 0 by 
Sa;“; let us in fact identify these displacements with the displacements PS 
and PQ respectively (see Fig. 6). Then 


(12.17) = 

where the quantities give the change in the components (^^°‘)o when the corre- 

sponding vector is carried by infinitesimal parallel displacement around the 
closed circuit {dx, Bx), i.e, the circuit PQRSP, the components <^nd 
being evaluated at the point P, and where terms of higher order in the right 
members of (12.17) than those written down explicitly are neglected. The direct 
interpretation of equations (12,17) on the basis of the preceding work is 
that the quantities Af “ represent the change in the components {Sq , tf) of 
the vector at R when carried around the circuit RSPQR by infinitesimal 
parallel displacement, the components and being evaluated at the 
point P, We can, however, consider the components ^ (12.17) 

to be evaluated at the point P, since this will cause the terms in the right 
members of (12.17) to change by infinitesimals of higher order than these 
terms themselves; then there is no longer a distinction between the points 
P and R and we are justified in making the above italicized statement. 

A similar displacement of a covariant vector around the infinitesimal 
circuit {dx. So;) leads to the equations 

(12.18) Afx.p=-B^^sti^dxy83^ 

in place of (12.17). While these latter equations can be deduced in a manner 
analogous to that by which (12.17) was obtained, we can also obtain them 
directly from (12.17) in the following manner. Since the quantity is 
unaltered under infinitesimal parallel displacement (see § 2), we have that 

(12.19) = 0, 

where the quantities in this equation have the same significance as in (1 2. 1 8) 
and (12.17). Since the components in (12.19) can have arbitrary values, 
we can put ^^=8^; making this substitution and also eliminating A$^ from. 

(12.19) by means of (12.17), the equations (12.18) result. 

A direct proof of the tensor character of the quantities defined by (12.14) can 
he made in the following manner. Write equations (9.4) in the form 
jK daf^_ yOL dxPdwy 
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Differentiate these equations with respect to interchange the indices v and ^ and 
subtract thereby eliminating third derivatives; from the equations so obtained, use 
the above equations to eli m inate second derivatives. Then we have a system of equa- 
tions which can be written 

SA 

dx^ “ dx»- ^ ’ 

where the quantities are defined by ( 12 . 14 ). 


Tbe above discussion also applies to tbe cases of the metric space, tbe 
space of distant parallelism and the Weyl space, in each of which we have 
an analogous definition of infinitesimal paraHel displacement. In the case 
of the metric and Weyl spaces the afiSne curvature tensor admits an asso- 
ciated tensor with components 

we shaU find that it is sometimes of advantage to consider this associated 
tensor in our later work. It is of particular interest to notice in this con- 
nection that the affine curvature tensor for the space of distant parallelism 
vanishes identically, i.e. 


aA' 


a^- Ag^- A“, ASs = 0, 


dxr 


as can rea^y be verified by substitution into these equations of the com- 
ponents A^ defined by (6.3). As a matter of fact the vanishing of the com- 
^nente of this curvature tensor is a direct consequence of a result stated at 

e end of §6 m Chapter I and so can be inferred without additional 
calculation. 

We STO that the affine curvature tensor with components s is a dif- 
fe^ti^mv^ant of orders 1 and 2 in the affine and metric spaL, respec- 
wlight 0 invariant is of order (2.1) and of gauge- 


13. 


t^OVARIAKT BIFTEBENTIATION 

^ ^ applicable in a space bearing an 

tensor^Sr^’ ^ deduce from a given tensor T a new 

aa additional covariant index in the symbol of its com- 

bS^tr^ derivative of the tensor T from 

imlogy between the processes of covariant differentiation and partial 
di£fe:®tiafc.Mit4). Let us first observe that ^ 

\a) 




dxP 


(13.1) 
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Then differentiating (10.1) with respect to making use of (13.1), and 
ehminating the second derivatives which arise by means of equations of the 
type (9.4), namely 


(13.2) 


jX dx^ dxy 


(13.3) 

we obtain 

(13.4) 
where 

(13.5) 


yX d^x°^ Yoc 

dx^ dxf^ dx^ dxf^ Bx^ ’ 




dx^ dxf^ dxy dx^ 


o/rra...^ 

rjiQc^..^ y ... B rnc£...Pr<^ rrtOL...^ t 

^ y...S,€~~^ ^ <x...8^ye—-- “ ^ y...£r A 

+ KzlL%.+---+n\:.%L^.- wn::iK., 


and there is an analogous expression for the quantities in the leffc members 
of (13.4); hereafter it will be understood without special mention that when 
an expression of the t 3 q)e (13.5) is written down, an analogous expression 
exists in the barred quantities. By (13.4) we see that the tensor T* with 
components (^i?), i.e. the co variant derivative of the tensor T, is a 

relative afSne tensor of weight W. * 

In particular if T is a relative scalar of weight W so that the transforma- 
tion equations _ 

T^ixxYT 


apply, the above process gives 
where 

(13-6) T^^ = ^-WTLI^-, 


* Equations (13-2) and (13.3) will remain valid if we interchange the lower indices on the com- 
ponents T-Jy; hence (13.4) will continue to hold if the lower indices on the components are inter- 
changed in (13.5). It is not essential, however, to introduce the modified covariant derivative, 
which thereby arises, into our theory in addition to the above covariant derivative T*. 

We may observe also that the quantities in the last term of the expression defining the com- 
ponents ( 13.5) can be replaced by wdthout changing the tensor character of these components. 
To indicate the components of this modification of the above covariant derivative we may, for 
example, replace the comma (,) in (13.5) by a bar (/). 

A generalization of the above process of covariant differentiation was suggested by W. Mayer 
in the treatise by Dusehek-Mayer, LeJirhuc^ der Differentialgeometrie (B. G- Teubner, 1930), 2, 
Chapter VII; t.hia method was developed and applied to the treatment of subspaces by J. A. 
Schouten and E. R. van Kampen, “Zur Einbettungs- und Knimmungstheoiie niohtholonomer 
Gebilde”, Math. Ann. 103 (1930), pp. 752-83. See also A. W- Tucker, “ On generalized covariant 
differentiation”, Ann. of Math. (2), 32 (1931), pp- 451—60; E. H. Cutler, “Frenet formulas for a 
general subspace of a Riemann space”, Trans. Amer. Math. Soc. 33 (1931), pp. 839-50. 
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equations (13.5) are tlierefore to be regarded as reducing to these latter 
equations (13.6) when ^ is a relative scalar of weight W. 

Repeating the process of covariant differentiation we obtain the succes- 
sive CO variant derivatives of the tensor T; we caH these the second, third, 
covariant derivatives of T. Thus 


rpa...p , /TTa...j3 . rnoL...^ 

^ y ... *•* 

are the components of the first, second, third, ... covariant derivatives of 
the tensor T. 

It IS easy to see that covariant differentiation of the sums, differences, or 
products of tensors obeys rules analogous to those of partial differentiation 
For example 

Qtx..., ^ X.., ft. AOC...^ jyX...ix Aoc.. B ryX a 

(10.3) and (10,4), respectively. 

e . ^Se^®^>frrepresentsanyrelativetensorofweightir,wehave 

( 13 . 10 ) ^ s^n 


hence 

Likewise 

(13.7) 

{13.8} 

(13.9) 


+ ... + ai- 


rra...^ . 


vector daamty by wb have » denoting the components of this 


<8TO above footnote). Hence 
(13.11) 








derivative of the contra- 
y TOO sum appearing m the right member of the above 
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The tensor having components 

rp^ — ^ /TjCt — ^ 

is called the divergence of the tensor T. Thus the quantity in ( 13. 1 1 ) is the component 

of the divergence of a vector density. 

Equations (13.5) likewise farnisk immediately certain simple identities 
related to metric space and the space of distant parallelism which are of 
particular interest. For example, 

(13.12) 

(13.13) g,'f=g+r“r^+sr-^^r“^=o. 


where the F’s in these equations are ChristofPel symbols. Since the deter- 
minant g of the components is itself the component of a relative scalar of 
weight 2 by (10.7), we can apply (13.6) to obtain the components of the 
covariant derivative of this scalar; this gives 

(13-14) g-,„ = ^-2grr:,= 0. 


identically. Hence using (6.4), (6.10) and (13.14), we can write 


(13.16) 




dx’=‘ 


dx^ 




’ dx°- ' 


Similarly we have the equations 

(13.16) A?«=^+A?A“^ = 0, 

( 13 . 17 ) 


defining the components of the covariant derivatives of the fundamental 
vectors of a space of distant parallelism; the components of these covariant 
derivatives vanish identically, the equations (13.16) and (13.17) being com- 
pletely analogous to (13.12) and (13.13). 

The process of covariant differentiation may be applied to the affi n e 
curvature tensor to obtain a sequence of tensor invariants with components 

(13-18) - 

which are of fundamental importance in the problem of the characterization 
of spac^ by means of their differential invariants (see Chapter VIII). In 
the ease of the metric space the sequence (13.18) can be replaced by 

^<x^€X> •••• 

This latter sequence is deducible from the completely covariant form of the 
affine curvature tensor whose components are defined by (12.20). 
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As an example of a problem, in widcli the above sequence of components (13.18) 
occurs, let us consider the problem of determining necessary and sufficient conditions 
for the existence of a field of parallel eontravariant vectors in a general affinely con- 
nected space. Denoting the components of these vectors by we have the equations 

(13.20) ^ + = 0 

as the required conditions, since these equations express the condition that the vectors 
of the field at points P and Q be parallel independently of the route of displacement G 
by which P and Q are joined. Differentiating ( 13.20) with respect to interchanging 
JS and 7 and subtracting, we obtain the integrability conditions of these equations, 
namely 

(13.21a) = 

Succ^sive CO variant differentiation of (13.21a) leads to the following sequence of 
equations 

(13.216) = 


in view of the fant that the quantities vanish identically on account of (13.20). 

A necessar^^ condition for the existence of the above field of parallel vectors is that 
equations (13,21) be algebraically consistent when considered as equations for the 
deter mina tion of the components p (a?); in particular it is evident that the first p ( ^ 1) 
sets of equations (13.21) must be algebraically consistent and that all their solutions 
^ must satisfy the p -f 1st set of these equations. Thus if 


‘a= 1, ...,n 

1^=1 3, 

Ll^g^n J 

repre^nts a fundamental set of linearly independent solutions of the first p sets of 

equations (13.21), the general solution of these equations can be written 

(13.22) 

where the expression on the right is sum m ed on i for and the <j&’s are arbitrary 

functions of the x coordinates; by hypothesis the functions defined by (13.22) 
satisfy the p -f 1st set of equations (13.21). Hence if we substitute any one of the solu- 
tions into the first p sets of equations (13.21), differentiate these equations covari- 
antly, and then make use of the fact that satisfies the p 4- 1st set of these equations, 
we dedw» that likewise satisfies the firstp sets of equations ( 13.21). Hence we can 

write 




forsait^rfyolroeeiafanetionfiA^,wherei,fc=l,...,gr;£r = l,...,w. By (13.7) and (13.21a) 

we have 

(13.24) 

On acwunt of (13.23) we deduce from these latter equations that 
1, . heace 

(13-25) A * ->} A* -a 


|~i, I — 1, ...jgr""! 

L o-,r=l, 
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since the rank of the matrix is g. Now we wish to choose the functions in 

(13.22) so that the quantities defined by these equations will satisfy (13.20). On 
substituting the p given by ( 13.22) into (13.20) and making use of (13,23) we find that 
the required condition on the is that 

But these latter equations are completely integrable, the conditions of integrability 
being satisfied in consequence of (13.25); hence (13.26) possesses a unique solution 

(a?) deter min ed when the arbitrary initial values of the q functions are assigned. 
We can therefore state the folio wing(6) 

TBnEOBEM. A necessary and sufficient condition for the existence of a field of parallel 
coniravariant vectors in a general affinely connect^ space is that we can find an integer 
p{^\) such tJmt the first p sets ofeqiiations (13.21) admit a fundamental set of q solutions 
(1 ^q^n) which satisfy the p + l^i set of these equations. 

It is evident from what we have said above regarding the solution of the equations 
(13.26) that if the conditions of this theorem are satisfied, there wdll exist q linearly 
independent fields of parallel vectors and any linear combination, -with constant 
coefficients, of these vectors will constitute the components of a field of parallel 
vectors. We observe in particular that if q = n the curvature tensor and hence its 
successive derivatives must vanish identically; in other words all coefficients JB in the 
equations (13.21) will vanish. An analogous theorem can of course be stated for the 
existence of one or more fields of parallel co variant vectors. 


14. Alteris-ative methods of covabiant 

DIFFERENTIATION. EXTENSION 


Tke above seq[uence of covariant derivatives whose components are given 
by (13.19) fails to exist in the case of the space of distant parallelism owing 
to the identical vanishing of the affine cnrvattzre tensor for this space; 
moreover the covariant derivatives of the fundamental vectors vanish 
identically on account of (13.16) and (13.17) so that here again we lack a 
starting point for the construction of a sequence analogous to (13.19). We 
are accordingly led to consider the possibility of a modifi.cation of the above 
process of covariant differentiation which will permit us to construct a 
sequence of fundamental invariants for the space of distant parallelism, the 
need for such a sequence of differential invariants arising in the character- 
ization problem in Chapter VIII. 

Now the above theory of covariant differentiation was based on the con- 
cept of infinitesimal parallel displacement. It is evident however that the 
concept of path as considered in Chapter I will likewise serve as a suitable 
basis for a theory of covariant differentiation. For a general affinely con- 
noted space the paths are defined by 


(14.1) 


™ dzy 
'ds 


where the F’s are the symmetric part of components of affine connection; 
th^e equations likewise define the paths in the case of the geometry of paths 
described in § 3, for then the quantities 1^^ are the components of symmetric 
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affine connection of tlie space. Moreover the above equations define the 
paths in a metric or Weyl space according as the components are 
Cfaristoffel symbols, or the quantities given by (8.11), respectively. For a 
space of distant parallelism however the paths are defined by the equations 


(14.2) 




in which the quantities A are given in terms of the components of affine 
connection by the equations 




Now the quantities and occurring in (14.1) and (14.2), respectively, 
transform by equations of the type (13.2), namely 


(14.3) 

(14.4) 


pA 


po: dxy 

dx^ ’ 


A' 


dx°^ d^x 


dx^ dxi 


__ .AC 

dx^dx^ ^‘^dxf^dx^’ 


under transformations of coordinates. Hence we can replace the equations 
(13.2) by equations (14.3) or (14.4) and the equations (13.1 (b)) and (13.3) 
derived from (13.2) by the analogous equations derived from (14.3) or (14.4) 
in the process of determining the covariant derivative T* described in § 13. 
The r^ult will be a tensor with components defined by equations of the 

typ® ( 1 3.5) in which the components L are replaced by the above components 
r or A respectively; this tensor T** will be caUed the first extension of the 
original tensor T.* In the case of metric and Weyl spaces there' is no dis- 
tinction between the process of covariant differentiation and the process 
of fiist extension owing to the fact that the affine connection is symmetric . 
On the other hand in the general affinely connected space and in the space 
of distot par^elism the processes of covariant differentiation and first 
extension will in general be distinct. 

Let BS now consider the first extension of the fundamental vectors of the 
S|mc© of distant parallelism. We have 

(14.5) A* a = - A* A’' = - 

as the components of tiie extensions of the covariant forms of these vectors ; 
these extensionyB have components given by 

♦ Higher extensioiiB are defined in § 32 . 
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witli respect to tiie fundamental vector configurations of this space. Let 


us put 
(14.7) 




the quantities defined by these equations are the components with respect 
to the fundamental vector configurations of the first extensions of the scalar 
invariants whose components are given by (14.6). Continuing in this way 
we have the sequence of scalar differential invariants with components 

4 ^; ■■■■ 

The first set of these scalar invariants, namely those invariants possessing 
the quantities ^ as components, will be seen later to correspond in certain 
respects to the a£6ne curvature tensor of a generally affinely connected space. 

Whether the concept of infinitesimal parallel displacement or the concept 
of path is taken as basic in the process of deriving new tensors, e.g. covariant 
derivatives or extensions, it is clear that from a formal analjrfcical standpoint 
the possibility of this process depends on the existence of a set of trans- 
formation equations of the type of (13.2); the existence of other sets of 
equations of this type will furnish the possibility of deriving new tensors 
ffiom a given tensor T analogous to co variant derivatives and extensions - 

In a space of distant parallelism we might, for example, consider a theory analogous 
to covariant differentiation based on the transformation equations ( 14. 3) in which the 
r*s are Christoffel S 3 ?mbols. This would give the more complicated quantities 



in place of the components ^ defined by ( 14.5) ; there is, however, no necessity to 
introduce such a method of formation of tensors in the further development of the 
theory of the space of distant parallelism (see § 83). 

The formation of other equations of the tj^pe of (13.2), (14.3) and (14.4) can easily 
be effected. For example, in the ;qpace of distant parallelism we can deduce 

u + v d^^~~d^dx^ u + v dxf^ 

in which u and v are arbitrary analjrtic functions of the coordinates 35“ of the region ^ 
and by the scalar transformation; in particular u and v can be taken as 

arbitrary constants. The above set of transformation equations will lead to derived 
tensors analogous to covariant derivatives; these equations likewise lead to the defini- 
tion of a system of invariantive curves determined by the differential equations 

d®a5“ r ^ T^y 4- 1? dx^ _q 

ds^ 1_ u+v J ds ds ‘ 


15. Diffebei^tial fabametebs 
The notion of a tensor differential invariant defined in § 1 1 can be extended 
to those cas^ in which a set of arbitrary scalar functions ...,^5’*^), 

where A= 1, w, and their derivatives occur in the expressions for the 
componente of the entity. 
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Definition of Affine Tensor Differential Parameter. A tensor ® will he 
called an affine tensor differential parameter of order (r, s) if its components 


( 15 . 1 ) 


y 




‘‘yuv^ 


dx^... 0a;’?’ 




dx ^ ... 0a;' 




are fuThctioTis of the Us arid their derivatives to the rth order and of the scalar 
functions F^, and their derivatives to the sth order, such that each com- 

ponent retains its form as a function of these quantities under the transforma- 
tion (10.1). 


We can likewise define tensor differential parameters for the metric space, 
the space of distant parallelism and the Weyl space, in an evident maimer 
analogous to the definitions of the tensor differential invariants given in § 1 1 . 

Two simple scalar differential parameters of a metric space are those 
having components defined by ( 7 ) 




d<f> d 4 > 
dx^ dx^^ 


'A) = 


these parameters are each of order (0, 1). There is also a simple scalar 
differential parameter of order (0, 2) of the metric space, with the component 

which was first constructed by Beltrami (8). For a general theory of the con- 
struction of scalar differential parameters the reader is referred to Chapter 

vn. 

The quantities d<f>Jdx°^ are the covariant components of the vector which 
is normal to the surface JS defined by the equation 9S = 0; in fact these quan- 
tities are the components of an affine vector differential parameter of order 
(0, 1). Hence it is evident that the vanishing of the differential parameter 
i.e. the equation 

over the surface is a necessary and sufiS-cient condition for the normals to 
this surface to form a null vector field. 

If the fundamental quadratic differential form of a metric space is positive 
definite, then 

givm the condition that the surfaces <f> = 0 and ^ = 0 he normal at all points 
of intersection; by special definition let us moreover say that the above 
equation also gives tire condition of normality of the surfaces (f> = 0 and ^ = 0 
even if tibe fundamental quadratic differential form is not positive definite. 
Then it followB ffom A^{x^,x^)=q°^^, where that a necessary and 

sufficient condition that the surfaces a;“= const, and x^ = const, in any 
metric space be normal, is that = 0 (a ^ jS). 
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Again let be an analytic fnnction of the coordinates of the region 01 

covered by the coordinate system, such that 

(15.2) 

in 0i. Then the differential equation 

(15.3) Ai(^\^)==0 

admits 1 independent analytic solutions o £ the coordinates 

defined in an ? 2 ,-dimensional domain of Now in the domain n9' the 
Jacobian determinant 

d<p- ^ 

dx^ ’ ‘ * dx^ 


d<f>^ d<f)^ 

dx^ dx'^ 

cannot vanish identically; for suppose that such was the case so that jP- 
could be expressed as a function of Then we would have 

and this would result in a contradiction on account of (15.2) and (15.3). 
Hence the functions 4^^ are independent and we can make the co- 
ordinate transformation = (x), where a= 1, ? 2 -, of the coordinates of 

the domain ^ provided that is sufficiently restricted; as a result of this 
transformation the above equations (15.3) give 

A^{x\x^):=0 (^=2,...,7^). 

Hence — 0 for P = 2, and it follows that the fundamental quadratic 

differential form is given by 

ds^==^gxi{dx^)^-\- S S g 

M == 2»^=2 ^ 

in the x coordinate system defined through the domain 
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16. AFPIljTE EEPBESEKTATION OF FBOJEGTIVE SPACES 

The projective connection delSned in § 4 is the analogue in the projective 
geometry of paths of the affine connection in the general affinely connected 
space (§2) or the affine geometry of paths (§ 3); this in fact is brought out 
very clearly on the basis of the point of view developed in § 81 . We are conse- 
quently led to consider the equations of transformation of the components 
n|y of the projective connection produced by coordinate transformations 
(1.2), i.e. transformations of the group @ defined in § 1. Making use of (9,5) 
and the corresponding equations of the type (13.1 (6)), we find in fact that(i) 


(16.1) 


where 






+ n 


daf 




dx^ dx^ ^ dx^ dx^ Bx^ dx°^ ’ 




1 d log {xx) 


n-{-l dx°^ ’ 

and (xx) has as before been used to denote the Jacobian determinant of the 
transformation of coordinates.* Use of the equations (16.1) wiUnot, how- 

* Corresponding to (16,1) we can deduce tKe equation of transformation of the projective para- 
meter p defined in § 4. Under the arbitrary transformation (1.2) belonging to the group @ the 
projective psurameter p becomes p and there exists a relation 
(a) P=f(p) 

between the parameters p and p along any particular path. In general the relation (a) will depend 
on the particular path and may contain certain arbitrary constants expressing the iudeterrainate- 
ness of the parameters. 

Let us seek to find an explicit form of the relation (a). For this puipK>se we consider the equations 
(4.5) and the corresponding equations 


(S) 


^ — o 

dp dp 


in the x coordinate system. Eliminating the second derivatives in the above equations (6) by use 
of (1.2), the equations (4.5) and the relation (a), we may show that 

r=<r f dx^ dx^ ^ \dx^d^d^^ d^p 

{c} 


dx^ 

dp 

in which the bracket expr^ion is equal to 

K d log (j^) 
?i-{-l dxP 

on account of (16.1). Consequently (c) becomes 


m 


d log {xx) 


2 d Ic^ {xx) 


dp 


fi, -f 1 dp 


hence 
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ever, lead to a theory of covariant difEerentiation or extension as in §§ 13 and 
14 nor to an in&oite sequence of tensor invariants analogous to the affine 
curvature tensor and its successive co variant derivatives. In fact such results 
depend evidently on a law of transformation of the precise type (9.5). We 
are consequently faced with the question of introducing invariants whose 
components possess more complicated laws of transformation than the 
components of a tensor* or else effecting a formal modification of the equa- 
tions (16.1) which will result in a system of the type (9.5); this latter method 
is possible and will be adopted. 


If we restrict ourselves to 
condition 
(16.2) 


those coordinate transformations which satisfy the 


{xx) = l. 


equations (16.1) reduce to a system of equations of the type (9.5); in fact we have 


(16.3) 


TT^ TTi'- 


dx^ dxy 


dx^dx'' 


under the condition (16.2). This can be interpreted geometrically by saying that we 
consider transformations leaving volume unchanged. Thus the set of contravariant 
vectors ^(„) with components , where a, a = 1, . . . , n, define the volume iC)i 

and this volume is invariant under transformations satisfying (16.2). An arbitrary 
transformation (1.2) of the group ® satistying (16.2) will be called an equi~transforma~ 
item on account of the above property of invariance of volume. We may then speak of 
the equi-pr elective properties of the paths as those properties which are (1) independent 
of projective changes of the affine connection T and (2) invariant under ©qui-trans- 
formations. The body of theorems expressing equi -projective properties of the paths 
will constitute the equi-prqfective geometry of paths. Since (16.3) has the exact form of 
the transformation equations (9.5) we can introduce into the equi-projective geometry 
of paths a theory of covariant differentiation or extension analogous to that of the 
general affinely connected space; in addition we can construct an equi-pr elective 
tmmr and can form the infinite sequence of covariant derivatives of this 

teosor. 


The idea of modifying the equations (16.1) so as to obtain a system of 
equations of the type (9.5) valid under arbitrary transformations (1.2) of 
tbe group % suggests that the extraneous terms 

1 dlog(xx)daP^ 1 01og(a;^) 

‘ 72 -+! dx°^ dx^ dx^ dx°^’ 

wMcb appear in (16.1), be removed formally by the introduction of an addi- 
tional coordinate — an idea in fact which is already to be foimd in classical 
projective geometry under the name of homogcTieous coordiTiates. With this 
in mind let us construct from the transformations of the group a group of 

wjbere #c is an arhdtaaacy ocMsfeaui* and, {xx} is to be regarded as a fonction of ^ obtained hy elimin- 
mMi% variables (5) oecoixing in (aS) by means of the parametric equations of the path. Inte- 
grafiug {d} wife, the initial oomdilaon jp— 0 when :p==0, we have 

p=K I (sex)^ dp 

m ilie 'capKeit form of (a}. 

* Mbm illiiairatwm of «aeh a procedure the reader is referred to O. Veblen and J. M. Thomas, 
“ Pinfeofive invariants of affine geometry of paths”, Ann. of Math. (2), 27 (1926), pp. 279-96. 
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transformations *(^ in a set of variables any transformation 

of the group *(B being of the form ( 2 ) 


ajO = ^ 4 - log {xx) 4- const., 
x^=P{x\,..,x'^); 


more precisely we associate the above transformation (16.4) of the group 
with the transformation (1.2) of the group (3- 
It will be found helpful before proceeding further to adopt the convention 
that Latin indices will take on values from 1, . . 72, and Greek indices values 
from 0, 1 , . . . , 72,. We shall adhere to this convention throughout the remainder 
of this chapter. 

Let us now define a set of functions by means of the equations 


(16.5) 


oOC 

==*r“« 


★p° . -★pO 

^ 3k ' ~ -*• k3' “ 



95 


i 

3kl> 


where denotes the components of the above mentioned equi-projective 
cuirvature tensor; we have 


(16.6) 


jTt tt/ 


ik 


in consequence of the fact that 

nL=nL=o. 

Now the functions *r transform according to the equations 


(16.7) 


dx^d^ ^^dx^dxy 


under the transformations of the group In case the indices a, y in the 
equations (16.7) have values 1, n, these equations are identical with the 
equations of the transformation of the projective connection given by (1 6. 1). 
Tn case or y has the value 0, the equations (16.7) immediately reduce to an 
identity. The remaining case a=0, p, y^O gives the equations of trans- 
formation of the components (16.6) of the contracted equi-projective curva- 
ture tensor under the group (3- 

Replacing the fundamental equations (16.1) by the equations (16.7), we 
can introduce into the projective geometry of paths a theory of eo variant 
differentiation corresponding to that defined in § 1 We can also construct a 
projective curvature tensor with components 




( 16 . 8 ) 



56 PKOJECTIFE IlSTVARIAE-TS 

subject to coordinate transformations of the group and we can form the 

successive covariant derivatives of t his curvature tensor so as to obtain a 
sequence analogous to (13.18). 

Two points of view are now possible: Either we can adhere to the under- 
lying 72 -dimensional space of the projective geometry of paths or we can 
associate with this space an 1) -dimensional affine space with co- 
ordinates and components of affine connection subject to 

the transformations of the group This latter viewpoint provides a direct 

{n4- l)-dimemionaI affine representation of the projective space and 

lends itself very readily to geometrical interpretation. 


17. Some GEOMETEIOAIi ikterfbetations 


Some interesting interpretations relating to th.e (> 2 . 4 - l)-dimensional representation 
ofthe projective space jP„ have been givenbyW]aitehead(3). It is evident that the 
points of the projective space can be put into one to one reciprocal correspondence 

with the curves of parameter of the affine representation These latter curves 

will be called rays. Now the rays are paths in the affine representation , i.e. these 

curves satisfy the differential equations 


(17.1) 


dxy 

Us 


= 0 


for a suitable choice of the parameter s as can readily be verified (see footnote on p. 62) . 
Any hypersurface in which is not generated by rays may be given the equation 

by a suitable coordinate transformation (16.4) belonging to the group 
Thus if 

(17.2) E .. ., a;«) = 0 

is the equation of a hypersurface, the derivative dF/dx^ will vanish identically if, and 
only if, this surface is generated by rays. If this is not the case we can solve the equation 

(17.2) so as to obtain 

5c®4-^(a?\ .-.,a;") = 0; 

then a transformation of the form (16.4) in which the functions/* are so selected that 
log (xx) = ^ will lead to the above result. 

If we write the equations (17.1) in the expanded form 

-pyi dx^ dx* 2 dx^ dxt’ 
ds* ds ds «4-lcfods’~* 

(17.3) 

da® ^ ds ds n 4- 1 \ds ) ~ * 

we »e from the first set of these equations that the projection of any path, by means 
of the rays, on the hyparsuxfaoe = O, is one of the paths defined on this surface by the 
oomponents of the iwojectave connection. Now let G be any path in which is 

not a ray, and let foe a hypearsurface which ocmtalns C and which is not generated by 
T&jB. W© may amam& without of generality in consequence of the above result that 
X® = 0 is the equatikm of Ijct Eg be the two dimensional surface generated by the 
rays whifeh int^sect 0, let jP mid Q be any two iiornts on not on the same ray, and 
let PQ |»th join in g these points; it is to be assumed that we are dealing 

with a in wliMb one and cmly on© path passes through any two points (see foot- 

imte €«. p, 6), W© £iiall show that PQ is contained, in . 
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Ret the rays through P and Q meet GinJPQ and Qq respectively. See Fig. 
by PoQo projection of PQ on S„; then PqQq is the path of joining 
which is defined by the components IIJj. of the projective con- 
nection. But from (17.3) it follows that <7 is a similar path of 
JSn and since it joins Pq and paths C and PqQq must 

coincide. Hence the path PQ lies on a surface generated by 
rays which pass through the path C, i.e. the path PQ lies on 
the surface S 3 . The result obtained may be stated by saying 
that the surface generated hy the rays u>hich intersect any path 
of is a plane."^ 

It follows at once that if a plane p -space exists which does 
not contain a ray, then the rays which meet it generate a plane 
(p -h 1} -space. Plane p -spaces in P„ are therefore represented 
by plane (p -h 1 ) -spaces in and, in particular, paths by 

planes. 


7. Denote 
Pq and Qq 



18. Projective tensors ani> invariants 


Definition of Projective Tensor, A set of functions § (a?) of the coordinates 

of the region 01, where ol, j 8 , y, S~0, 1, n, constitvite the 
components of a relative projective tensor *T of weight W with respect to the x 
coordinate system of the affine representation A*j^^ , provided that the functions 
transform according to the equations 


(18.1) 




dx^ dxy 
dx°^ dx^ dx^ 


dx^ 


when the coordinates xf^,xA , . . . , are transformed by (16 A). The object obtained 
by abstraction from the above components with respect to the totality of coordinate 
systems whose coordinates are related by transformations of the group is 
called the tensor *T. 

It is to be observed in particular that while the indices on the symbol of 
the components of the tensor *T assume the range of values 0, 1, ,.,,n that 
these components depend only on the coordinates x ^, of the region 0i. 
This requirement further indicates the essentially fictitious nature of the 
coordinate aP which, as we saw in § 16, was introduced solely for the purpose 
of securing invariants of formal tensor character. 

We see that the theory of co variant differentiation already mentioned in 
§ 16, leads to covariant derivatives of a projective tensor *T which are like- 
wise projective tensors in the sense of the above defiboition. 

Projective tensor differential invariants of order r are to be defined in a 
manner analogom to the definition of the affine tensor differential invariant 
in § 1 1 by replacing, in the statement of this latter defiinition, the components 
L by the componente *r and the transformations (10.1) and (1.2) by the 
transformation (18.1) and (16.4), respectively- Also an analogous extension 

* A subspsuie is described as plane if any path which meets it twice is contained in it. In par- 
Mculax a platn© two dimensional surface will be called a plane. Cf. Cartan, JCtCpons sur la OSofift^rte 
dm Mapacm de Riemamn (Gauthier-Villars, 1928), Chapter V, 
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of tlie dejSnitioii of tlie affine tensor differential parameter defined in § 15 
gives ns the projective tensor differential parameter. 

The projective curvature tensor with components defined by (16.8) 

is an example of a projective tensor differential invariant. 


If either 7 or 8 has the value 0 the components vanish identically, i.e. 

(18.2) = 0 , 

as can he seen from (16.5) and (16.8). Hence the quantities defined by 


constitute the components of an a ffin e tensor in the sense of § 10 , i.e. 


(18.3) 


mi 

dx^ ~ W dx^ 


in the derivation of these equations use is made of the fact that the derivatives dx^ldx^, 
for < 3 = 1 , n, vanish in consequence of (16.4). Written more explicitly we have( 4 ) 






(18.4) 




* 

j '^jkm » 


^2 _ 1 Bji ) — ^2 _ j (S5 Bjgj — Bi^), 

as can be deduced immediately from (16.5) and (16.8). It is interesting to observe in 
consequence of (18.4) that the contracted components vanish identically; hence 
the quantities likewise vanish identically owing to the skew-S37mmetric character 
of the indices h and I in the components . Moreover it can be shown that the 
identical relations TF^ = 0 are satisfied.* 

By evaluating (16.8) we find that 


<18.5) + + ^ (B,,. 

where B^ are the components of the contracted affine curvature tensor. By co- 

var^t differentiation of the expression (18.4) for TFj^j and by contraction on the index 
of differentiation, we find 

“n*— 1 I — ^ (Bj&,z —B„^ *,) 


' n- 2 ^ 

Vn+l 


-( 


i) {>»- 1 2 - ^v. *)} . 

on mak^ ^ o^he idaitities (49.13) and (49.14) to be derived later. Hence the above 
expre^ion for can also he written in the form 

(18.6) (n> 2 ). 

expanding the r^t members of (18.4) in terms of the and their derivatives. 

oomponente vanish identically. Hence for « = 2 . 

(18-7) *-®3^=2(B^,-B^^) + (B^ („ = 2). 

con^ponents and 
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Hence the quantities constitute the components of an affine tensor, i.e. 


(18.8) 




— 9£C“ dx^ dx^ 


where the values 1, 2 only are assumed by all indices in these equations. 

In order to indicate the projective character of the tensor whose components trans- 
form by (18.3) as well as the relationship of this tensor to the projective curvature 
tensor, we may refer to it as the projective-affine curvature tensor. A siniilar designation 
will be applied to the tensor with components transforming by (18.8) imder the con- 
ditions that the projective space is two dimensional. 


19 . Teaistsformations of the geoijp *( 5 > 

Consider an (n-i- l)-diinensional representation of a projective space 

, possessing a connection with components (^) defined by equations 
of the type (16.5). Form the equations 


(19.1a) 




dx^ 
dx^ dxy^ 


involving the components (x) of the representation Suppose that 

(19.1a) admits a solution 

(19.2) (re®, x^) 

which establishes a one to one reciprocal correspondence between the points 
of the two representations and It will be assumed that the 

functions are analytic; hence the fonctions analogous to the which 
occur in the relation inverse to (19.2) will likewise be analytic. The question 
then arises if the relation (19.2) belongs necessarily to the group *(1$(5). 

To consider this question we derive several particular sets of equations 
from (19.1a) or the equivalent equations 


(19.15) 








+*r^(^) 


dxf dx’’ 


dx^ dxPdxr ^dZPdxv’ 


(19.1c) 


*!%,(«) = 


dx*^ / 
dx°^ 


[dx^dxY 


+*r" (a;) 


dxf^ dx^\ 
dx^ dxY/ * 


If we put y=0 in (19.15), we obtain 


(19.3) 


d^x^ 1 dx^ ^ dx-^ 


Also putting a = y and summing in (19.1c), we obtain 

dafl ^0 , dlog\xx\ 


( 19 . 4 ) 
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3*0 8*1 "■ dx^ 

_ 3*1 3*1 3*1 

3^ 3li ■" 3*™ 


0^ 0^ * 0i^^ 


How we can deduce from (19.16) tiie equations 


(19.5) 


ds^ '‘■'’i dxP dxV 3*® ’ 


in which the derivatives are calculated from the transformation (19.2). 
Putting 8 = 0 in (19.5), we have in eonsec[uence of (18.2) that 


(19.6) 

If we put 

(19.7) 




= 0 . 


I“= 


3*°^ 

3io’ 


equations (19.3) and (19.6) go over into the following two sets of equations 


and 

(19.86) 


respectively; here the f ** are to be considered as functions of the coordinates 
x»* r^ulting from (19.7) by means of the relation inverse to (19.2), 


and 




i.e. th^» quantiti^ constitute the components of the go variant derivative 
of the contravariant vector It is evident that the vector components 
5®(x), which are determined from the components by (19.2) and the 
vector law of trazffiformation, must satisfy equations analogous to (19.8) on 
account of the tensor character of these equations. 

How it c®m happen that the equations (19.8) possess only one independent 
solution f®(x) or that th^e equations possess two or more linearly inde- 
pendent TO^IutioiiB- two oases will be referred to as b 37 pothesis <x and 

hypothec § rmpc^vely. We proceed to examine these two hypotheses in 
turn. 

M^ffpeAeMS a. It is se&ot, that == constitute a solution of the equations 
{19.8) and uiMfedr the preront h 3 rpothe 6 is there exists no other linearly in- 
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dependent solution. The same must therefore be true of the eq^uations 
analogous to (19.8) in the coordinates hence the components (x), i.e. 
Sq, must be transformed by (19.2) and the contra variant vector law of 
transformation into components (x) which are of the form Bq ip (^, . . 

where ^ is an analytic function of the coordinates Since the components 

(x) must satisfy (19.8a) taken with respect to the coordinates x°^, we have 

diP B% 

Putting a = jS^Oin (19.9) we obtain ip~l. In other words the components 
Bq are transformed directly into the same components 8 ^ by (19.2) and the 
contravariant vector law of transformation. This gives 


dx^ 


=s^; 


hence (19.2) is equivalent to a set of equations of the form 

X^==:^ +/0 (x^^ . . . , =/^ x^), 

and the determinant | xx | is equal to (xx), i.e. the Jacobian determinant 
formed &om the above n functions/^. Equations (19.4) for then show 
that 

fo ~ log (xx) -h const. 


Hence we have the following 

Theorem A. Under hypothesis ol the relation ( 1 9*2) bedoTigs to the group . 

Hypothesis p. Let us suppose that (x) and 17 “ (x) are two linearly in- 
dependent analytic solutions of the equations (19.8); we shall suppose 
moreover that the are identical with the constants 8 “ since these latter 
quantities constitute a solution of (19,8).* Now from the fact that 77 “ 
satisfies (19.8a) we have 

^ 

n+V 

hence 

(19.10) (x) = 8 “ + <Pl (x\ .,.,x^). 

It is evident therefore that the 17 “ (ic) can be considered without essential 
loss of generality to be defined throughout the entire representation 
in fact if the above functions were not defined throughout the n-dimen- 
sional region ^ we could restrict the region ^ so as to secure this result (see 
§ 1 ). 

Let us now form the equations 


* If tl^ compouGxits I* =8^ and ly* were not independent, we wonld liave if - =SJ ^ (jc), and we 
oonld then deduce t^= 1 hj the above method, i.e. the components ^ and if- wonld be identical- 
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where the Tariables have Ijeen used in place of as a mere matter of 
notation. It is then easily seen that 

in which the functions <j>^ (x) are analytic throughout the region 02. Denoting 
hy x°^ the coordinates of an arbitrary point P of the representation 
the set of solutions of (19. 1 1 ) which reduce to for ^ = 0 may therefore be 

expanded in the power series 

(19.12) x^=x^-h ^ 

p~i !P • 

Hence if is any positive number, it is evident that we can find an + 1)- 
dimensional region 02* of defined by | | ^ where x^ is negative and 

ib is a sufficiently large positive number, such that the series (19.12) will 
converge for | ^ | ^ and for all points P of the region 02*. 

ISTow denote by € a positive constant which may be taken as small as we 
please; then it is seen that the differences x°^—x^ determined by (19.12) will 
always be such that [ [ < e for a suitable choice of the above constant 

k. Assu ming that such a choice of the constant k has been made, we see that 
there must therefore exist an + 1) -dimensional region 02** contained in 
02* such that (19,12) regarded as Sk, jpoiTvt tTCiTisfcyrTyiciticyn, will displace points 
of 02** into points of 02*. It is likewise evident that the region 02** can be so 
restricted that the functional determinant of (19.12) will be different from 
zero for any point of this region, and in fact so that (19.12) wiU possess a 
single valued inverse throughout ^**; it will be supposed in the following 
that the region 02** is of this character. 

It can be shown that the components *1^^ (x) are transformed by (16.7) 
and the above point transformation (19.12) into components *r^^ (x), i.e. the 
quantities *1^ («) and *r^y (x) are the same functions of the coordinates 
and respectively.* 


* We olMCTve tliat the right member of <19.11) is equal to 77 ^^ - and that we have 

These iafct®: equatiOTis constitute the condition for the components *ra (a:) to retain their form as 
fractaos <£ the coordinates under the transformations (16.7) and (1^.12). Of. L. P. Eisenhart 
Amcr. ^oc. (1927), p. 126. Equations (46.9) of I^on-JSzemanman 
are seen to be identical with the above conditions when account is taken of shght 
'OJfierences of notaticHi. ® 

We may otoaro M^wiee in this OMmeotion that if ^« (*) is a solution of ( 19.8), the congruence of 

wMs curves doaiieci hy 

dx^ 

are paths in ti» represeatatkm . Thus we have 

+ 1 da:* ^ 

ds ds ^n + l ds + 


statement thai foUows by tlm results of § 3. In parUoular, since f* = 8 ? i 
of (19.8), w» see that the rays define in 1 17 are paths. ° 
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ea 


Now consider the transformations, analogous to (19.12), which are deter- 
mined by the equations 

(19.13) ^ = X«(^), 


and the initial conditions = for ^== 0 ; these transformations carry the 
components V°^(x} of a contravariant vector into the components F®(^) 
such that 

(19.14) F“{ =F“(«)+ 

where t is the value of the parameter which determines a particular trans- 
formation of the set, and the are functions of the coordinates given by =♦* 




(19.15) 


ya 
^ p-i-1 


dxP 

dVUx) 


dx^ 


dxP 

Now take ' 7 “ — and for and F“, respectively. Then we shall have 


^(X 

use being made of (19.8a); also 

15 = 0 if p>l. 

Hence from (19.14) we obtain 

1“ (x) = f “ (x) + (x) - (S)], 


where stands for the value 8 “- Taking t — {n+\), we have 

i.e. the poiTtt transformation (19.12) for ^=(?^ 4 -l) sends the components 
*r^y (^) f = ^0 points P of the region into the components 


* Tiie proof of th^e equations is immediate. Let us take a coordinate system in which the con- 
tefcvariant vector components are SJ (see § 10). Then the set of transformations determined by 
(19.13) becomes 5® = 3 ::® +t, x*=x^ (* = 1, w), and we have 

F« (x) = (x® - 1, x^, ..., x«) 


where 

(a) 


= F«(:r). 


■ S 


i-iF 
P i 


F?, 




Now it is ea£dly shown that the right members of (19.15) are the components of contravariant 
vectors. Hence (19.14) and (19.15) are invariant in form under transformations of coordinates, and 
snoe (19.15) rwiuo^ to the above equations (a) in the coordinate system for which it 

follows that (19.14) and (19.15) are valid in general. 
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(x) and v}°^{x), respectively, where the x°^ are coordinates of points of the 
region * 

Let us now denote by T the relation (19.2) and by S the point transforma- 
tion (19.12) in which the are the coordinates of a point P of the region 

Representing B by = the relation TB defined by 

[A® (x), (x)'], 

in which the x°^ are the coordinates of an arbitrary point P of the region 0^**, 
is such that ( 1 ) the functions are analytic, ( 2 ) the functional determinant 
of the is everywhere different firom zero, and (3) these equations have a 
unique inverse. 

Row suppose that the quantities S“, considered as the components of a 
contravariant vector in the x coordinate system, are carried by T into the 
componentB 17 ® {x) with respect to the x coordinate system; then the quan- 
tities {x) will satisfy the equations (19.8). By the above italicized result 
it therefore follows that TB will transform the contravariant vector com- 
ponents Sq into the components §“ and the components iuto the 

components (x), i-e. the relation TB satisfies the equations (19.1a). By 
the argument given under hypothesis oc the relation TB therefore has the 
form (16.4). In conformity with this result, let us now replace the original 
ra-dimensional region ^ by that portion of this region which corresponds to 
the {n -h 1 ) -dimensional region and likewise the relation T by the relation 

TB; this is a formality of the sort which we used above and which involves 
no essential loss of generality. We can then state the following 

Theorem B. Under hypothesis 78 an analytic solution of (19*1 a) of the 
form (19.2) exists which belongs to the group and which defines a one to one 
reciprocal correspondence between the representations ^*+1 and • 

A simple ilhjstratioii of a case for whicli there will exist more than one independent 
solution ^ of the equations (19.8) is obtained by taking aH the components II};;. of the 
projective connection equal to zero. 

The above Theorems A and B have an important application in the 
proMem of the equivalence of projective spaces in § 88 . 
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20. FUFDAMEISrTAI/ CONEOBMAIi-APFII^'E TENSOB 


SiKCE tlie components of the fundamental quadratic differential form 
are determined in a conformal space only to within an arbitrary factor o* (ic) 
in accordance with equations (7.1), we see that the general equations of 
transformation of these components, corresponding to arbitrary coordinate 
transformations of the group must have the form 


Taking the determinants of the quantities in the left and right members of 
these equations, we have 


Hence 

( 20 . 1 ) 


Tv / TV 

- (**) 0 ^ 95 ? ’ 


where 


P 


It win be assumed that the negative sign is to be taken in case j | < 0 in the 
region ^ and n is even, so as to avoid the appearance of the imaginary 
quantity which would otherwise occur; in other cases the positive sign wiU 
be employed. 

The above quantities constitute the components of a symmetric 
tensor G which is an affine tensor in the general sense of § 10; we observe that 
the condition [ | = + 1 is identically satisfied. The conformal character 

of this tensor is seen ftom the fact that its components are unaltered by the 
conformal transformation (7.1). Since the tensor G plays an analogous role 
in the theory of the conformal space to that played in the theory of the 
metric space by the fundamental metric tensor, we shall refer to it as the 
fundamental conformal-affiTie temorii). 

Suppose that w© replace the eqxiations (20.1) by the equations of transformation of 
the componente of any relative tensor of arbitrary weight /c, namely 

( 20 . 2 ) = 

wiwr© w© a^um© that the doterminent j { does not vanish. Forming the deter- 
minaiite of both members of th^e equations, we obtain 

(20-3) 

Wh^ nic4-2^0 we can use (20.3) to e limina te tiie Jacobian, deternoinant {xx) from 

(20.2), by which we have 

(20-4) J 
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ir» ^ -;i;r+2- 


From this point the methods for the formation of dliflferential invariants may he 
applied, as in the case of the metric space. If, however, the quantity 7 iK~i~ 2 vanishes, 
equations (20.4) are no longer valid; then (20.3) becomes 

and equations (20.2) are essentially the same as the equations of transformation of the 
components of the fundamental confoimal-afSne tensor. It is interesting to observe 
that the exceptional ease of the equations (20.2), i.e. the case for which these equations 
do not lead to the construction of tensor differential invariants as such invariants are 
constructed in metric space, is precisely the case corresponding to the equations (20. 1 ) . 


21. AfFIKE REPRESEKTTATIOIT of COIS'FORMAL SPACES 

Our problem is now to construct conformal invariants of tensor character 
on the basis of the fundamental equations (20.1). For this purpose we seek 
a representation of conformal space analogous in as far as thia is possible to 
the representation of the projective theory. We begin by constructing 

certain important transformation equations of conformal space as an aid in 
the attainment of this goal. 

Let us jSrst observe that the contravariant form of the equations (20.1) is 

( 21 . 1 ) 


where the quantity is defined as the cofactor of in the determinant 
1 ^ajS 1 > ii^nce the relations 


are satisfied. 

Now differentiate equations (20.1), obtaining 


( 21 . 2 ) 


dO,, 


2 _ 




—2ln 


dx°^ dx^ dxy d^x°^ dx^ dx°^ d^x^ ' 

dxy dxf^ * 


where we have put 

/ dlog(^^) 


By interchange of indices in (21.2) we next deduce 


(21.3) 


1 /^ BG,^ dG^A 
2 \ 0^ dxf^ ) 


f o^x^ 


a2a;“ dx» 1 { dG^ dG^ 


dx“'^ 2 




dxy dx°^ 


dx°^ dx^ dxy 

0^/ 




5-2 
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Then from (21.1) and (21.3) we have 

(41.4; “^3^9^ 


where (2) 





dx^ , 




9Ga/3' 

dx^ 

dxy j 


i.e. the q^nantitiee are Christofrel symbols based on the components . 
The functions K\,^ are symmetric in their lower indices; also the identity 

K\p=(i 

is readily verified, e.g. this follows from identities of the type (13.15) since 
I 1 is equal to unity. 

l^ow construct the quantities from the functions in the same 
way as the components of the curvature tensor are constructed from 
the componente of the affine connection, i.e. we have 

I FF 


dxy dx^ ^ocy 

and it is but a matter of calculation to show that the fransform accord- 

ing to the equations 


dx^ dx^ dx^ dxy 


^ «^y 0^ 8^ 0^ ^ 


where 




Cl = Q>6C^, 


’From, the qimntdtiee we may now form the quantities and F 
defined by 

= F=G-fiF^-, 

quanMii^ have the equations of transformation 

F^ = F^ ^ ^ + (« - 2) + Gp, C| 4- j G^^ (i.'', 

W = {xx)^ P + 2 (w - 1) C| + (^^^) 

We shall abo need sm expr^^on 


Qa^ 2(n— 1) 
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having equations of transformation 

( 21 . 6 ) 


dx^ 


1 

2n 



Since the quantities and are symmetric in the indices a, it follows 

that are likewise. Finally we shall use the quantities 




which, transform by the equations 


( 21 . 6 ) 


Q^={x^^^Q 


a dx!^ dxP 

^ gS“ 0^ 


■(V) 

So far in this chapter all indices have had values 1, It will now be 

found helpful to agree that 

Capital Greek letters denote indices 1, n; 

Small Greek letters denote indices 0, 1, ...,72-; 

Small Latin letters denote indices 0, 1, ...,72-, oo. 

We shall consider this convention to hold through the remainder of this 
chapter unless the contrary is stated, or it is otherwise evident that the rule 
cannot apply.* 

Now consider the quantity 72 .^ defined as the element in the 7th row and 
kth column of the matrix 


1 

... 



0 

dx^ 

dx^ 

dx^ 

0 

dx^ 

dx** 


0 

0 ... 

0 

(xx)y^ 


To any transformation (1.2) of the group % there corresponds a set of 
quantities 77 J. given as elements of the above matrix. If 

* aymljol 00 seems moxe cxmv&ment to use than the symbol » + 1 employ^ by some writers. 
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i.e, if and are two transformations belonging to the group (3$ and J'g is 
their resultant, then 

where the and icj are determined from the transformations ^3 

exactly the same manner as the are determined by the transformation T -^ . 

It follows in particular that 

where the are determined by the transformation inverse to (1.2). In 
other words the g^uardities u\. combine in the same way as the derivatives deter- 
mined by a coordinate transformation. Now it is important to observe that the 
are in fact deducible as the derivatives of a coordinate transformation, 
namely the transfojmaation 

— log {x x) -h const. , x^=f^ {x ^, . . . , x”') 

of the group occurring in the projective theory; this fact is intimately 
connected with our representation of the conformal space. 

Let us now define a set of functions by the equations ( 3 ) 


Opf = — opi 


n y’ 






“rs,= 



\n — 2/ 


/ ^ 


»r2,2=®rS2=o. 


\»-2; 



These fanctions transform according to the equations 


(21.7) 








in fact th^e equations give the transformation equations 

(20.1) for i, c7 = oo. A, S respectively, 

(21.4) for cr= A, S, P respectively, 

(21.5) for fe, cr = 0. A, S respectively, 

(21.6) for i, h,cr=i, 00 , A respectively. 

The remaining equations (21.7) are satisfiLed identically. 

Shoo Hie quantity m — 2 appears in the denominators of several of the 
above expwMons which define the fanctions , the equations (21.7) will 
no longrar vfidid in cm» m = 2; the assumption will therefore be made 
throu^out the following developments of this chapter. See §89 for a 
d^uasion of the case m= 2, 

Tim existence of a system of equations of the form (21.7) shows that we 
mm reprint the conformal space C^a&am {n-+ l)-dimensional space +1 
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possessing an affine connection* with components and whose co- 
ordinates are subject to transformations of the group . Since 

the indices i, Jc of the components ^F^^ assume the range 0, 1, co, the 

affine connection of the space must define the infinitesimal parallel 

displacements of a vector with n + 2 components. A vector of the type in 
question will be known as a conformal vector; preliminary to writing down 
the explicit equations for the irffinitesimal parallel displacement of such a 
vector we shall give the general definition of a relative conformal tensor in 
the following section. 


22. CoiSTFOBMAL TEKSOES A2<rD IlSTVARIANTS 


DEFESTiTioiir. A set of functions (x) of the coordinates ..., x^ of 

the region constitute the components of a relative conformal tensor T of weight 
W with respect to the x coordinate system of the affine representation A^^^ 
provided that the functions transform according to the equations 

( 22 . 1 ) 

when the coordinates undergo a transformation of the group The 

object obtained by abstraction from the above components with respect to the 
totality of coordinate systems of the affine representation A^+^, whose coor- 
dinates are related by transformations of the group is called the tensor T, 
If, however, one or more of the indices in these equations are limited to the 
restricted range 0, 1, . . the entity will be called an incomplete conformal 
tensor of weight W, 

Infinitesimal parallel displacement of a vector of weight zero with com- 
ponents in the a ffin e representation produces a differential change 

in the components of this vector in accordance with the equations 


These equations are invariant in form under transformations of the co- 
ordinates of the representation A^^^; in fact we have 

+ oripX^dxfi = ui [tiP + 


as can easily be deduced. 

A conformal tensor differential invariant of order r and weight W is the 
entity whose components 




]cp> 0 ^ ’ 


arop: 


*J3 


... dxy^ 




retain their form as functions of the ^F’s and their derivatives under trans- 
formations (22. 1). We proceed now to the problem of constructing invariants 
of this character. 


* It is to be observed that fhis is an affine connection in tbe general sense of § 2 in spite of the 
difference of range of mdi<^ appearing in the symbol of its components. 
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A simple addition to the components of the conformal-affine tensor of 
§ 20 enables us to construct a conformal tensor invariant of order zero. If we 
define the functions as the elements of the matrix 


0 

0 

- 0 

-1 

0 

- 

- 

0 







6 

Oni - 

- <^nn 

6 

-1 

0 . . 

0 

0 


and then observe that 

n-i-2 

\ul\={xx) « , 

we see that 

( 22 . 2 ) 

Hence the quantities constitute the components of a symmetric con- 
formal tensor invariant of weight -2/(^4- 2) and order zero; we call this 
invariant ihei fuTidamental ccmformal tensor (£. 

Kwe differentiate the equations (21.7) with respect to x'^ and then proceed 
to form the equations of integrability after the manner of deducing the 
equations of transformation of the components of the curvature tensor in 
§ 12, we obtain 

<22.3) = 

where 

0op» 

(22.4) 

Equations (22.3 ) show the existence of an incomplete conformal tensor, with 
components which we shall call the iiicorrijplete (xynforwxzl cwrvcutv/re 

W© may otoeerv© that the oomponents satisfy the following identities 

(22.5) = 0^^ = «B” ^ = o. 

In view of these idmiaties the equations (22,3) yield 

rrO 

where(4} 

Thtts ^ finM^aoiis eonslitute the ccmaponents of an affine tensor which we will 

«»il ffi© €Of^orm(d<^§^m tensor. Expansion of gives 

■•■n—l <®* ®a4 — S“ . 
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By substituting into this expression the value of the F’s in terms of the and their 

derivatives, and then el imin ating the JST’s by means of the substitution 

we obtain after some reductions 

^ (S2 Ba* - SS Baa) + ^ (B“ ?a* “ 


(n— 1) (n- 2) 

where the are the components of the aflSne curvature tensor formed from the 

Christoffel symbols itA. and the Baa and B are the contracted curvature tensors 
defined in § 52. From the above expression we easily obtain the identity 

(22.6) ^2^ = 0. 

By a similar expansion of (22.4) we obtain 


(22.7) 


n \ f~dBAA 

dx^ 
1 


dF ^ dF\ 


(n 


— — r|.{. ♦ ~ A 


””1^—3/ 2 S'*' AA$ » 

and also '’B2^*=G'^»B1 a*- 

When n = 3 the conformal-affine curvature tensor vanishes;* from the equations (22.7) 
we then obtain 

^ „ dx^ dx^ dx^ 

^©AH — ^ A20 » 


where ^A 5 n = ®-S^ 2 Q* 

The affine tensor having the components called the conformaZ-affine 

curvature t&nsorfor the three dimensional conforrnal spctce . 


Mar k i n g use of equations analogous to (13.1(6)), we obtain 

. = pr|<r{orL-'>rt«^}; 


dx^ 


we then find by differentiating (22.1) with respect to aj“ and eliminating 
derivatives of the which arise, by means of (21.7), that 

(22.8) - «?= 1 < 


* This fact rin-n be established by expauding the above expression for the components 
corresponding ■fco what was done for the case of the projective-afBne curvature tensor (to = 2) ; see 
p. 58; t.Kia calculation however, he simplified by choosing special coordinates, cfi B. P. Bisen- 
hart, Riernannian Geomefy^f p. 91. 
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mp...ao*P^ /TTP — ffop^ _ W7iP — «0pA^ 

— h...s ^ rpt, '*• r...^ •*■ 5ft r...s ^ Tiix' 

The quantities T^"'sp. therefore the components of an incomplete con- 
formal tensor which ’will be called the iTicomplete covariant derivative of the 
tensor T. On account of the restricted range 0, 1 j ...,n of the index /x appear- 
ing in the components of the incomplete oovariant derivative, the 

above process of covariant differentiation cannot be applied to the equations 
(22.8) to form a second covariant derivative of tensor character. This 
suggests that we “complete’’ the above covariant derivative by defining 
the values of ite components for the value co of the index added by the pro- 
cess of covariant differentiation; we consider this question in the following 
section. 


23. COMPLETIOlSr OF THE INCOMPLETE COVARIANT 
DERIVATIVE. GENERAL CASE 

We can form a conformal tensor from the incomplete conformal tensor whose 
components occur in (22.8) if we can define a set of quantities 
depending on the coordinates x'’^ alone, and having equations of 

transformation 


(23.1) Tlzx 




= qjC 


a \ W 


A=1 


In fact (22.8) and (23.1) combine to give 


A r s 


(23.2) 




...«?= I 




the tensor whose components appear in these equations will be called the 
complete covariant derivative, or simply the covariant derivative of the 

tensor Tm. 


Xiet W denote the number of indict p, . . . , q and M the number of indices 
appearing in the components of the above tensor T. Then the equations 
(22.9) show that 


(23-3) 




=D 








To constamct the d^ired quantities T^"‘f ^ transforming by (23.1), we now 
difforentaate (22.8) with respect to obtaining 


(23.4) 




= i < r .. . . 
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where 


r.„s,/x rph...q opf) ,rpp...h opff 

r...Stfxv ‘ ft ^ ^ r...s,fx ■*■ Av 


/77i> — a op^ 

h...S,ix ■*• rv ••• ■ 


rpp ...a op^ 

' r ...hy fi ^ sv 


rpP...Q opo’ 

r ... s, CT ■*■ ftv “ 


,yjmP-..Q op^ 

Av • 


In particular we can deduce from these latter equations and (23.3) that 
(23.5) ^r‘"so 

rpp.^.Q r .M — ^^+(^^ + 2) TT^- l l ^p...g 

,...^ _\-M^N+{n + 2)W-^r\YM-^N+{n + 2)Wl^^^ ^ 

....,oo~L ^ "JL~ n “ 

Now restrict the values a and p in (23.4) to the range 1, ..., and rewrite 
the right members of these equations so as to obtain a corresponding restric- 
tion of range for the indices /x and v, i.e. we form the equations 


(23.6) 

(23.7) 




(23.8) 


]^’-3 P q , a \W A H mP—q 0 H 

+ ^:::l n o “rrrs^^} 4 • • • - 

If we multiply (23.8) by and sum on the indices A and S, taking account 
of (21.1), (23.3), (23.5), (23.6), (23.7), we obtain a system of equations which 
can be written 

(23.9) 


7yA2 p q 
O Ui . , Ui 


= i«“r AH 


AH 00 r2Jf-2iV+-2(«.+ 2) W + 2-n 


L 




X (3f.'.'.t o«»+ 2f.'.V® n“S)| 

Hence if the constant K defined by 

K=2M-2N'+2{n + 2) W + 2-n. 
does not vanish, we can put 


(23.10) 


\JL/ A=1II=1 


and the components defined will transform by (23.1). We thus 

obtain the complete covariant derivative with components [ trans- 
forming in accordance with (23.2). 

If .B:=0, equations (23.9) show the existence of a conformal tensor % of weight 
W + — — ^ having the components 

s s 

A=in=l 

The constant JSl will not vanish for the tensor 3!!, so that it is po^ible to construct the 
complete confoimal covariant derivative of this tensor. It is, in fact, evident that w© 
can form the infiboite sequence of successive covanant derivatives of the tensor %• 



76 


CONFORMAL INVARIANTS 


24. Air EXTENSI 02 Sr OT the PHECEDIlSra METHOB 

In order to construct an infinite sequence of conformal invariants of tensor 
character, analogous to the sequence of co variant derivatives (13.18) of the 
affine curvature tensor, we must complete the incomplete conformal curva- 
ture tensor defined in § 22 by an extension of the preceding method. Let us 
in fact consider the general problem of completing a tensor D having com- 
ponents ^ which are skew-symmetric in the indices fj, and v and such 

that 

■^r ... sOv — ... SfJiO — 

CT. equations (22.5). Differentiation of the equations of transformation of 
the components of the tensor D, namely 


(24.1) 


and ehmination of the derivatives of the which occur, by (21.7), give 




(24.2) 








where 


0£)2>...« 

jr)p- ’Q — g op^ . j.ns’ opff 

r..,8jj.VTT dx^ ^'^r,.,Sfx.v ^ Air ‘ * ** ^ ... s/uv ^ Tnr 


— op*^ _ _T)P--(i op^ 

h,„SfJLV rTT *** '^r...hfxv ^ srr 

— op<^ _ opo^ op^ 

r...SQv ^ fjirr -^r...Sfj.a ^ vtt -*-^r ...Sfjuv ^ Jitt' 

If as before N and M denote the number of indices p, q and r, ..., s, 

respectively, then it follows firom the last formula that 


"^r... 80 v 7 r 

Typ..Q 

r ... s/tO-jT ^ -^r ... SfJiw > 




'M^N+{n + 2)W + 2'\ 


I r...SfjLv 


EquaMom (24.2) can accordingly be written 
(24-3) = I 


, 1 0 s a 

+ — 'i^A. 
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Multiplying (24.3) by and summing on the indices 0 and A, we obtain 
after some reductions 

(24.4a) 


1 % 1 


t...q /v-Q H 00 

...snsQ ^ '*^a'^oo + 


n 2 j 

.Ail 


'^A W'ooT -*-V...sns'2^A^ooj- • 

where the integer L is defined by 

L=M —N -\-{n + 2)W -{•4: — n. 




Since 




V....OSD (?“ = 0, 


owing to the skew-symmetric property of the components D, it follows that 
(24.4a) holds also when the index A is replaced by a, i.e. 


(24.46) 


= 1 4 r + (^) ifr:::U< 

J£ L^O, we put 




-*-^r...SIJLoa — J-^r. 


r...soofj, 






jrvJJ- a: j^-1 _ 

'^r...sOoo — ^r...sooO — ^r...sooco — 

Then (24.1) and {24: Ab) combine to give 




I> 


k...lcd^i 


U7 


\u7 


"IF 


...a 


r.^.sfg'^k ' 


s f g 
^UiU^Ul, 


and we have succeeded in completing the incomplete conformal tensor D; 
from their definition the components of the complete conformal tensor D 
are skew-symmetric in their last two indices, i.e. 


1°. When X = 0, equations ( 24.4 b) lead to the definition of an incomplete conformal 
2 

tensor of weight TF+ - it is obvious that a method analogous to the above can in 
general be used to complete this tensor after which its successive covariant derivatives 


can be constructed. 

2°. As a first appKcation of the method of this section we can consider the com- 
ponents of an incomplete conformal tensor i) to be defined by 


( 24 . 5 ) D^r:::lr^ nzl^- 

Gf. equation (23,4). The tensor JO is then the direct analogue of the skew-symmetric 
part of the second covariant derivative of a given affine tensor. If jSr=0 so that the 
above method of completing the incomplete covariant derivative of the tensor T does 
not apply, we can still complete the tensor Z> whose components are defined by (24.5) 
provided that the constant L does not vanish for this latter tensor; in fact only if = 6 
can the constants K and L be equal to zero simultaneously. 
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25. Systems aegebeaicaley equit’aeee't to the system 

OF EQXJATIOZS^S OF TRANSFORMATION OP THE COMPONENTS 
OF A CONFOBMAE TENSOR 

From a strictly analytical standpoint it is clear that the process of covariant 
differentiation, whether applied to an affine, projective or conformal tensor, 
is essentially a process for the construction of conditions of integrability, in 
tensorial form, of the equations of transformation of the components of the 
given tensor. This suggests that we replace these latter equations, in the 
exceptional case or X=0 when the method of §23 or §24 does not 

an algebraically equivalent system of tensor character before 
performmg the operation of covariant differentiation. We shall consider in 
this section several types of equivalent systems of this sort with a view to 
applying them to the problem in the above exceptional cases. 

Denote by T an arbitrarily given tensor of weight W having the com- 
ponents Tf ' s , and consider the conformal tensor with components 
(25.1) 

this latter tensor is called the square of the tensor T and will be denoted by 
the symbol . In the equations of transformation of the components of 

namely ’ 

let BS take the indies 1 to be identical with the indices and the 

indices p, q identical with the indices c, d. Then (26.2) reduces to 

±i\u%\ ... 

and these equations are identical, when the plus sign is selected in the right 
members, with the equations of transformation of the components of the 
ten^r T. Equations (25.2) therefore famish an example of a system alge- 

b^caJly equivalent to the equations of transformation of the components 

of the tensor T, 

If we define the tensor T- as the mth power of the tensor T by equations 
% ^ then it is evident that the equations of transformation 

of the Mmpraents of 2^ are likewise algebraically equivalent to the equa- 
tions of tra^ormataon of the components of the tensor T; in fact, for m odd, 
t W?"* atove ambiguity of algebraic sign does not appear. It is evident 
prefer® that the eqnataons of transformation of the components of 2”" can 
be n^in ^aoe of equations of transformation of the components of 
T m^ proo^ of forming the conditions of integrability of these latter 
eq^ons. i.e., the process of eovariant difllerentiation. 

algebraicaUy equivalent system can be obtained by 
observing that the constants F* defined by ^ 

F„=0. F«.sl 
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constitute the components of a conformal covariant vector of weight 
— 2l{n 4- 2), i.e. these quantities undergo the transformation 

Vic=\<r^^v,ui. 

Now define 

(26.3) 

SO that 

(26.4) .«X. 

If CO in (25.4) both members of these equations vanish identically, while 
if/=:oo these equations become identical with the equations of transforma- 
tion of the components of the tensor T. Hence (25.4) can be used in place of 
the equations of transformation of the components of the tensor T in the 
process of constructing the conditions of integrability of these latter 
equations. 

We will refer to the tensor with components given by (25.3) as the 
augmented tensor T. The vector with components will be called the 
relative numerical vector V. We can also define an absolute numerical vector V 
by the equations 

(25.5) = 

where the quantities given as the elements of the matrix 


0 

0 ... 0 

-1 

0 

... 

0 







6 


6 

-1 

0 ... 0 

0 


are the components of the contravariant form of the fundamental conformal 
tensor defined in § 22 ; this tensor is of weight 2/ (n + 2). Then s F^ = 0, also 
P '0 ^ _« and these components satisfy the relations 

F^ — . 

Jc 

We see that these latter equations will hold for any value of the component 
F®, but if this component is taken to be different from — 1 the relations 

(25.5) will not be satisfied. It is obvious that a tensor might be defined 
analogous to the above augmented tensor T, by using the absolute numerical 
vector F in place of the relative numerical vector F. 
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26, Exceptionax. case K = 0 

The process defined in § 23 for constructing the complete covariant derivative 
of the tensor T with components is applicable provided that the 

ntunber given by 

K==2M-2N-i-2{n-i-2) W + 2-^n, 

is different from zero; if, now, K = 0 for the above tensor T, then K= ~2 for 
the augmented tensor T. Hence the complete covariant derivative of the 
augmented tensor T can be formed. 

Using the formulae (22.9) and (23.3), it follows readily that 


(26.1) 

r...soOf A ^ r...s, A > 

(26.2) 

rM-N+{n + 2) W-1-] 

r...sco, 0 1 ^ I r...S9 

(26.3) 

rr^—Q. — 1 rrP’--Q. ^ 
r... 5 A, 2 — r...s ^A2 7 

ib 

(26.4) 

rryP'-'Q. ^ 

r...g0, 2 ^ 0 — 


where the left members of these equations represent components of the 
covariant derivative of the augmented tensor T, Now consider certain of 
the equations of transformation of the components of this latter tensor, 
namely 






If a = 0 and = 4, we find when use is made of (26.2) and the fact that 
foT the tensor T, that both members of the equations (26.5) vanish identic- 
ally; otherwise these equations are exactly equivalent to the equations of 
transformation of the components of the incomplete co variant derivative of 
the tensor On this accotmt, as well as on accoimt of the equations (26.1) 
and (26.2), the process of fornimg the covariant derivative of the augmented 
tensor fP is cicely analogous to the process of completing the incomplete 
€x>variant derivative of the tensor T as defined in § 23, and for that reason 
can be kK>ked upon as a new method of completing this latter tensor. W^e 
will therefore refer to the above oovaariant derivative of the augmented 
tensor T as the coffi^leie copariafit derivative K. = 0, or sim^Zy as the covariaTit 
d&i^^vative, 0, of the tensor T . Since JST == 0 likewise for this latter tensor, 

the seqtmnce of Ihe components of the succ^sive covariant derivatives of 
the teffl«)r T has the form 


^ . <r 


. rpea 


The nnml^cr of covariant indices in the symbols of these components in- 
creaaee by jmnpe of 2 and the weights of the oorresponding tensors by 
anooimts of — 2/(» + 2) as we proceed from left to right along the sequence. 
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It follows from what was said in §25 as well as from what was just said 
regarding equations (26.5) that the equations of transformation of the 
components in the above sequence express the conditions of integrability 
obtained by successive differentiation of the equations of transformation 
of the components of the original tensor T. 

If = 0 for the tensor T, then the number K is equal to {n — 2) {m—l) for 
the tensor T'^ defined in the preceding paragraph. Hence, for the 

number for the tensor and we can construct the complete co variant 

derivative of this tensor; since, moreover, the effect of the covariant differ- 
entiation is to increase the number K by 2 , it is seen that JK will never equal 
zero in the process of forming the successive covariant derivatives of T^. 

27. Exceptioital case L = 0 

If L = 0 for the incomplete conformal tensor i> defined in § 24, then L = ~ 1 
for the incomplete augmented tensor D defined by the components 

r...stixv ^ ...SfjLV ' 

This latter tensor can therefore be completed by the method of § 24 and the 
value of the number K is equal to ^ — 4 for the complete augmented tensor D 
so obtained. Hence i£n = 4o we must construct co variant derivatives, K = 0, 
of the augmented tensor D; otherwise the process of covariant differentiation 
of § 23 applies. 

28. Tele complete ooneobmal ctjbvatxjbe tensoe 

ANB ITS SXrOCESSIVE COVABIANT BERIVATIVES 
The method of § 24 can be used in general to complete the incomplete cur- 
vature tensor defined in § 22 . That is, we put 

the requisite conditions on the components are then satisfied since the 
components in addition to being skew-symmetric in the indices a and 

are equal to zero by (22.5) whenever the values a = 0 or y 8 == 0 are assumed. 
For this case Zr = 4 — tz. and hence we can use the method of § 24 to complete 
the curvature tensor whenever n is different from 4; we thus obtain the 
components of the complete conformal curvature tensor (n 7 ^ 4). 

In case 72, = 4 we apply the method of § 27 to obtain the complete conformal 
curvature tensor {n — 4) with the components this tensor is of weight 

— 2/(72- 4-2). Since the constant jSr = 0 for the conformal curvature tensor 
(^=x 4), we must form its successive co variant derivatives by the method of 
§26. 

How consider the complete conformal curvature tensor ( 72 - 7 ^ 4 ); for this 
tensor we have H = 1 and IT = 0 so that the value 2 Jf ~ 72- is assumed by the 
number JS., Hence if 72 , is an odd integer, greater than or equal to 3, we can 
construct the infinite sequence of complete covariant derivatives of the 

6 


TI>I 
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complete conformal curvattire tensor by the method of § 23. Let us indicate 
this by writing 

oM,^; - 

as the components of the curvature tensor and its successive covariant 
derivatives. 

If % is even and greater than 4, the constant will always vanish at some 
stage of the process of forming the infinite sequence of complete covariant 
derivatives of th^ curvature tensor. For example, if = 6, ^ = 0 for the con- 
formal curvature tensor; if 8, we can construct the first complete con- 
formal covariant derivative of the conformal curvature tensor by the method 
of §23, but then find that K—0 for this covariant derivative, etc. The 
following indications for 8 and 10 enable us to see at a glance the 

behaviour of these sequences for the above and higher values of the dimen- 
sionality number. 

To continue these sequences we must apply the process of covariant differ- 
entiation of §26 which, as we have already remarked, must likewise be 
^ form the covariant derivatives of the complete conformal curva- 
ture tensor (??. = 4). For all even values of the dimensionality number n the 
continued sequence are therefore represented by the following scheme 
\7h 4 I ^ 

Each of these sequences begins with the complete conformal curvature 
ten»>r; and thc^e tensors whose components appear along the mfl.in diagonal 
of the above infinite matrix of components are each of weight — 2 /( 72 . -i- 2). 
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NORMAL COORDINATES 

29. ApI’INE ISrOBMAIi COORDHjTATES 

We shall call by the generic name of normal coordinates any system of co- 
ordinates which are in general defined only throughout the immediate 
neighbourhood of a point P of the region ^ covered by the arbitrary x 
coordinates, but which are distinguishable firom these latter coordinates by 
certain special properties. An example of such coordinates is aheady to be 
found in the affine normal coordinates defined by equations (3.2), which 
possess the property that the equations of a path of the affine space passing 
through the origin have the same form as the equations of a straight line 
in ordinary Euclidean space with reference to rectangular Cartesian co- 
ordinates (i). 

The affine normal coordinates are determined uniquely by the x co- 
ordinate system and a point P, this latter point being identified with the 
origin of the normal coordinate system. Let us now transform the x°^ 
coordinates by a transformation (1.2) belonging to the group (S and let us 
then define the normal coordinates which are determined by the x co- 
ordinate system and the above point P. We seek the analytical relation 
between the coordinates and of these two normal coordinate systems. 
By the transformation (1.2), the equations x^ = (s) of a path G determined 
by the initial conditions 

dx°^ 

= for 5 = 0, 
as 

go over into the equations (5), and the above initial conditions become 



— 

as 

here 

and 


(29.1) 

where 


(29.2) 

[my 


i.e. the a’s are Ihe values of the derivatives of the coordinate transformation 
(1.2) evaluated at the point P. Now and are respectively 

the ^nations of the path C with reference to the y and y normal coordinate 
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systems. Hence if we multiply equations (29.1) through, by the parameter s, 
we obtain 
(29.3) 

along the path O. But any point ^ in a sufficiently small neighbourhood of 
P is joined to P by a unique path; hence the relation (29.3) holds throughout 
the neighbourhood of the point P and we have the following result. 

When the coordinates x°^ undergo a transforTnation of the group the 
aff/ne normal coordinates determined hy the x coordinate system and a point P 
suffer a linear homogeneous transformation (29.3) with constant coefficients. 

In other words the normal coordinates y°^ are transformed like the com- 
ponents of a contravariant vector. They do not, however, define a vector in 
the narrow sense, but are the components of a “step ” from the origin of the 
normal coordinates to the point at which the coordinates are taken. An 
arbitrary step determined by the points P and Q can be represented by the 
coordinates of the point Q in the normal coordinate system associated with 
the point P. 

There is an alternative method of treating affine normal coordinates 
which is of some interest. Let us suppose that the components r‘ly(x) be- 
come (7|y (y) in the normal coordinate system, so that 


(29.4) 


a- d^x<^ „„ dxf^dx^^ 

^P^dy<'^''dyPdyy'^ dy^ dyr’ 


the equations of the paths in normal coordinates will then be given by 


(29,5) 


dyP ^ 

ds^ ds ds 


Since the equations of a path through the origin are of the form we 

obtain from (29.5) that 

along this path. Multiplying these latter equations through by s^ shows that 
(29.6) O^^y^yy===o, 

and these equations must hold throughout the normal coordinate system 
since they are true for all paths through the origin; in other words equations 
(29.6) are satisfied identically in the coordinates y^. 

Equations (29.6) can be used to define the normal coordinates We 
have &om (29.4) and (29.6) that 


(29.7) 


/ dxf^ dx^' 

Kdynyr^ i-- dyP 


g)s^V=o. 


These differential equations uniquely determine a functional relation 
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between the and the 2 /“ when taken in conjnnction with the initial con- 

when = 

^==S| when x°^=^p°^. 
dyP P 


ditions 


In fact when we differentiate (29.7) repeatedly and substitute these initial 
conditions, we obtain the equations (3.2) in which the coefficients F have 
the values previously deduced in § 3. 

To prove the relation (29.3), between the normal coordinates and 
as a result of their method of definition by means of the differential equations 
(29.7), we first construct the equations of transformation between the com- 
ponents (7j^ and of the affine connection in these two normal coordinate 

systems, namely 


(29.8) 


ncr ^ dyf^ dy^ 

dy^dy'y ^y^ 


Multiplying each side of (29.8) by y^yy and summing on the indices ^ and y, 
we obtain 


(29.9) 


\dy?d^ 


+ 0?. 


dyf^ dyy 


1 ^'’ dyP apy. 


,) y^w 


= 0 


in consequence of the equations (29.6) with reference to the y normal co- 
ordinate system. By the definition of the normal coordinates, the relation 
between the and y^ must be such as to satisfy the conditions 


(29.10) 






when y^ = 0, 


where the constants are defined by (29.2). The fact that (29.3) constitutes 
the relation between the normal coordinates y°^ and then follows by 
observing first that (29.3) satisfies (29.9) and the conditions (29.10), and 
second that (29.9) has a unique solution satisfying the conditions (29.10). 

The €qu£iiicms (29.6) chardcierize the coordinates y^ as affine normal co- 
ordimdes^ t.c. if (J^ are ihe components of affine connection in a system of co- 
ordintMes y^ and ifidie eqiuitions (29.6) are satisfied identically, the y^ are affine 
normcd coordinates. To see this let us determine the normal coordinate 
system y having its origin at the origin of the y coordinate system. The 
normal coordinates will then be given as solutions of the system of 
differencial equations 


sabject to Iba initial conditions 


cr 


sa 


when g'“=0. 
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Hence y°^ = since this satisfies the initial conditions and also the differential 
ecjnations on account of (29.6); it follows that the are affbie normal 
coordinates. 

Other equations besides (29.6) can be found which will characterize the normal co- 
ordinates in the particular case of a metric space; this circumstance arises from the 
fact that the components are then the ChristojEfel symbols based on the quantities 
ga^. Hence equations (29.6) reduce immediately to the equations 

(29-11) 2/^2/”= 0, 

where the ipcip denote the components of the fondamental metric tensor in the normal 
coordinates y^. Now the relation (5.13), holding along any path of the space, implies 
the relation 

(29.12) 

along a path C defined by y^=^s through the origin of the normal coordinate system; 
hence 

(29.13) 

in the system of normal coordinates y°^. Differentiating (29.13) we obtain 

- 2 (Moy^ = 0 , 

and these equations when combined with (29-11) yield 

(29.14) ^y^y^+<P<^^y^-{M<,i/^=o. 

Now along the above path O we observe that 

^ l^a^y^ — {^a^)oy^l = 0 

in consequence of (29.14). Hence 

(29.15) rpa0y^^{f^a0)oy^ 

since G is an arbitrary path through the origin of the normal coordinate system. The 
eguaiions (29.13) characterize the coordinates y^ as affine normal coordinates. To prove this 
we have merely to differentiate (29.15) with respect to y"^ and then multiply the resulting 
equations by y^ and if - in turn. We thus find the two following sets of equations 

(29.16) ?^yfyy=::0, 

(29.17) ^ =0. 

It can be shown that the coordinates f are likewise characterized as affine normal 
coordinates by the equations (29.16). Observe that along the path C we have 

on account of (29.16). Ry the above argument it therefore follows that the equations 

(29,15) are satisfied. We shall have occasion to use this result in § 41. 

30. Absolute normal oooblinates 

The existence of the configurations consisting of the n fundamental vectors 
with components at each point jP of the region ^ of the affine space of 
distant parallelism suggests that we attempt to define a normal coordinate 
system with origin at an arbitrary point JP of ^ and. with coordinate ax^ 
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along the directions determined by the fundamental vectors at P. This 
requirement in itself does not lead to a unique determination of a coordinate 
system and we shall therefore combine it with certain other requirements as 
stated in the following postulates: the coordinate system so defined will be 
called an absolute normal coordinate system for a reason which will appear 
later (2). 


PoSTimATBS OF THE ABSOIiTJTE KOBMAXi CO OHDUST ATE SYSTEM 

A. With e/XiCh point P of the region ^ of the space of distant parallelism there 
is associated a normal coordinate system z having its origin at the point P. 

B. The cocrrdinate axes of the normal system z at the point P are tangent to 
the directions determined by the fundamental vectors at P, the coordinates 
being so chosen that the conditions 


(30.1) 


dz* 


are satisfied at P, 

C. The paths (6.11) which pass through the origin of the normal system z 
have the form 
(30.2) 

where the are constants. 


The above postulates give a complete geometrical characterization of the 
coordinates z^ of the absolute normal coordinate system. If we denote the 
components of affine connection by {z) when referred to the absolute 
normal coordinate system, we have in consequence of Postulate C that 


along a path through the origin of the absolute normal system. It follows 

immediately fix>m these latter equations that the equations 

(30,3) 

are satisfied identically in the absolute normal system. When we replace the 
components A}j|. in (30.3) by their values in terms of the components A^y we 
obtain a S 3 ?Btem of partial differential equations for the determination of the 
coordinate in terms of the coordinates namely. 


(30.4) 


\ dzt dz^ ^ dzt dz^ ) 


z^'z^=0. 


This system of equations possesses a unique solution = (z) satisfying a 

set of iniiaal conditions 


(30.6) x°^=p<x when 

(30.6) when 

whererp® and p^ are arbitrary constants. 


2 ;« = 0 , 
2^ = 0, 
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It is obvious tbat the system of differential equations (30.4) possesses a unique 
formal solution 

(30.7) 

such that the conditions (30.5) and (30.6) are satisfied. A proof of the convergence of 
the series (30.7) can be given in the followmg manner. Consider a system of equations 


(30.8) 


02 X« 




dz^dz^ dz^ dz^ 


where the are analytic functions of the variables in the neighbourhood of the 
values = The conditions of integrability of (30.8) are that 


dPty 




identicaUy. These conditions are satisfied by taking all the functions equal to one 
another in accordance with the equations 

Tjro: M 

-R^) + ...4-(X»~-P” )^ 

P 

where JS/f and p are constants; the system (30.8) then possesses a unique solution 

(30.9) X“ = P“ + J^a* + ip“sV+..., 
satisfying the conditions 

X* = P“ when z* = 0, 

= Pf when 2 ® = 0. 
dz^ ® 

Now choose the above constants ikf and p so that each function dominates the 
corresponding function and, furthermore, choose the P® and Pf such that 

P®^|p®|, Pf^\pf\. 

In view of the fact that (30.9) is likewise a solution of the system 

/d^x- ^dx^dxy. 

dz^ dz^J^^ 

it is then easily seen that each expansion (30.9) dominates the corresponding expansion 
(30.7). The convergence of the expansions (30.7), within a sufSciently small neigh- 
bourhood of the values z^' = 0, is therefore established. 

By Postulate A condition (30.5) is satisfied, provided that the constants 
denote the coordinates of the point P; moreover the values (p) are to 
be ascribed to the above constants in consequence of (30.1). By repeated 
differentiation of (30.4) and use of the initial conditions (30.1) and (30.5) we 
deternodne the successive coefficients H (p) of the povrer series expansions 

(30.10) + .... 




Thus we have that 
where 
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(30.12) 
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A« =}:V(^ 

3 LI 0a^ ^ dxfi ^ dxy 


8AJs 

dxy / ^ 


,j 3 Ay s + A“y Ag^ + a; 


“aA^y)], 


etc. The Jacobian of (30.10) does not vanish since it is equal to the deter- 
minant I hf (p) j at the origin of the absolute normal system; hence (30.10) 
possesses a unique inverse. Either the transformation (30.10), or its inverse, 
gives a unique deJSnition of the absolute normal coordinate system. 

Let us denote by the coordinates of the absolute normal system deter- 
mined by the point P and the components of affine connection (^) which 
result from the components (a:) by a transformation of the coordinates 
belonging to the group (5J. The relation between the z'^ and coordinates 
must then be such that 


(30.13) 


z^ = 0, 



when 2 i^’ = 0. 


AJso this relation must be such as to satisfy the system of equations 


(30.14) 

Hence 

(30.15) 


/ i ^ dz^ \ 

dz^ d0 dz^J 


z^'z^ = 0. 


z^ 


z^. 


This follows from the fact that (30.15) satisfies (30.14) and the initial con- 
ditions (30.13), and that (30.14) possesses a unique solution which satisfies 
the conditions (30.13). We can therefore say the coordiTiates z^ remain un- 
changed when the underlying coordinates undergo an arbitrary transforma- 
tion of ^ group (^. It is on account of this property that the normal co- 
ordinate are called absolute normal coordinates. 

In a simil ar manner we can show that when the components of the funda- 
mentcd vectors undergo a transforTnation (6.5), the absolute normal coordinates 
3* associated with any point P lihevnse undergo a linear homogeneous trans- 
formaMon 
(30.16) 

wh^e the are constants such that the determinant \aW is not equal to zero, 

I^oiiotlQg l>y A||| tlie oovariaait components of tlie fundamental vectors in tiie 
al^alnte imrmal coordinate system (see § 35 ), it follows immediately from Postnlate B 

tlmt 

130 . 17 ) 

at tlM> oiigm of Mils Systran. In caee we are dealing with a metric space of distant 
parall^ism, the ftmdamental quadratic diffeiential form is then given by 

n 
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on account of (30.17). Also (30.16) yields 

, t==i t=i 

in consequence of the conditions (6.8); hence the equations 

S 6£2*2;^ = 0 

are invariant under orthogonal transformations of the fundamental vectors in a metric 
space of distant parallelism. 

By an argument analogous to that given in § 29 in which use is made of 
the initial conditions (30.17) we can show that the equations (30.3) charac- 
terize the coordinates as absolute normal coordinates. We observe that 
the equations 

(30.18) = 0 

are completely eqtdvalent to (30.3). Hence the equations (30.18) characterize 
the coordinates z^ as absolute normal coordinates; use will be made of this fact 
in §42. 


31. PbOJEOTIVE NOBMAL OOORDIl^rATES 


By analogy with the equations (29.6) we are led to attempt to characterize 
a system of normal coordinates in the projective space of paths by a 
system of equations of the form 
(31.1) 

where denotes the components of projective connection in the 77 co- 
ordinate system. Expansion of these equations, corresponding to (29.7), 
gives 

m r I 1 /dx*diog(x7}) dxidiog(xr))yi 


as the equations to determine the relation between the x and 77 coordinates. 

Now it is at once evident that repeated differentiation of (31.2), followed 
by evaluation at rf- = 0 , does not lead directly to the determination of the 
successive coefficients of the power series expansions of the x'^ in terms of the 
rf' variables, corresponding to the case of the equations (29.7); in fact the 
determination of these coefficients by this method involves a complicated 
formal procedure. We shall overcome this difficulty in the following manner. 
Let us put 


(31.3) 


«) 


then equations (31.2) can be written 


(31.4) 


drf) 


7fr)^ = 0, 
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where the *r^y as defined in § 16. Here we have adopted the convention 
which shall be nsed throughout the remainder of this section, that Latin 
indices have the range 1, . . ^ and Greek indices the range 0, 1, Having 

obtained the equations (31.4) we shall no longer consider that a derivative 
doc^jdrf in them is equal to the right member of (31.3), but shall regard this 
derivative as the derivative of a new quantity which we wish to determine 
as a function of the variables tf. It then becomes necessary to add a new 
equation to the set (31.4), which we shall assume to have the form 

(31.6) = 

where the quantity in the brackets can depend on the , the fibrst deri- 
vatives dx^jdrf' and the second derivatives which appear in (31.4). The set of 
equations consisting of (31.4) and (31.5) will now have the desired property: 
namely, repeated differentiation of these equations and subsequent evalua- 
tion at 77 ^'= 0 will determine directly the coefficients of the required power 
series expansions . 

Equations (31-4) and (31.5) will have a solution of the form 

(31.6) ( 77 I, . . rf'), 
determined uniquely by the initial conditions 

(31.7) = when 77 '^ = 0. 

We wish to choose the bracket expression in (31.5) so that this solution 
(31.6) will be such that (31.3) is satisfied, where the expression (x'rj) stands 
for the Jacobian determinant formed from the n functions co'^. Then 

(31-8) x^=^co^(7j\ ..., 77 ^) 

will constitute a solution of the original system (31.2) such that 

= when 77 ^ = 0 . 

Let us now consider the equations (31.4) and (31.5) as equations involving 
the coordinates x°^ of the (n-h l)-dimensional affine representation ^*+1 of 
the projective space ^ and let us make the transformation 

(31 . 10) = < 0 ^ ( 17 !, . . . , a;® = 77 O -h a>o ( 77 I, . . . , 77 ^) 

to a new system of coordinates 77 “; the transformation equations inverse to 

(31.10) are ^ 

(31.11) 77«=a^(cci, ..„x^), 

Om problem is then to choc^ the bracket expression in (31.5) so that the 
transformation (31.10) and its inverse (31.11) wiH belong to the group 
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Under the transformation (31.10) the components of affine connection 
of the representation ^ become * in accordance with the equations 

(31.12) 


When regard is taken of the form of the relations (31.10) and (31.11) we see 
firom (31,12) that 

(31.13) 

Also it is seen that 

m 14) *cf^ . *r™ 

'-'jk — I U.V ^4 a„fc I > 


07?^ / 02a:>» ^ „ dxf^ dx'’ i 

I ^ I- "1“ r/.w O /{ ^ Z. i 


^ ^ ^ dx'^ \dri^ 077 * drj^ 077 * ' ’ 

hence the identical relations 

(31.15) = 0 

follow in consequence of (31.4). Taking i~h in (31.14) and summing on 
the indices i and k, we obtain 


(31.16) 


0 log ( 0577 ) dx^ 

’’ 0^^ 0^’ 


since 11 == 0 . Hence we can write 


(31.17) 


^ «-v 4 3 


where tf> is an analytic function of the coordinates 77 ^. 

As conditions of integrability of the equations (31.12) we can deduce 


(31.18) 


*7?" =*D“ 

//.vi PyS 0^ 0^v 0^ 0.jja 


as in § 12 ; here denotes the components of the projective curvature 

tensor and the stand for analogous expressions, namely 




Now the contracted components vanish identically (see § 18). On 

accoimt of this, equations (31.18) show that the components ^ like- 

wise; fi:om these equations we can deduce 

(31.19) 

Multiplying (31.19) by and summing on the indices^* and ky shows that 

(31.20) [*C5^ + (^)*C7„*^C.]y7,*== = 
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(31.21) [*^»+ (Hi) *^*(^ZJ V^V^==0, 

the equation resulting from (31.20), namely 

dTfldrj^^^ +-3g^.,y7 = 0, 

shows that,4=const.; infact weseebyrepeateddW ■ 
equations and evaluation at ^^=0 that the on tte above 

•-d (Sl.n) ttat the required ooudita ?sjt, 6°« (31.16) 

sfu*rth?AT-J 


(Zl.22) *09 = 

diq^'dri^ 


h*r® ^ 


f ( 


,*« T. ^ ™ \W dv^ Vv 

in whicii we consider that ^ ^ 

Sion in (31.21),^£ b2om^‘'°'“ ^ bracket expies- 


(31.23) 

where 




* 0 ^ *r^ 


(31.24) f,-M_*r.o dxf‘dx'’ dsfl &n<‘ a „ 

3? 5fi-a? |i *it. g g-#^ ?3” 

. /»+ n , ZT e. . "f 5?3? 


W 1 / [ajj“ a,j* d7f>dT]i dod^ aid 

^*pi ^ aaw a*’- 

drfdTf’ daf a®d dyf d^ 

+*r' 3 > 7 * da#* aa» 

'‘’’ ^*ajj« deep dxfl drji d^ 

+*I 1 ,*P* ^^^^dxPdx^] 

“d«»..p.«i,.™h.,3 3,* V 5? 3?|. 

®*g>v«iathoiba>wi,gre,X. **‘*““““**^®*i>™Boii(31.24). 
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The convergence of the power series expaaisions defining the functions tu* in (31.6) 
can be proved in the following manner. Bet us form the equations 

I (a) 

(31.25) 

\ 92 x 0 




(b) 


d'q^dri^ 




where the {jJo} are analytic functions of the quantities 


(31.26) 


^ _ aX“ 33x» 
aV’ 077^3^* 


which are taken to dominate the corresponding expressions {jJc] in (31.6). Since the 
second derivatives which occur in the expressions {jHc} are those which occur in 
(31.25 (a)), these derivatives can therefore be eliminated from the {jk}\>y the substitu- 
tion (31.26 (a)). We seek a solution X“ ( 77 ) of (31,25) satisfying the following conditions 


(31.27) X“=p“ ^ = sf, whenV=0. 

Let us tske ^ ^ (.X® -f- • • • "f* -X’’') , 


where the function F is analytic in the neighbourhood of and such as to 

dominate each of the functions let us also take each expression {jk} to be equal 

to a function FL of the sum of all the quantities (31.26). Then the integrability condi- 
tions of (31.25) are satisfied and the above solution of these equations exists. 

It is evident that the terms after the constant terms of the power series expansions of 
the functions dominate the corresponding terms of the expansions of the 

solution rr® ( 77 ) of the equations (31.4) and (31.6) with the result that these latter series 
converge. 


The coordinates rf defined by the transformation (31.8) ypilL be called 
projective normal coordinates {Z). We shall speak of the n + 1 coordinates ‘ 17 “ 
defined by (31.10) projective normal coordinates for the affine representation 
A* 

+ \ • 


It can be shown that when the coordinates of the projective space 
undergo an arbitrary transformation of the group 05, the projective normal 
coordinates 77 ^ which are determined by the x coordinate system and a point P 
undergo the linear fractional trarisforrnalion 


(31.28) 


^ 1 _I_ A .yj? ^ 




where 


ldx^\ , 1 r01og(a;a;) 

[dx^Jr dx^ Jp* 


To prove this result let us add to the equations (31.28) the equation 


(31.29) 770 = ^<>-h log ( 7777 ), 

where ( 77 -^) is the Jacobian determinant of the transformation (31.28), and 
then employ the method of § 29, i.e. we observe (1) that (31.28) and (31.29) 
satisfy the required initial conditions and are furthermore a solution of 
equations of the type (31.4) and (31.5) when referred to projective normal 
coordinates, and ( 2 ) that these latter equations possess a unique solution 
77 “ 07 '^) satisfying the required initial conditions. 
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The equations (31. 1)^ together with the equations 

(31.30) Sji = 0, 

characterize the coordinates T ^ projective normal coordinates. To prove this 
we determine projective normal coordinates by the equations 




!* = 0, 


and the initial conditions, 

•>?“= 0 , ^ = 8 ?, when ^^ = 0 ; 

here the (7^^ are determined from the components by equations of the 
type (15.5) and the quantities (jk) are defined by equations of the type 
(31.24). The required solution of the above difierential equations is uniquely 
determined and is in fact easily seen to be given by = if, 7j^ = 0 when use is 
made of (31.1) and (31.30). The coordinates 77 ^ are therefore projective 
normal coordinates. 


32. GEKEB.AI 1 THEORY OF EXTEITSION 


Let the relative afiSne tensor T of weight TF have components ’ | (x) with 
reference to the coordinates x°^ and components t^'"^ (y) when referred to 
the system of affine normal coordinates which are determined by the x 
coordinate system and a point P. We shall show that 


(32.1) 


rpOL...p 



where the derivative is evaluated at the origin of normal coordinates, defines 
a set of functions T^ ' ‘ ^ (x) of the coordinates which are the components 
of a relative tensor of weight W ; this tensor is in fact identical with the first 
extension defined in § 14. 

Denote by the components of the tensor T with respect to the 

normal coordinates defined as in § 29; then we have 


(32.2) fe.;;:®) - KK - IS- 

y— o dyPdy^ dy^ 

In view of (29.3) the derivatives in (32.2) are constants and hence 

^ dy^ 0y« dy^ dy^ *** 0^’ 

Uvalnaling at the origin of normal coordinates we obtain 


fpp 


.r -i 

T.»« 




dx^ 


dx^ dxy 
dx^ dx^ 


doc^ dx^ 
dx^ 0^’ 
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wMch. shows that the set of functions 2^“ *’*§ ^ constitute the components of 
a relative tensor of weight W. 

To obtain the explicit formula involving the F’s and their derivatives for 
the components of the tensor T* we make use of the equations 


(32.3) 




dxi^ dx^ dyy ’** 


Differentiating these equations and evaluating at the origin of normal 
coordinates, we obtain* 






this is the formula for the components of the first extension of the tensor T. 
In a similar manner we can show that the equations 




dy^...dy^/o 


define a set of functions of the coordinates which constitute 

the components of a relative tensor of weight W, This relative tensor (4) will 
be called the rih extension of the relative tensor T provided that there are r 
indices e, In case r = l the extension reverts to the one previously 

considered. 


Prom the definition by means of the equations (32.5) we see that the com- 
ponents I are symmetric in the indices e, f. Thus 

moL...p ^rpoL...^ 

...TT’ 

where tt denotes any permutation of the indices 

The formulae for the components of the extension of the sum and product 
of two relative tensors are analogous to the formulae of ordinary differentia- 
tion of the sum and product of two functions; this follows directly from the 
definition of these components by means of (32.5). 

General formulae of extension may be calculated by the same process as 
that employed in the derivation of (32.4). The formula for the components 
i € t extension of the tensor T of weight IF 0 involves the 

formulae for the first r extensions of T considered as a tensor of weight zero. 
We have 
( 32 . 6 ) 


where 
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Differentiating (32.6) and evaluating at the origin of normal coordinates, 
we obtain 

(32.7) T^zi T;zL-n...ei+S(Aj ..., 5 ) + ... 




where 


r a^iog jxyy^ 'i 
X dyi^...dy^ Jo’ 


and S ( ) denotes the sum of the different terms obtainable from the 

one in parenthesis by forming arbitrary combinations of the subscripts 
€,r}, 9, ^ which are distinct when account is taken of the symmetry in the 

added indices of differentiation. The expressions ^y.*.’‘f/yx...v 5 where there 
are m indices in the set fc, . . v, are given by the formula for the mth exten- 
sion of a tensor of weight zero having the components ' these expres- 
sions do not in general constitute the components of a tensor. The quantities 
^ have the values 




in which the , etc. are the functions of the F^y and their derivatives 
defined in § 3. 

The formula for the components of any extension of a relative tensor T of 
weight W may be obtained by substituting the proper values of * 
and A^ ,, into (32.7). Thus we may write 

in place of the formula (32.4). In the following section a few particular ex- 
pressions p are given as formulae of the components of extensions of 

tensors of weight zero, and these when substituted into the equations (32.7) 
together with the values of A^ ^ give complete formulae in terms of the F^y 
and their derivatives for the components of the extensions of certain relative 
tensors of weight TF. 

33. Some fok-mxtlae of exteksioit 
I n this section we shall give the explicit formulae for the components of 
certain extensions of the covariant vector and co variant tensor of the second 
Older. Some of th^e formulae are used in our later work and the others may 
prove useful for purpos<^ of reference. In these formulae S is used to in- 
dicate the sum of aU distinct terms which can be formed from the one in the 
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parenthesis by replacing the given combination of the subscripts jp, q 
p, q, r OTP, q, r, s by arbitrary combinations of these subscripts. Thus' 


<P'} aa:“ 0 a:» 


dx°^ dx^ dx°^ dx^ * 


The formulae in question are as follows: 

dT- 

( 33 . 1 ) “ T 0^ ^ijo 5 


^ dT^ 

T ‘ = ■not 

dx^dx^ dx°^ ^ IPS 


03 

dx'ipdx^dx^ 


~S i r“ ^ pa \ 

\dx°^ dx^ \ dx^ dx^ ^ / 


( 33 . 4 ) 


dx^dx^daf 


.^/^^pa p^V ^/5^pa '|_?^^pa pa . 

\dx^ ®v \dx^ ^ 8 x°^ ^ -^(X^iparf 

?—J. P“ ^ ^ pa \ 

dx^dx^dxTdx^ ^ \dx^dx^dxfl [dx^dx^daf 

. s { r“ r^] + js( — r“ r^ \ 

/ d^T, \ / d^T^ \ 

V0a?“ dx^ \dxP dx^ ) 


f { ^^<X pg p^ \ . -pp\ 

I pg \ poc rp pa 

\ dx'^ '*’ } dx°^ ^ a-*- ipqrs> 


■^■^■»^“' dx^ 


rp pa rp pa . 

' (xj ^ ip ia.^ jpi 


dTtj _q(^rA-!^(?^r<-\ 
^ dx^dscs aa:“ S’® {dx^ \dXP 


■^ii-pv—dai^daPdx' 


)x^8xsdx>' \dxPdx<i ■“■/ [8x^3 

—s{ r“ W >s r? r^ W f— f-q? r? r^ ^ 

^\dx^8x^ [8xfi 

T ^ pa p^ ^ ^ / ^£! ^ pa \ 

8x^ ^[8xP 


pa 

dx^ 8 x<‘ * 


^(T^sF? rf,) - 


7-2 
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( 33 . 8 ) 


dx^doc^dafdoc^ 


-(si 


dx^dx^ 


\dx^dx^ 

. jS ( ?l^iSL 
Xdx^doi^ ■ 


/ \ . 

\dx^ dxadx^ '^J \dx 

— r“ W >s^ / r“ 

r^ \ 4 . ^ r“ r^ \ 

**7 ^7 

r“ 

"'^7 \aa;“0a;^ 


03 ^T- 
^ ^0' - 

dx^ dx^ dx^ ' 


pa p^ ' 

dx^da^ 


02T.. 

pot 

dx^dx^ 


\dx°^dx^ ^ '*7 [dx^Bx^ \dx^ ^iarsj 

, ^ / pa p^ \ 4. ^ pa S ( pa pi^ \ 

_ ^ pa P^ P?' ^ -l- / ^^ocQ pa pjS \ o / pa \ 

4 /?^la p? Y^\ + S r°^ p^ \ 0y^y pg 


rp pa rp pa 

• -t Qij- X -i ^a-*- y^xjTS* 


34* Scalar DiTRESEiirTiATioN in a space 

OF BISTANT PARALLELISM 

If we transfonii flie componen'ts of a tensor T to a system of absolute normal 
coordinate and evaluate at tbe origin of tbis system, we obtain a set of 
q^uantitie wiiich are of tbe nature of ahsdlvte scalars^ witb respect to trans- 
formations of the x^ coordinate. To prove this formally we shall find it 
convenient to denote the et of tensor components T“ ' {x) with respect to 
the X system by i}*;;;^l in the z coordinate system, i.e., we shall adopt the 
convention that in the z coordinate system, Latin letters when enclosed by 
1 I corr^pond to indices of co variant or contravariant character. If we put 

rp i — i ^ 

Jc.,.m ^\1c ...m\)z—0^ 

then TizL(:c)^T^2Lm 

in consequence of ( 30 . 16 ). The exphcit expressions for these scalars are 
obtahrod by evaluating at 2 ;^ == 0 both members of the set of equations 

(34 1) /pg ... j3 Bz^ Bz!? 

* Absolute scmlai: is hsce used in tbe sense of scalar fuTwtion; in this way we avoid the nse of the 
faogthy expre^ion of an absolute scalar” which we would have to employ if we 

the wcrd scalar in its strict sense as a special case of ihe tensor dejSned in § 10. 
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rp%...o _ 


KA 


... h^. 


This gives 

Similarly, if we differentiate the components any number of times and 

evaluate at the origin of the z system, we obtain a set of quantities, namely 




\dzP ... Sas^=,o’ 


[dzP ... dsf^J 

each of which is an absolute scalar with respect to analytic transformations 
of the x°^ coordinates. On account of this property the name scalar derivatives 
will be used to refer to these quantities ( 5 ). To derive the explicit formulae for 
the scalar derivatives we have merely to differentiate (34.1) with 

respect to and evaluate at the origin of the z system. For example, 

the first scalar derivative of the covariant vector with components T is 
given by the formula 

(dTo 


T 








w ... i 




When we make a transformation (6.5) of the components of the funda- 
mental vectors, the above components hecome in accordance 

with the equations 

( 34 - 2 ) 

Evaluating these equations at the origin of the absolute normal coordinate 
system, we have 

(34.3) 

also differentiating (34.2) and evaluating at the origin gives 

(34.4) *K::Xf...X - - “I- 

We can express the result implied by the equations (34.3) and (34.4) by 
saying that tTie scalars and the scalar derivatives T]c'yJm,p,..g constitute 

the components of tensors with respect to transformaticms of the fundanierdol 
vectors. 

The point of view adopted in the above work, in which extension, or more 
precisely scalar differentiation, is brought into relationship with the absolute 
normal coordinate system, necessarily depends on a symmetric connection; 
we have taken this as the connection with components , It would be 
possible also to define extensions or scalar derivatives in a metric space of 
distant paraRelism, on the basis of the Christoffel symbols derived from 
the components and this method can likewise be brought into relation- 

ship with a system of local coordinates; in fact, it is only necessary to replace 
Postulate C of the Postulates of the Absolute Normal Coordinate System by 
a similar postulate on the geodesics of the space of distant parallelism 
(see §30). 

In addition to the above two methods there is the method of covanant 
differentiation based on the non-S37Tnmetric components previously 
considered in Chapter II- 
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It is possible to develop a process by which the above methods are brought into 
relationship with one another and which will, moreover, permit the ready construction 
of tensors depending on eombinations of these methods. This process has its geometrical 
foundation in the study of those surfaces 33 “=/“ (u,v} which are defined as solutions 
of the systems of equations 


(34.5) 


dxy_ 

dudv du dv 

ot dx^ dxy _ 


(v = 0). 


.a 

9^2 9 ^ 


(^ = 0 ), 


and so constitutes a generalization of the process of covariant differentiation or exten- 
sion, as developed in § 32. In this way we are led to a set of relations x^~^ {y, z) which 
for 21 ^ = const, denote a transformation to a system of coordinates 2 /*, and which for 
=r const, denote a transformation to a system of coordinates If t {y, z) represents 
the components of a tensor either in the y ovz coordinate system, then 

\dy^ . . . dy^dzy . . . 32^7 ^= 2=0 


defines, when considered as a function of the xP^ coordinates, the components of a 
tensor in the x coordinate system. As an alternative method of procedure the system 
(34.5) can be replaced by the system 


(34.6) 




02 


+a: 


doc^ dxP 


/ dscf da:y\ , ^ „ 

{8y^3y>^'^^^3yi 3y’=)^ ^ 

^ ^37 Ssi g^kj » 2 - O 


(2 = 0 ), 


/= 0 ). 


The consideration of system ( 34r.6) enables us, moreover, by imposing initial conditions 
corresponding to (30.5) and (30.6), to develop a theory of absolute scalars which is a 
generalization of the above treatment. 


35- DiPFEBEKTIAL INVARIAKTS EEEIIirEE BY MEANS 
OE NOBMAE COORDINATES. NORMAL TENSORS 
If we differentiate (29.6) twice and tlien evaluate at the origin of normal 
coordinates, we obtain 

(35.1) C%(0) = 0, 

i.e. &e compcmenis of uffiTie connexion <7^^ in a system of affine normal co~ 
ordiiM^es vanish at the origin. Hence the power series for these components 
takes the form 


(35.2) 




in which the are the derivatives of evaluated at the origin, i.e. 


(35.3) 


AOC. 


, 83 ^-., 0^/0 


(35.3) can he taken as defining ^ as a set of functions 

of Hie coordinate in snch a way that at any point P the quantities 
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members of (35.3) evaluated in tbe system of 
normal coordinates having P as origin. The functions so defined are the 
components of tensors. To prove this we consider the transformation 
equations (29.8) in which the first derivatives are constants and the second 
derivatives accordingly vanish, on account of the form of the relation (29.3). 
Eepeated differentiation of (29.8), followed by evaluation at the origin of 
normal coordinates, then gives 


(35.4) 


wo: 


dxP 


when nse is made of (29.2); the tensor character of the quantities 
follows from (35.4) . We call these tensors the affine normal tensors on account 
of their definition in terms of the components of affine connection in normal 
coordinates (6). 

The components of the affine normal tensors A are expressible in terms of 
the and their derivatives; on this account these tensors become by 
definition tensor differential invariants of the affinely connected space. If 
we differentiate the equations 


(35.5) 

we obtain 

(35.6) 


dy^ dy^dyy^ dy^ dyy^ 

___ 03a;“ dVl^dxi^dx^ do(^ 
dy^ dy^'^ dy^dy^ dy^dyydy^“^ dcc^ dy^ dyy dy^ 


_Lr“ pg 

dy^dy^ dy^ dyP dyydi^' 

Substituting the values of the partial derivatives of with respect to the 
2 /’s as computed from (3.2) for the origin of normal coordinates, we find 


(35.7) 

If we differentiate (35.6) again, we obtain , 


dx^ dx^ 


opa 

r*® _ TP' — P'Y TP 


dx^ 


___ /xy -pjx ^ZZJZT^ — pp<. - 
dx^ -^iS/x-LySe 




+^^ysr;:.+^^yer“5-F Egg . 

It is evident that a continuation of this process will determine the explicit 
formula for the components of any other affine normal tensor A. 

A similar process carried out in the affine representation A*+^ of the pro- 
jective space will lead to the definition of a class of tensors .J.* with r^pect 
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to coordinate transformations of the group *©. It is easily seen that these 
tensors A* are actually projective tensor differential invariants as defined in 
§18. 

In an analogous manner ve can define an infinite class of metric tensor 
differential invariants, called the metric normal tensors (J) whose components 
S'ajS.y... S are given as functions of the coordinates a;“ by the equations 

(35.8) Qg / \ 

where denotes the components of the fundamental metric tensor in the 
system of normal coordinates as in § 29. The method of § 32 can be applied 
to show that the quantities Pa^.y... s defined by (35.8) enjoy the tensor law of 
transformation, namely 

- _ 

and also to deduce the explicit formulae for these quantities. The first metric 
normal tensor having the components is identical with the covariant 
derivative of the fimdamental metric tensor and, as we know, vanishes. The 
formula for the components of the second metric normal tensor is 


(35.9) 


(T O r — (J Tier ymt 


^ CEff TiET 


rz..-^-^T-p^+g^ 


(r^r^s+r^r^y). 




daiy ^ da? 

In fact the formula (35.9) as weU as the explicit formulae for the components 
of the third and fomrth of the metric normal tensors can be obtained by 
replacing the components Ty by the components of the fundamental metric 
tensor in the equations (33.6), (33.7) and (33.8) r^pectively. 

We next consider the scalar derivatives of the fundamental vectors, 
using the covenant components A* of these vectors as the basis of discussion’ 

Let us dmote these components by ^f., when referred to the a coordinate 

system. Then 


(35.10) 4* 

In general, the scalar derivatives are defined by the equations 


(35.11) 

[ d’Afj, \ 

ht-m (a2*.,.a2’»L „• 

W^e note that 

\ /ar*=0 

(35.12) 
also that 

^?„=A*A“=S* (z^=0); 

(35.13) 

2\ctr^ ^j*t**’ 
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and 

(35.14) 




/ Shj _cj^ 

Kdx^dafl’ dx^ ^ dxP dafl' 


V 



use being made of (30.11). The special formulae (35.13) and (36.14) will be 
important in our later work. 

Since any scalar derivatives is expressible in terms of the and 

their derivatives by formulae of the type (35.14), these quantities are scalar 
differential invariants of the space of distant parallelism. 

When we make a transformation (6.5) of the components of the funda- 
mental vectors, the components go over into a set of components 
*A'l'^.l referred to the s* system, which are related to the Afji by 

(35.15) 

this follows from (6.5), (30.16) and (35.10). Differentiating both members of 
(35.15) with respect to 2 ;*, s* and evaluating at the origin of the absolute 
normal system, we obtain 

(35-16) = 

These equations correspond to the equations (34.4) and enable us to say 
likewise that the scalar derivatives constitute the corruponenAs of a 

tensor with respect to transformations of the furidamentcd vectors. A similar 
discussion can of course be made on the basis of the contravariant com- 
ponents of the fundamental vectors. 


36. A GEKERAIilZATIOlSr OE THE AFFIKE N'OBMAL TEKSORS 


By a method entirely analogous to that by w^hich (29.6) was derived, we can 
deduce the identities 




(36.1) 




where the <7’s, which are symmetric in their lower indices, denote the quan- 
tities in affine normal coordinates which corr^pond to the functions 
etc. defined in §3. Any set of functions ••• ^ referred to as 

the components of a generalized affine connection. Bepeated differentiation 
of the general equation (36.1), followed by evaluation at the origin of normal 
coordinates, shows that 
(36.2) = 

i.e. Ihe quantities c vanish at the origin of the riormal coordinate sgst&ni 

the equations (36.2) are a generalization of the previous equation (35.1). 
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Now the components are related to the by (29.4) and there are 
similar equations of transformation for the other O’s. Thus 


(36.3) 


y _ d^sc^ po- dxf^ dx^ dx'^ 

^yv dy^dy^dyy~^ dy°^ dy^ dyy 


^IX QIX QIX 

dyt^dy^ dyi^dyP dyi^dyy 

To deduce the equations of transformation of the general set of components 
C^yS €? which the above equations (36.3) are a special case, let us re- 
consider how the equations (29.4) are obtained on the basis of the principle of 
invariance of form of the equations of the paths 


(36.4) 


d^x°^ dx^ dxy - 


(see § 9). Differentiating the equations of transformation of the quantities 
dx^jds, namely 


(36.5) 


dx°^ ^dx°^ dy° 
ds ^dy° ds * 


we have 


m6\ d'tf dy-^ dx^ d^y° 

ds^ dy^dy'^ ds ds dy^ ds^ 

Substituting (36,5) and (36.6) into the equations (36.4), we jSnd that the 
condition that (36.4) should remain invariant in form is that the F^y should 
transform by (29.4). Suppose now that it is possible to continue in this way 
and so get the equations of transformation of the first p — 1 successive sets 
of quantities F^^ ^ as the result of the condition that the equations (36.4) and 


(36.7) 


d'^x^ pQ, dx^ dxy 

ds^ ds ds ' ds ^ ^ 


for m = 3, _p — 1, should be invariant in form. In the y°^ coordinates these 

equations then become 


(36,8) 


dyi^ 

ds^ ds ds ds ’ 


where m — 2, ^—1. To find the equations of transformation of the 

quantiti^ ^ (36.7) for m~p, we differentiate (36.6) repeatedly so as 


to obtaitt 

/oRQi dPx^ _ dy^ dyv , 0a:°= dey'’ ^ 

d^ dy^.,.dyy ds ds dy^ ds^ 

where the indicate terms involving d^y°^lds^ for which m<p\ these 
quantities d^y^jd^ are to be eliminated by means of (36.8) after which 
(36.9) is to be subetatuted into (36.7) for m = The requirement of invariance 
of fO'im then gives 
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where the denotes a poljmomial composed of a sum of terms each of 
which involves a function with less than j? subscripts and derivatives 
of the coordinate transformation of the second order at least. The equations 
of transformation of an arbitrary set of quantities ^ are thus given by 

(36.10) . 

On account of the above mentioned form of the equations (36.10) it is 
clear that under the transformation (29.3) relating the coordinates and 
of the normal coordinate systems with origins at the same point P, the 
quantities Op go into a set of quantities such that 

pv ^ ^ 

dy^’ 

Repeated differentiation of these equations, followed by evaluation at the 
origin of normal coordinates, shows that the quantities defined by 

1 

constitute the components of an aflSbne tensor differential invariant; the 
explicit formulae for the components of these invariants in terms of the 
and their derivatives can be obtained by differentiation of the equations 

(36.10) and evaluation at the origin of normal coordinates. For example, 
the formula 

Ji'pO’ 

I 

, (ajSy)a) ^ ^ fjuxp^ yta ^ ijuxy^ Pa> 

- 

is obtained by a single differentiation of (36.3). These invariants are a 
generalization of the a ffin e normal tensors and we shall accordingly refer to 
them as generalized affine normal tensors. In case the components -4“^ ^ ^ 

contain only two terms in the parenthesis, they are the components of a 
normal tensor and we shall then omit the parenthesis for simplicity. 

37. Formulae oe repeateb extension 

In this section we write down a few special formulae relating the com- 
ponents of tensors obtained by repeated extension to those obtained by the 
higher extensions and the affin e normal tensors. In each case the formula is 
obtained by differentiating formulae of the type appearing in §33 and 
evaluating at the origin of normal coordinates. 
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(37.3) = ?',,, 


^ OL,Q_S-^X^~ 
__ qi AOL 

— T 


cL,%ia-^irs (x,iir-^iqs ^ oc^o^s-^igr ^a, gr^ijis 


~T 'P ~ >4°^ nn 

cc, rs^tpQ ^, ap ^^ (xg^^s 


- 7^. 4“ 

-*■ 2 , OS-^jpgr' 


—7^ >4“ 


-7^ /4“ 7^^ 

-*■ a,3?^«gr6 a,g^i5>rs 


(37.4) 

(37.5) 








T — 7^ 

^3,l>,Q,r~ •*■ ij,pgT - 


.m AOi 
OLi,jt-^iqr~ 


- T. A°^ 

■*■ t(X,p^jgr‘ 


. ^^ A<x. rp Aoc 

^ fx^,g-^ipr 0L3,r-^ipq 


- T, 4°^ 

-*■ ^x,g-^33pr ■ 


■ 7^. A°^ 

“*■ %(x,r^3jpq 


(37.6) T, 




-T’- A°^ —7^ 4“ 77 

ocj^ipgr ioc.-^jpgri> 

^^3\pgr8 ^ai-^i>grrs ~ ^ ij, a^^grs 

ctj,pA^^^ — T — T (xj^sA^^g^ 


> T. /4“ 

lC3i,3J^/grs‘ 

- 'P . 

X3,qr^i.ps' 


_ 77 ^ A^ 7^ >4 77 yf CK 

'tcc^g jprs 7“^jjpg'S ioctS’^jpgr 


-T - >4“ - 

oy.fls-^ijpr 


, m ^q: 
<x3,ra-^ipq' 


- T, 4“ 

-*■ %OL,gr-^jps 


- 

^o^.P.s'^iaT '^•i’Cc.v.Vf^jrs ^ia,j),r-^yas ^ ice.iJ.s-^Jjr 

- 

<"■’) n.....,.,' ''«.::.?„+r^:;.“JU+- + ^S;;;; 4 :„ 

^e genei^ed afSne normal tensors appear in some of the formulae of 
e^^on which generalize the above formulae. We here write down only 
tne toilowing four particular cases : 

(37.8) 2'tp.9r= ^i,Mr- T T^A%^-, 

OT 101 iT'”"'! ■ ^“'^■•' ■ ^■"‘5~>'- 

- T<«.rA^^~ T^Af^ - T,,Af^; 

(37.11) . >4“ —77 . Aoi. m Aoc 


^i,p,gr~~ ^i,pgr^ 


^t^pg^r— ^i^pgr— i,txA%g^— T ^ 


■ ^oc,gAi^ ^oc^rA'^^g — 7^ aAi^grl 


77 , __ /p 

•— -t i/,p^ - 


.77 4“ 77 yf a 

OUQ^inar -t nf-^U^ 


- 77 . 4“ 

-*■ Qy,«-^fjpr- 


r 

oc,p^igr' 


77 . 4“ 77 ^cc 

<X7,r^»pg; -i i,(x,g^ipr 


- T^A’l^ - T,^A^^ 


^ia.P^iqr— - yctf^«j,a)r - 

38. A THBOEBM ON THE AFBIKE CONNECTION 
Consider a set of functions (z) defined hy the power series expansion 

(38.1) ^'W=.S(1/^!)(J:^._.),(x<^.-P<^.)...(^,_^..), 

to ndto^^^tiT ^ ^ coefficients axe subject only 

to the condition that the series converges. The following theorem legardinj 
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tile series (38. 1) in its relation to the components of the affin e connection 

can he proved (8). 

Theorem. Gfiven an arbitrary affine connection and a set of arbitrary 
functions (x) defined (38.1). Then there exists a coordinate system x such 
that the components of the affine connection (x) and of the generalized con- 
nections F^^ {x) at x^ =p^ U}ill tahe on the values of the coefficients of the power 
series expansion of the functions Z^(x), 

To prove this theorem we consider the system of normal coordinates 
determined by the x coordinate system and the point p, and denote the 
components of the affine connection in this system by the set of functions 
(y). ISTow construct the transformation 

(38.2) + 1 (l/s\)(Fl _ )^y-^..,y-s, 

s==‘2 ^ ® 

which is determined by the coefficients of the expansion of the functions Z^. 
All components ^ (y) vanish aty^ — O since the coordinates axe normal 

coordinates. Hence if we evaluate both members of (36.10) at the origin of 
coordinates we have 

on account of (38.2). Hence the components of the connection F^^ (x) and 
of the generalized connections F^^ ^ (x) are equal to the coefficients of the 
power series (38.1). 

The above theorem will later have an important application to the 
problem of showing the complete integrability of certain complicated 
systems of partial differential equations of tensor character. 


39. Heplaoemeht theorems 


Consider an affine tensor differential parameter of order (r, s) of the affine 
geometry of paths having the components 


(39.1) 


/poc. 

ft 




I-. 


... doc^ 


PKi); 


BS JKZ> N 

dx^) 


(see § 15). If we transform the components of this parameter to a system of 
normal coordinates and then evaluate at the origin, we see that each com- 
ponent (39.1) is equal to the expression 
(39.2) F<f>; 

this gives us the following(9) 

Replacement theorem. The components (39.1) of any affine tensor 
dijfererUial parameter can be put into the form (39.2) by replacing F^ by 
z&ro, the de^vatives of ihe F^^ by the corresponding components of a normal 
tensor and the derivatives of the scalars by the corresponding compormUs of 
the eoctensions of these scalars. 
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In particular the above theorem can be applied to projective tensor 
differential parameters and still more particularly to affine and projective 
tensor differential invariants (see §§11 and 18). For the case of the general 
affinely connected space where the components of the aJffine connection 
are not symmetric in the indices ^ and y, we have an analogous replacement 
theorem; here, however, the components are replaced by and the 
derivatives of the by the corresponding components of an affiine normal 
tensor pltis the corresponding components of the extension of the tensor O. 

Analogous replacement theorems likewise hold for the tensor differential 
invariants and parameters of metric spaces, Weyl spaces and spaces of 
distant parallelism. Thus for the case of the metric space, the components 
remain unchanged, the first derivatives of these components are re- 
placed by zero and higher derivatives by the corresponding components of 
the metric normal tensors; the statement regarding the replacement of the 
scalars and their derivatives remains, of course, the same as in the above 

italicized theorem. 

An immediate consequence of the above replacement theorems is that 
there can exist no metric tensor differential invariant of order 1. Also there- 
can exist no affine tensor differential invariant of order 0 in a space of sym- 
metric affine connection; in case the connection is not symmetric, the com- 
ponents of such an invariant can depend at most on the components of the 
tensor O. 

If we consider an absolute scalar differential invariant of the space of 
distant parallelism, for example 


(39.3) 







\ 

dxyj 


it would be natural to construct a replacement theorem by the aid of the 
absolute normal coordinate system rather than the affine normal coor- 
dinate system as in the preceding discussion. In this case the replacement 
theorem would consist of the statement that the expression (39.3) is identi- 
cally equal to 

where the indices enclosed by the j | are of the nature of Latin indices in 
accordance with the convention of §34; more generally, of course, if the 
expr^ion # contains the scalars and their derivatives, these will be 
replaced by the corresponding absolute scalars. 
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CHAPTER VI 


SPATIAL IDENTITIES 

40. Complete sets op identities 

A compleie set of identities of the components of an invariant is a set of identities 
furnishing oM the algebraic conditions on these components; lienee every 
identity satisfied by the components of the invariant can be deduced from 
the identiti^ of the complete set by algebraic processes (i). Eor example, 
the components of the fundamental metric tensor of a metric space 
satisfy the symmetry identities 

(40.1) 

Th^e constitute a complete set of identities of the components since at 
an arbitrary point P of the region these components are obviously subject 
only to the conditions (40.1). Similarly the identities 

(40.2) 

are a complete set of identities of the components of affine connection of the 
geometry of paths (see § 2) ; in the case of the general affinely connected space 
the components satisfy no identities of the above type since these com- 
ponents are evidently entirely arbitrary at an arbitrary point P of the 
region 

The determination of the complete sets of identities of the components 
of differential invariants of higher order is of course not as simple as in the 
case of the above illustrations. The methods of the following sections will, 
however, enable us to write down explicitly the complete sets of identities of 
the components of the most important tensor differential invariants of 
affine, metric, Weyl spaces and the space of distant parallelism. Since the 
treatment to be applied to the differential invariants of the Weyl space has 
seemed to be sufficiently illustrated by the methods employed for the affine 
and metric spaces and the space of distant parallelism, the discussion of the 
Weyl invariante has been omitted in this chapter. 

41. Identities in the components oe 
THE normal tensors 

W© ^e fipom the equations (35.3) that the components of any normal tensor 
A are symmetric in their first two subscripts and also in the remaining ones, 
i.e. 

where , v denote any permutation of the indices 8, . , . , a. If we multiply 

both membeiB of (35.2) by and sum on the indices ^ and y, we see that 
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the components -^^yS...cr in addition satisfy a set of identities of the 

form 

(41.2) ^(-4|ys...a) = 0, 

where S denotes the sum of the terms, not identical because of the symmetry 
identities (41.1), which are obtainable from the one in parenthesis by per- 
mutation of the indices cr. 

We shall show that the identities (41.1) and (41.2) constitute a complete 
set of identities for the components ^ of the corresponding normal 

tensor A. Consider a sequence of sets of numbers 

( 41 - 3 ) -^fiySe-n’ 

which are chosen so as to satisfy the algebraic conditions (41.1) and (41.2) 
and also so that the series (35.2) converges; otherwise the sets of numbers A 
may be quite arbitrary. The functions (7^^ defined by (35.2) wall then be the 
components of a symmetric affine connection in a system of normal co- 
ordinates since the functions satisfy the S 3 anmetry conditions 
and the equations (29,6) whdch characterize the 3 /“ as a set of 
normal coordinates. This is all that is essential for the completeness proof 
of the identities (41.1) and (41.2). However, it may be desirable to give the 
argument in more detail which we shall do in the following manner. 

Let us associate the sequence of sets of numbers A with a point P of space 
covered by a system of coordinates a;“; letp“ be the coordinates of the point 
P. It is then possible to introduce a symmetric affine connection with com- 
ponents (x) into the region ^ which forms the immediate neighbourhood 
of the point P, such that the components of the normal tensors A which 
arise assume the given values (41.3) at the point P. Such a set of functions 
r|y is easily seen to be given by the series 

(41.4) r|y = AfyS -P^) -p^)(x^-p‘) + ...; 

in fact the components given by (41.4) are such that all the coefficients 
r(p) of the series (3.2) vanish in view of (41.1) and (41.2), and hence the 
equations of transformation to a system of normal coordinates become 

(41.5) 

Under the transformation (41.5) the components become as given 
by the series ( 35 . 2 ) in which the coefficiente A are the given sets of numbers 

(41.3) . 

How consider a space ^ having components of affine connection 1 ^ 
referred to a system of coordinates and let 

(41.6) = 0 

represent any set of identities satisfied by the components A^^ of the 
affine normal tensor A . Also consider a correspondi n g space ^ referred to a 
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system of coordinates and Laving a symmetric affine connection witb. 
components (^) such that the components ^ ^(x) at the point P are 
subject only to the algebraic conditions (41.1) and (41.2). But the com- 
ponents likewise satisfy the set of identities (41.6), i.e. 

and in particular must satisfy this set of identities at the point P. Hence 
the set of identities (41.6) can be satisfied by a set of functions which 

are subject only to the algebraic conditions (41.1) and (41.2); in other words, 
the identities (41.1) and (41.2) constitute a complete set of identities of the com- 
ponents ^ of the affine normal tensor A. 

In particular let us observe that 

(41.7) = + = ^ 

are a complete set of identities for the components of the first normal tensor 
A . Also a complete set of identities for the components of the second normal 
tensor A is given by the identities 

( 41 . 8 ) ? 

(41.9) d 4- 

We shall have occasion to use the particular identities (41.7), (41.9) in 

our later work. 

We now consider the identities satisfied by the components of the metric 
normal tensors of order two and higher. It is seen immediately from the 
equations of definition (85.8) of the components of these tensors that we have 

(41.10) QoA,y,.,B ff^oc,y...Sy Sl(xfi,y...B 

where /x,, v denotes any permutation of the indices y, ..., 3. To derive 
other identities satisfied by these components we have recourse to the 
equations (29.16). By repeated differentiation of (29.16) followed by 
evaluation at the origin of the normal coordinate system, we see that in 
addition to (41,10) we have the identities 

(41.11) ^(9^ai?,y...8) = 0,. 

where S* denote the sum of all the terms which can be formed from the one 
in the j^rentheeis by cyclic permutation of the indices j8, y, 3. 

Tim idemiilies (41.10) and (41.11) constitvle a complete set of identities of the 
components grx^^y,,, s of Urn meiric normcd tensor. The proof of this statement is 
exactly analc^ous to the proof of the corresponding result for the affine 
normal tensors: we consider the sequence of sets of numbers 

(41.12) 
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choserL so as to satisfy the algebraic conditions (40.1), (41.10) and (41.11), 
and also so that the series 

(41.13) + . . . 

converges. Then the functions ijs^^ defined by the series (41.13) in which the 
coefficients g have the values of the sequence (41.12) satisfy the equations 

(29.16) which characterize the variables as a set of normal coordinates; 
this suffices to prove the above result (i). 

The identities (41.10) and (41,11) give 

(41.14) 9 cx^,yB 9pcx,y8 9oL^,By’ 

(41-15) 9oL^,yB-^9oLy,B^+9(xB,^y=^^ 

as the complete set of identities of the components of the metric normal 
tensor of the second order. We can derive an interesting set of identities in 
the components g^c^^ys from the above identities (41.14) and (41.15). By an 
interchange of indices in (41,15) we have 

9y8, oc^ 4 “ 9yoc,p8 + 9y^,8(X = ^ 5 

subtracting these equations from (41.15) we obtain 
(9oc^,y8 ~ 9y8, ajs) + (9ol8,Py 9^y, ocS) = 

i9^oc, 8y 9Sy,^(x) 4“ i9^yt a8 9oiSy py) “ 

Finally subtracting these last two sets of equations, we obtain the identities 

(41.16) g ocp^yS 9yS, otjS * 

42. IbBKTITIES of the space of niSTAISTT PARAEEEEISM 

By (35.11) the scalar derivative ^ symmetric in the indices h, ..., m 

so that 

where p, g denotes any permutation of the indices h, ..., m. To derive 
other identities satisfied by the Eaake use of the relations (30.18) 

which hold identically in the z coordinate system; by repeated differentia- 
tion of these equations and evaluation at the origin of the z system, we obtain 

( 42 . 2 ) = 

where the is now used to stand for the summation of all the terms 
obtainable from the one in parenthesis by permuting the indices m 

cyclically. 

The, identities (42.1) and (42.2) constitute a complete set of identities of tdie 
scalar derivatives ^ the proof of this statement is analogous to the 
proofe of the corresponding results in § 41 and depends on the fact that the 
equations (30.18) characterize the variables z^ as absolute coordinates (2). 

8-3 
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As special cases of the above result let us observe that 

(42.3) + = 

and 

ki = Ik > ij d- ~ ^ 

constitute the complete sets of identiti^ of the quantities and 
respectively. 


43. Detebmination op the components op the 

NOEMAL TENSOBS IN TEBMS OP THE COMPONENTS 
OF THEIB EXTENSIONS 


If we differentiate the equations (35.7) which express the components 
of the first normal tensor A in terms of the and their first derivatives, and 

then evaluate at the origin of a system of normal coordinates, we obtain 

since the components of affine connection vanish at the origin of normal 
coordinates by (35.1). The components of the generalized normal 

tensor can be eliminated from (43.1) by interchanging the indices y and S in 
these equations, which gives 

(^3.2) 

Now the identities (43.2), when combined with (41.9) in an obvious 
manner, yield the identities 


(43.3) 


e + 8 + y " ^S/3y, e “ ^Se;S, y > 


in the deduction of which use is made of (41.7) and (41.8). 

We see that the symmetry identities (41.8) are not satisfied when the com- 
ponents in these equations are replaced by the corresponding right members 
of (43.3) provided that account is taken only of the identities (41.7) and 
identiti^ derivable firom these latter identities by extension, i.e. 


(43.4) 


A^y8^€l..,€s 


4- „ e, 4- ^8j3y, €x . ” 0? 


where , . . . , denotes any permutation of the indices , . . . , . Thus when 
we interchange the indices jS, y in (43.3) and subtract, we obtain 


(43.6) A"^^ ^ ^ 4* y — y + A%y^^ ^ c ^ 

However, if we express A^^^ in terms of the components A^^^ ^ by means of 
a formula which can be derived fix)m (43.3) by interchanging the indices 
y in (43.3), adding to (43.3), and then interchanging the indices 3, e in the 
equations so obtained and adding as before, the equations (41.8) will he 
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satisfied identically as a consequence of the equations (43.4) for ^ = 1. We 
tims obtain 

S ~ V “ ^tey, j8 

as tbe required equations. Also the formula (43.6) will satisfy (41.9) identi- 
cally as a consequence of (43.4) fora= 1. Perhaps the easiest way to see this 
is to imagine the left member of (41.9) replaced by the sum of the components 
^“^ySe obtainable by taking all permutations of the subscripts y, 3, e 
which can be done as these equations are equivalent to (41.9) on accoimt of 

(41.8). The substitution of (43.6) into the modified equations (41.9) will 
satisfy these equations in the required way inasmuch as each set of terms in 

(43.6) will lead to expressions which will vanish identically by (43.4) for a = 1 . 
In view of the above property of the equations (43.6) we shall consider 

that the relationship between Al|yS^ and the components expressed 

by these equations rather than by (43.3). 

Let us now extend the result which we have just obtained. We differentiate 
the equations (35.7) repeatedly, say r times, and evaluate at the origin of 
normal coordinates. We then have 

(43.7) -^jSyS, €!...€»• -'^(j3y8)€i...€r ■4’ 

where the ^ indicates an expression in the quantities 

-^jSyS€i...Cr— 

which is quadratic and homogeneous in these components. As before we 
interchange the indices y and 3 and subtract, which gives 

-^^yS€i...€r “ •^j38y€i...€r 4“ €i...€r -^jSSy, €i .„€r 4~ 

On combining these latter equations with the identities (41.2) and making 
use of the symmetry identities (41.1), we find 

(43.8) ^?y8ex...c.= i>(-4^y8,ex... J 4- 

in which L stands for a sum of the components indicated and which involves 
as firee indices the indices a, j8, y, 3, , . . . , €,. in the left member. The equations 

(43.8) can be made symmetric in the indices y and 3, , . . . , €y. by the process 

of forming all permutations of these sets of indices in (43.8) and adding the 
resulting equations, as was done for the particular equations (43.3). It will 
accordingly be considered that the equations (43.8) satisfy these symmetry 
conditions. 

By using (43.8) as a recurrence formula we can express the components 
A^y8€x,„€r foim 

(43.9) ... €x... €r) + ^ » ’ ' ’ ’ Ci ... Cr_l) > 

where M denotes a sum of homogeneous pol 3 niomials in the components 
indicated; the expression M, just as the expression L, involves the indict 
a, y, 3, as free indices. It is evident that the right members of 
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(43.9) are symmetric in the indices p, y and also in the indices S, e,. on 

account of their method of formation by means of (43.8). The explicit form 
of the equations for a definite value of r may be capable of considerable 
simplification by use of equations of the type (43.4); allowing such sub- 
stitutions in the right members of (43.9), we can say that these equations 
will satisfy identities of the type (41.1) when account is taken of (43.4) for 
s^r. 

It remains for us to see that the substitution (43.9) will satisfy the set of 
equations (41.2), which we will here write 

(43.10) S(A[^y8e.....J==0, 

identically in the arguments which appear in the right members of (43.9) 
when account is taken only of the equations (41.7) and equations (43.4) for 
s^r. Let us suppose, as for the special case already treated, that the 
identities (43.10) consist of the sum of the components that can be 

formed by taking all permutations of the subscripts y, 8, which 

is equivalent to these equations as originally defined on account of the 
identities (41.1). Xow replace the components in these equations (43.10) by 
their values as given by the right members of (43.9). Then it is obvious that 
the terms which arise jfrom the expression L wdll vanish among themselves. 
Moreover it is Just as obvious that the terms which arise from the expression 
M will likewise vanish in the required manner. We have in fact only to 
observe that any term in the expression M involves, as a factor, a component 

(43.11) or 

where v<r and tt, p, denote indices selected from the set 

y, S, Hence the term involving the component (43.11) gives rise 

to expressions which vanish in consequence of (41.7) or (43.4) for s<r when 
(43.9) is substituted into (43.10). 

We ham sJumm that theequatioTis (43.9), which express the components of any 
normal tensor A of ord&r r -4- 1 for r^l in terms of the components of the normal 
tensor and its extenskms, are sttch that when the components A^^^ ^ in the 
identities (41.1) and (41.2) are replaced by the corresponding right members of 
(43.9) the idemtities (41.1) and (41.2) will be satisfied as a consequence of (41.7) 
and identities derivable from (41.7) by extension, i.e. identities of the type 
(43.4) for a < r. 

Equations analogous to (43.9) can be derived for the metric case. For this 
purpc^ we consider the set of equations (35.9) which expresses the com- 
ponents terms of the components and their first and second 

derivative. DiSerentaating the equations (35.9) repeatedly and evaluating 
at the or%ui of normal coordinates, we obtain 


(43.12) ... (^yS)€i...€r '1' 
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where as before the denotes terms of lower order than those which have 
been written down explicitly. We must eliminate the components of the 
generalized normal tensor which occur in these equations. Interchange of 
the indices p and y followed by subtraction of the resulting equations j&rom 

(43.12) gives 

Q aj5,ySei ... €r ^ ay, ... 

^ C3cj5, yS, €x..,€r Q ay, jSS, ... er d* (!xyS)ci - - Cr (a^S)ei . .. €r d" * 

The components in question are then eliminated by interchanging the 
indices oc and B in the latter equations and subtracting, by which we obtain 

(43.13) 

€r d ay,jSS€i-,. €r d" ffSy,^Oi€i ... €r 9s^,y(xei ... €r 
Q<X^,yB,€i... €r 9 ay,ps,ei ... €r d“9^Sy,j5a,€i ... €r 9^SjS,ya,€i ... €r d” 

Let US now hold the indices a, jS, y fixed in the equations (43.13), permute 
the indices S, €j. cyclically and add the resulting equations. It will be 

convenient to use the symbol P to denote the operation of permuting the 
indices S, €,. cyclically while the remaining indices a, y are fixed. 

We have 

iff Oi^^yScx.., €.r ^ 0£y,jSSei ... €r) — (^ "f“ 1) ( 5 ^ ajS,ySet ... Cr 9^<xy,jSSei ... €r)’ 

and the two sets of equations : 

^ iffSyfptxex.,. er) ~ 9^j5y, aSet... er S^ay,jSSei-. ’ 

yaei ... €r) ~ aSet ... er ^ ajS, yBei ... Cr ’ 

where use is made of course of the identities (41.10) and (41.11). Hence the 
operation P on the equations (43.13) gives 

(43.14) (r-h2)(grc,^^y8ex,.. €r ^ ocyt ^Se-i ... ) 

= P (S^ajS.yS, € 1 ... er d" *•* ffBy,^a,€x ... Cr d“ s 

in which the result of this operation is only indicated in the right member of 
these equations. We next define an operation P' analogous to P but different 
firom P in that P' operates on the indices y, S, , . . . , and in fact efiects the 
sum of cdl permutations of the indices. With reference to the identities (41.10) 
and (41.11) we then find that 

^ {Sfoc^^ySei — er) ~ d" 2) ! gT (xj^^yBcx ... €r ’ 

^ iffcxy, jSSei ... er) (^d~l)i^ aj3,ySei ... Cr ’ 

and also that 

■P P {ff a;j3,yS, €%... €r ^ <xy,^S, ci ... €r 9^5jS,yac,ei... erd” ei ... er) 

= P P 9^Sj3,ya, €i ... er "b ctS,ci ... er) 

= 3P'P (9^a^,y6,ei... e,) = ^ (^d- 1) 1 /S' (ycci3,yS,ei... Cr)’ 
where denotes the sum of all the terms that can be obtained from the one 
in the parenthesis by allowing each pair of indices y, 8, , . . - , to have the 

position y, B in the term in the parenthesis. Hence we have 

(r + 2) (r + 3) (r 4- 1) ! . == 6 (r + 1) 1 /Sf J d- P'P W- 
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Now the last set of terms, i.e. the terms in these equations, involve the 
components of extensions of of order r at most in the derivatives of the 

. Hence these equations can be used as recurrence equations to express 
the quantities in terms of the componente of extensions of ^aj3,yS ^ 
those of order r — 2 inclusive- We can therefore write 


1)1 Q(g^^; 

in which the Q expr^sions are symmetric in the free indices a, ^ and y, 3, 
^ 1 , which occur in them. It is easily seen that ^ is a homogeneous 

polynomial in the components their extensions with coefficients 

which depend on the components g^^^. Hence 

(43-15) (f goc^^yBcx... €r^ (ff<X^,yS,€x.,. er) ^ ^aj3,yS,€i... €r— a)* 

The substitution (43.15) for 1 into the identities (41.10) and (41.11) 
satisfies these identities when account is taJcen only of the identities (41.14) and 
(41.15) and those derivable from these latter identities by extension ^ i.e. identities 
of the type 

(43 16) ^ 9 a.^,yS,€x ... €a ~ €x — €« ~ ff cc^,8y, ex ... e* “ ari ... as » 

... e» *1“ ^ ay,SjS, ex ... e# "f" ff<x8,^y, ex ... €« 

for sSr, where Oj , . . . , o*^ denotes any permutation of the indices , . . . , . That 
the identities (41.10) are satisfied by the right members of (43.15) is imme- 
diate, since the right members of (43.15) have been made symmetric in the 
indices oc, p and y, 3, by construction. The proof that the set of 

identities (41.11) is also satisfied can be made in a way analogous to that for 
the afi&ne case already treated. 

In the particular case r = 1 for the equations (43. 15) we observe that the 
terms in (43.12) all vanish so that the Q expressions in (43.13) do not 
occur. Hence we have 


(43.17) 9^cx^tyS,e'^ffa^,Se^y~^ffa^,£y,S3 

and it is easily seen that these equations satisfy the identities (41.10) and 

(41.11) in the required manner(3). 


44. GeKUBALIZATIOK- op the PBECEDII?'© IDEI!TTITIES 


From the method of obtaiziing the formula for any normal tensor ^ in terms 

of the r? and their derivatives it is clear that we have 


(44.1) 


A?^„.€ = 






where the ^ terms r^r^ent derivatives of 1^ of order lower than m. Differentiation 
of th»e eqnataons and evaluation at the origin of normal coordinate give 


(44.2) — CTi- — e<rt-. err ... €) tn — ov 

where the tenoe rbow stand for an expr^^ion in the components of normal tensors 
of the foEowing set: 


( 44 . 3 ) 






•pyS ... €<r* — <rr—4r 
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By operating on the equations (44.2) in exactly the same way as we have operated on 
(43.1), whereby use is made of the identities (41.1) and (41.2), we can obtain 

eo-i ... cTr = (^lyS ... tri 

where as before Xi denotes a sum of the components of the tensor appearing as its argu- ■ 
ment. It is to be supposed that the right members of (44.4) have been made symmetric 
in the free indices y and S, . . . , e, ctj^ , . . . , or^ which occur in these equations. Using (44.4) 
as recurrence equations, we have 


(44.6) ... ... ^=L ... ... + M, 

in which the arguments involved in the expressions M are indicated by the equations 




€ 5 ... €, 0-t 5 


... cTi ... ov— 2/ 


It is evident by its method of construction that M is composed of a sum of homogeneous 
polynomials of its arguments. 

If the right members o/(44.5) are svbstituted into the identities (41.1) and (41.2) in place 
of the normal tensors which occur in (41.1) and (41.2), these identities will he scUisfied when 
account is taken only of the identities satisfied by the normal tensors of the set 


and those which can be obtained by extension from the idendities (41.1) and (41.2) satisfied 
by the normal tensor ^ . 

The generalization of the identities (43.15) can be made in an analogous manner. 
We first write down the equations 

(44.6) g^“fl^T3^ay...e““5'’aT^i3y...€d- 


where the denotes derivatives of gap of lower order than m, differentiate repeatedly 
and evaluate at the origin of normal coordinates. This gives 

(44.7) -y ... €, o-x... (Tr ^ aSt V “^(ocy ... €) crx ... ay ^ cx.r'^i^y ••• €) crx — ay 

where the flow denotes the sum of a set of homogeneous polynomials in the com- 
ponents of the set 


y-..€’ S^ 0 £ 3 , y"*€{ri> •**» 9^03, y ...Co-x — ar— 2 * 

The equations (44.7) are now to be treated in the same way as we have treated (43.12). 
We then obtain an identity of the following general form 

(44.8) 9^a3, y ... ecTi— <rr ^ y... €, (Ti-. CTr^ d" 

where Q — Q{Qcxfi9 •••? e» fl^ocjS, y*.-€, oi* y — €, 

In (44.8) the expressions L and Q denote, r^ectively, a simple sum and the sum of a 
number of homogeneous polynomials of their arguments. 

The sttbstUuiion (44.8) irdo the identities (41,10) and (41.11) wUL satisfy these identities 
when account is taken only of the identities satisfied by the components of the set 

9olS^ ***» S^C£3,y...€» 

and those identities which are derivable by extension from the identities (41.10) ard (41-11) 
satisfied by the components g^^ y ... c • 

The proofs of the above italicized statements are analogous to the proofs of the 
corresponding results in § 43. 
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45, Space betermixation by te^tsor i^tvariaxts 

The foilowing theorem expresses an application of the identities (43.9) and (43.15). 
It follows directly from these identities by putting the components of the extensions 
of the normal tensors which appear in them equal to the derivatives of the affine con- 
nection and fundamental metric tensor, respectively, at the origin of a system of normal 
coordinates. 

Theobem a. Given a set of variables ^ to be conaidered as the coordinates of a system 
of rwrrnal coordinates and a set of functions (y) of these variables which are analytic 

in the neighbourhood of the origin y“ = 0- Then there is uniquely determined by (43.9) a 
sequence of sets of constants 

(I) - 

associated toith the origin. Similarly the set of constants (ga 0 )o cmd the set of functions 
9 as,ye{y) analyticin the neighbourhood of y^=i 0 unigueLy determine by (43.15) the sequence 
of sets of constants 

(H) , ySCi)©? yS€t€s^O> **- 

which are associated with the origin of the 'if^ coordinates. 

The extension of this theorem can be made immediately by taking account of the 
identities (44.5) and (44.8). 

Theobem B. (1) The sets of constants (A^)o; . . . ; ... g)o associated with the origin 

of a system of normal coordinates 2/®, and the set of functions ... {y) analytic in the 

neighbourhood of Ibe origin^ uniquely determine by (44.5) the sequence of sets of constants 

(IH) ... 

associated with the origin. (2) The sets of constants iga.^)o; (S^a^, .^ 5 ) 0 ? • . • ? (fl^ajs, ys... 7 ,)o 

set of functions yS-.-ijeCs/) cmalytic in the neighbourhood of the origin 2 ^= 0 uniquely 

determine by (44.8) the sequence of sets of constants 

(^) (S^a^,yS.. - €<ri)o? yS ... etrior*)© . . . 

associated with ^le origin. 

The discussion of § 44 shows that if the given quantities in the statement of Theorem 
B satisfy the complete sets of identities of the components of the corresponding tensor 
invariants, the derived quantities (III) and (IV) will do so likewise. 

In order to state the general theorem with respect to any system of coordinates 
let us consider the scK^^uence of sets of constants 

^<ric3rs<ra(p)y **.» 

which are to be thought of as associated with the point P having coordinates 
The constants B ( jp) will be assumed to be symmetric in their lower indict cri , . . . , but 
otherwise are to be considered as arbitrary. Since the constants T (p) determine the 
serii^ 

»—■% °- 

they can convenioatfy be supposed to be determined by this seri^ (see § 38). When we 
ol^xve that the rtb extacision of any tensor is given by an expression involving partial 
derivatives of t!te components of the tensor up to and including those of order r, and 
the quantiti^ where a takes on the values 2, . . r -h 1, we are enabled to generali 2 ;e 

Theorem B to arbitrary TOordinates in the following manner: 

TBDEOBaM C. If the quomtUiea w the statement of Theorem B are given at the point P 
having ccKrrdwwtm cmd in the neighbourhood of Uds point as functions of the vari~ 

x*" amd if in addition the series (45.1) are given^ then the sets of constants (III) and 
(IV), a» the case wmybe^ are uniqud^ determined, where now these constants are to be llumght 
of as emsoemted with the pmni P, 
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The given quantities in the statement of the above theorems together with the 
derived constants of the above sequences determine the series 

(45.2) <y^= ^ + 

and 

(45.3) = (p^ajs)o + ^ ya)o + ^ (fl'ais, y5ei)o + 

In particular if these given quantities are derived as normal and metric tensors from 
an affine connection or fundamental metric tensor as the case may be, then the series 

(45.1) , (45.2) and (45.3) converge. The series (45.1) determine the transformation to 
normal coordinates 2 /“ which is given precisely by (3.2), while (45.2) and (45.3) give the 
components of affine connection and fundamental metric tensor in these normal co- 
ordinates. Hence if the given quantities are derivable in such a way there is one and 
only one affine connection or fundamental metric tensor, accordhig to the case in 
question, from which they can be derived. 

46. Helatioks between the components of 
THE extensions OF THE NORMAL TENSORS 

Liet US consider that {y) denotes a set of functions of the variables 
each of which can be expanded about the values 0 in a convergent power 

series; we shall also assume that the functions satisfy the equations 
(41.7). It is desired to identify the variables with the coordinates of a 
system of normal coordinates and to choose the functions in such a way, 

by imposing farther necessary conditions, that they will be the components 
( 2 /) ^ normal tensor in this system of coordinates (4). This means that 

we wish to choose the functions (y) so that the system of equations 

(46.1) = 

will have a solution given by a set of functions = each of which is 
analytic in the neighbourhood of the values = and such that the 
equations 

(46.2) C^,(y)2/V=0 

are satisfied identically in the variables y°^. To this end w^e observe that the 
functions A'^^^ chosen initially so as to satisfy only equations (41.7) deter- 
mine an infinite sequence of sets of constants 

(I) (.4.pySei)o» (-^j5ySci€*)o5 ’**3 

as explained in § 43. The constants (I) determine the formal series for the 
functions <7^^, namely 

( 46 . 3 ) 2 /^ + ^ (Apy8€i)o 2 /^ 2 ^^ + • • * 3 

where has the value A^^ (0). The series (46.3) evidently satisfy (46.2) 

since the quantities (^)o satisfy the complete sets of identities (41.1) and 
(41.2). The requirement that (46.3) shall constitute a formal solution of the 
differential equations (46.1) leads to other conditions on the functions 
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(^) those given by (41.7). Thus by repeated differentiation of (46.1) 

and evaluation at — 0, we obtain equations 

(46.4) ~ § (^j3ySei..-er)o i (-^yS^ci-.-Cr)© ¥ (-^Sj5y€i...€r)o “i” 

where the represents an expression which is quadratic and homogeneous 
in the components of normal tensors of lower order than those which have 
been written down explicitly; also 

' [dy^^ 

In (46.4) the right members as well as the left are symmetric in the indices 
€j^, arising from the differentiation; no new relations can therefore 

r^ult from (46.4) as conditions of integrability. Now eliminate the above 
constants (I) which stand in the right members of (46.4) by a substitution 
of the type (43.9), This will give a system of equations of the general form 

(46.5) = A^yS,e.,„,r-A0)l 

where, as usual, L has been used to denote a simple linear sum and M 
denotes a sum of homogeneous polynomials of its arguments. Equations 

(46.5) give conditions on the quantities If the functions 

A^^^iy) satisfy (41.7) and are furthermore such that the quantities 
A^S,€i,..€r(^) satisfy the sequence of equations (46.5) obtained by 
taking r = 1, 2, ..., then (46.3) will constitute a unique formal solution of the 
equations (46.1) and (46.2). It will be shown in § 47 that the formal solution 
given by (46.3) converges so that the equations (46.2) therefore give an 
actual characterization of the variables as normal coordinates. 

Thceobeivi a. The set of functions A^^ (y), each of which is analytic in the 
neighbourhood of the values y°^—0, will be the components of a normal tensor in 
a system of normal coordinates if, and only if, the functions A^^^ (y) satisfy 
(41.7), arhd are furthermore such that the coefficients A^yS,€i...er (^) ihei^ 
power series expansions about the values y°^=0 satisfy the sequence of equations 

(46.5) . 

The precise form of the equations (46.5) for r = 1 can be obtained by 
eliminating the quantities A^^^ in the right members of (43.1) by means 
of (43.6). This giv^ 

(46.6) 8 + y y + ^ 

aa the conditions to be satisfied by the quantities 

^^.€==^|ya.€ W- 

Now consider a set of constants {ga^Q ~ such that the determinant 

! C^c^)® I ^ ^ ® functions (y) each of which is analytic in the 

nei^bourhcKMi of the valu^ ^“=0. Let us state the conditions that must 
be satisfied by the functions S^a^,y« (2^) that they will be the components of 
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a metric tensor resulting from a fundamental tensor with symmetric com- 
ponents (y) in a system of normal coordinates such that ( 0 ) = (^^^ 3)0 
at the origin of the system. In other words we wish to find conditions on the 
functions so that there will exist a solution of the system of 

differential equations 


(46.7) 




■ dyy 
difs 


^<xtS 
By^ 


Q(r^ __ '''rap 


Ota /^a 




given by a set of functions each of which is analytic in the neigh- 

bourhood of the values = 0 , which are such that (^) = ( 9 ^a^)o > which 
satisfy the equations 


(46.8) 


dyy 


yPyy=0 


identically in the variables ?/“- We first assume that the functions Qi^^^ys (p) 
satisfy the complete set of identities (41.14) and (41.15) as this is a necessary 
condition. The process described in §45 will then determine the sets of 
constants 

(^ajS,y5ei)o’ iffot^tyS€i€%)o^ '•* 

in such a way that the formal series for namely 
(46.9) + 


will satisfy (46.8); in the series (46.9) the constant (g^aj 5 ,ys)o ^las the value 
9a^,ysW- Now differentiate (46.7) repeatedly, evaluate at t/“ = 0 and 
eliminate the quantities (^ai 8 ,ya€i...€r)o ^ right members of the resulting 
equations by a substitution of the type (43.15). This gives conditions 
analogous to (46.5), namely 
(46.10) (0) = L ,, (0)] 

-{- Jff (^)> •'•a 5^aj8,yS,€i... Cr-s 

which must be satisfied by the quantities 


^0£j3,yS, Cl ... Cr 


... 

in order that the seri^ (46.9) should constitute a formal solution of (46,7). 
As it will be shown in § 47 that this formal solution (46.8) converges we have 
the following theorem. 


Thbokem B- Given a set of constants (0^ai5)o= (9^jaa)o> ^uch thai the det^- 
minant | j ^ 0 , and a set offuTictions Pcc^^yS iP) y>hich is aimlytic 

in Idle neigMiourhood of the vcdues 0. Th^e tmM ihen exist a fundamental 



126 


SPATIAL IDEISTTITIES 


temoT having components (^) = iv) ^ system of normal coordinates 
such that (1) (0) = (^^j 3 )o and (2) ike functions g^^^y^(y) are derivable from 

the {y) as the components of a metric tensor if, and only if, the functions 
9ag,y^ (y) satisfy equations (41.14) and {41.15), and are furthermore such that 
the coefficients ga^^y8,€t... er C^) of their power series expansions about the values 
= 0 satisfy the sequence of equations (46.10). 

To deduce equations corresponding to (46.6), differentiate (46.7) and 
evaluate at = 0. This gives 


(46.11) ^S^ctj5,7S,e ceyS "i" ^j7yS, 


where go^^^ denotes the third derivative of with respect to yr, y^, 
evaluated at — and 




_( o9o^,y8{yy 




\ 

Eliminating the quantities go^^^yS^ in the right members of (46.11) by (43.17) 
we deduce 


(46.12) ^5^0£^,yS,c 9ciLg,S€yy ff ciLj^,y€,8 9^€,yS,oc~^ 9oLe,yBf^ ‘ 

It is evident in view of the above Theorem A that equations (43.4) for 
s =jp and equations (46.5) for r=^p constitute a complete set of identities of the 
components A ^8,5x-. , and similarly it follows on account of Theorem B that 

a complete set of identities for the components Qac^^yS, €i...€p ^ given by equations 
(43.16) for s=p and (46.10) for r—p; here the components in (46.6) and 
(46.10) are to be regarded as associated with an arbitrary point P of the 
region 0d, rather than with the origin of a particular system of normal co- 
ordinates as implied by the notation in these equations. In fact the more 
general interpretation of (46.6) and (46.12), in accordance with which the 
components in these equations are defined throughout the region 03, will be 
of importance later. 

A generalization of the identities (46.5) and (46.10) corresponding to the 
generalizations of § 44 can obviously be made. It is evident also that we can 
ma ke an extension of the above theorems to arbitrary coordinates x^ in 
which the quantities T, occurring as the coefficients of the power series 
expanMons of the arbitrary functions in § 45, will enter as part of the 
arbitrary data of the problem. 


47. COKVEBGEKCE PROOFS 

A pitjof of the converg^cse of the series (46.3) and (46.9) can be made by the method 
involving the use of dominant functions, i.e. the Catcul des lirmtea of Cauchy. Let us 
first prove the conveigenee of the seri^ (46.3) where it is to be understood that thm 
seriefi is determined as above explained by a set of functions {y) which satisfy the 

conditions stated in Theorem A. It can be shown readily that the function 
defined as a TOlution of the system of differential equations 


(47.1) 
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such that (S^^=:0 when = ... = = 0 is a dominant function for the component 

(*16.3); in (47.1) the function is a dominant function for A^g(^), 
Equations (47-1) can in fact be reduced to a verj'" simple form by putting 

where E, defined by the equation 

for suitable positive constants Af and p, is a dominant function for any of the functions 
Ag^. With the aho\*e substitutions (47.1) becomes 

(47.3) ^ = 4F + 4nO\ 

uy 

where ^ = ... + 3 /”. The existence of a solution ^ of the equation (47.3) which is 

analytic in the neighbourhood of y = 0, and such that <I> = 0 for y = 0, results from the 
well-known theorem of differential equations. To show that the function O satisfying 
these initial conditions dominates the series (46-3) for the affine connection let us 
diff erentiate (47.1) repeatedly and evaluate the resulting equations at the point y® = 0. 
We thus obtain expressions of the general form 


(47.4) 


^iSy^ei ... «-r “ ... €r ^ 


[• 




0 . 


where ... ^ and ... 


denote the derivatives of and with respect 

to y^*" evaluated at y* = 0. Assioining that 

(47.5) <^dv5ex.....>l(-^?ya^x...c,)ol 

for a<r(^2), we can show that for s = r these inequalities ajre likewise satisfied- 
Compare equations (47.4) with equations 

(47.6) ... €r ~ “^^ySei ... er €% ... €r €i — €r ^ 

(see §43), in which in the ^ term has the value A^yj(O), and the quantities 
■^^y&€i...€r ^%fS^€i...€r Considered to represent the constants and 

€ 1 - cr(^) value of r ( > 1). This comparison shows that 

L dy^K..dy^ 

is greater than twice the al^lute value of the terms in (47.6) in virtue of (47.5) 
for a<r; also is greater than twice the absolute value of the difference 

in (47.6) because of the dominating property of the function F. 




- 4^ 


... Cr ^ ^ 1 (^PyS€x ... Cr^O (-4-^Cx — Cr^O 1 * 

are symmetric with respect to all indices, we also have 


O! 


^^€1 ... €r ^ ^ 1 (^j3Sy€i ... ^)o I 


^ars,€t..-€r 
BCence 

(47.7) 

Since the 

(47.8) 

Adding (47.7) and (47.8) we obtain 

€r ^ 1 - €r^& (^S€i ... l&.)o 1 * 

Hence is grater than the absolute value of the difference of (A^y^^...^)o 

(^^Ltrrx.*.rr^@* where /i, F, or, Ti, ..., X,. is any permutation of y, S, €i, w© can 

therefore write 

(«-9) 

How form all peamutations of the indioe® pt, in', c, r^, ..., r,. and add together the 91 
<»rr©sponding inequalitMB (47.9), obtaining 




i9y»€i~ 
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Bat the sum in the right member of this ineqaality vanishes by (41 .2). Hence we obtain 
the inequality (47.5) for 8 — r{^2) which we wished to prove. The fact that (47.5) 
holds for a = 1 is proved directly by observing that for this case the terms in (47.6) 
and the second set of terms in (47,4) vanish; we are thus led to the ineqaality (47.7) for 
r=l and hence to (47.5) for 1. The fonetion therefore dominates the series 
(46.3) for the affine connection with the result that (46.3) most converge. 

To prove the convergence of the series (46.9) we set up the system of differential 
equations 

(47.10) a» at/* = 4®^^ + 4S Ud^^Jdyf^) £R^ + SR;*] , 

where is a dominant function for ^ (y) and the su mm ation S denotes the 

sum of all terms that can be formed from the term 

(47.11) 

by t akin g all permutations of the indices oc, y, S. Also the expression 01^.^ in the term 

(47.11) is defined by 

where 2 “^ is a dominant function for How replace ^ take 

^*o> i (S^a; 3 )o i (absolute value); 

also take 

_ M M' 

'^'^~\-{ylpr “i-(’F-^o)/p' 

where ... + 2 /” and Jtf, p, p' are suitable positive constants. The equations 

( 47 . 10 ) win then reduce to a single differential equation as in the case previously con- 
sidered, when W is assumed to be a function of the single variable y alone. This differen- 
tial equation possesses a unique solution T* (y) expandable in a convergent power 
series about y = 0 such that T* (O) = T'o and {P¥ {y)ldy = 0 for y = 0. The function T* {y) 
so determined dominates the series (46.9). To show this we assume that 

(4 ^ ,12) ^ixpy&€^ ... €t ^ I (ffacp, yS€x ... €,)o 1 

for a<r(^ 2 ), where the quantity is equal to the derivative of with 

respect to y^, ...» 3 ^^* evaluated at = 0. We shall show that (47. 12) is also true for s = r 
which will prove the dominating property of the function ^ (y). Due to the fact that 
is to be taken equal to the function T* (y) it follows that ... is symmetric 

with rrapect to all its indices. To prove (47.12) for s = r we differentiate (47.10) re- 
peatedly r tim^, then evaluate at 0 and compare the resulting equations with the 

equations 

(47.13) y&ei €r ^«y, ^ — €r SfSp,ya€x ... €r 

“ 9'^aqS, ySy €x ... €r ^Oty, PS, €x ... €r ^ Sy, pcX, €i Cr ^ yOC, €i ... €r "A 

[equations (43.13)3, which the g^^ ^ appearing in the terms has the value g^^^ 

and the quantities and I^ve the values (?ap, yin er)o 

^ respectively, for any value of r( ^ 1 ). It is clear that 

(47-14) ... €r ^ 1 ... €ir)o (S^ay,jS&ex... Cr)o ^S'^5y,^a€i ... €r)o (^'^SjS, ya€i ... Cr^O 1 * 

W© now introduce the operations P and P' defined in § 43. It will be recalled that the 
operation P on & term such as gacp, yS€x ... o- effects the summation of all terms obtainable 
from gap^y9€x...€r by permuting the indices 5, €r cyclically while the remaining 

indices tjc, y are held fixed; similarly the operation P' on the term gctp^ySex... cr effects 
the s umm ation of the terms obtainable from gocp,y&€t ... cr by taking all permutations of 
the indict y, 8 , €i, First operating on both members of (47.14) by P, we have 

(r-b l)T’Q;^i^j^_^>(r4'2) 1 

~ i^ay, P&€x ... €r^& 1 • 
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We next operate on botli members of these latter inequaliti^ by P" which gives 
(r - 1 ) ... f, > (r+ 3) 1 Jo 1 . 

This proves (47.12) for s = r(^2). If « = 1 we obtain the ineqtiality (47.14) for r=l 
since the terms in (47.10) and (47.13) then vanish; operating on (47-14) for r=: 1 as 
above, we obtain (47. 12) for a = 1. The function T* (i/) is therefore a dominant function 
for the series (46.9 ), and therefore the series (46.9 ) converges within a sufficiently small 
neighbourhood of the values ^=0. 


48. RjShATIOXS BETWEEN THE COMPOiX EX TS OF CERTAIN 
INVARIANTS OF THE SPACE OF DISTANT PARAELEEISM 

Tbe identities and theorems of § 43 to § 46 are likewise true in the space of 
distant parallelism since this space hears an affine connection A. It is evident, 
however, that each of these identities and theorems admits an analogue in 
the space of distant parallelism in terms of the scalar derivatives 
de&aed in § 34 with the aid of absolute coordinates. We shall limit ourselves 
here to the derivation of a few of these identities which are of considerable 
importance in our later work (5). 

We have 


k, i ' 




dx^ 




xm 


(48.1) 
hence 

(48. 2) ;t, / = J ~ Kn, 3^1^, 

when use is made of (35.14) and (42.3). Interchanging Z in (48.2) and 
adding, we obtain a set of identities which can be reduced to the form 

( 48 . 3 ) *!«=§ 

We observe that (48.3) constitutes an inverse form of (48.2) in that (48.2) 
expr^ses the ^ terms of the while (48.3) gives the in terms 
of the 

The invariant satisfy a set of identities 

(48.4) AU.. + 4...i + Ab,;.= 2 + + 

which is easily deduced from (48.2). 

Let us now transform the expr^sion for given by (35.13) to a system 
of absolute normal coordinates, differentiate repeatedly, and evaluate at 
the origin of the system. We thereby obtain a system of equations of the 
form 

(48-5) J [^1^ Hx-.2r — 

where Mie ^ is us^ to denote scalar derivatives of lower order than those 
which have been written down explicitly. Now let P denote the operations 
of holding j fixed, permuMng the indices ir, cyclically, and miding 

the r^uMng terms. Then 

2P (^.;^*....t) = P «....v) - P (Ahu...lr) + Hr 
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from (48.5); whence using (42.1) and (42.2) we obtain 

(48.6) 2)^j^Hi...Zr = 2P (AX*,Zi.. -^r) + 

Using (48.6) as a recurrence formula, we have 

(48.7) (^+ — 2r) + Q ---s 

where the expression § is a polynomial in the quantities indicated. In 
particular for r = 1, the identities (48.7) become the identities (48.3) already 
found. 


49. DETERMIKATIOlSr OP THE COMPOHEHTS OP THE APPIHE 
HOEMAL TEHSOBS IH TERMS OP THE COMPOHEHTS OP THE 
CTJBVATXJRE TEISTSOB A2sB ITS COVABIA^^TT BEBIVATIVES 


Let US consider an affine space bearing a sy mm etric affine connection with 
components r|y; the extension of the following results to the case where the 
affine connection is not symmetric can readily be made. It is then an im- 
mediate consequence of the replacement theorem of §39 that the com- 
ponents of the affine curvature tensor or any of its co variant derivatives can 
be expressed in terms of the components of affine normal tensors A. To 
derive these equations, we observe that 


(49,1) 


^ 


where the ^ indicates a polynomial in the and their derivatives of lower 
Older than those which have been written down explicitly (6). Evaluation of 
(49.1) at the origin of a system of affine normal coordinates gives 

o-==^|yS...o- — + 

where now the denotes a polynomial in the components of normal tensors 
A which involve fewer subscripts than are contained in the set y, S, . . ., o*. 

We can obtain identities which express the components of the normal 
tensors A in terms of the components of the curvature tensor and its co- 
variant derivative by combining (49.2) with (41.1) and (41.2) in a rather 
obvious manner. For example, the component a eliminated 

from (41.2) by the substitution (49.2) which has the effect of replacing the 
component A^ ^ ^ in (41.2) directly by the component ^ plus the 

expre^on in llie other components which occur in (49.2); a similar sub- 
stitution is to he made on any component in (41.2) which contains either 
or y amoi^ it» first two sul^ripts. In case neither )S nor y appears among the 
first two sutecripte of the component in (41.2) two substitutions of the 
above type are required. In this way we obtain a set of identities of the form 




where L denotes a linear sum of the components indicated and the has 
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the same significance as in (49,2). Use of the above equations as recurrence 
equations gives the required identities 

(^9-3) + 

where 31 denotes a polynomial expression in components of the cuirvature 
tensor and its covariant derivatives involving fewer subscripts than those 
in the set y, S, a. 

Particular cases of (49.2) are 




ijSSy. 


^yS..= 


■ ^Sye ’ 


(49.4) 

(49.5) 

for th^e cases the terms in (49.2) vanish. The corresponding particular 
cases of (49.3) are 

(49.6) 

(49.7) 

as can easily be obtained from (49.4) and (49.5) by the above general 
procedure - 

Use of (49.2) and (49.3) enables us to determine the complete set of 
identities of the components of the curvature tensor or any of its covariant 
derivatives. Thus the identities 


3-4|yS = » 

®^|yS£ = 2 ^ + ^ye, S + t + S + ^Pe. y > 


(49-8) ■®^yS=— -®?yS + -®^;S + -®Sft. = 9 

are easily seen to be true on account of (49.4) and (41.7). Conversely^ the 
equations (49.6) and (49.8) yield the equations (49.4) and (41.7). Hence we 
see that any set of identities in the componente of the curvature tensor 
can be satisfied by a set of numbers "^hich are subject only to the 
algebraic conditions (49.8). In other words, the identities (49.8) constitute a 
complete set of identities of the components of the curvature tensor of an 
affine space with symmetric affine connection. 

In a similar manner we can calculate for the case of a metric space the 
complete set of identities satisfied by the components of the co variant 

form of the curvature tensor; these components B^y^ are defined by (12.20). 
We can easily deduce the relations 

( 49 - 9 ) Bij^y^== 

It then follows from (49.9) and the identiti^ (41.14) and (41.15) that 

(49. 10) yS = B^y^ 4* ^jSyatS 1 

( 49 . 1 1 ) B^y^ = — B^^^ == — B^y , B^y^ 4 - B^^^ 4 - B^^^y = 0 . 

Conversely we can obtain the identiti^ (41.14), (41.15) and (49.9) from the 
idenMtl^ (49.10) and (49.11). Hence it follows that the identities (49.11) 
cem^Hv^ a comjddx. set of idemtities of the components B^y^ of comriant 
form of the amrm^Mre tmmr of a metric spcwe. 
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Eet us now consider the problem of obtaining the complete set of identities 
of the components appearing in (49.5). We observe first that we must 

have the identities in these components which are obtained by covariant 
differentiation of (49.8), namely 

(49.12) + + = 

Now interchange the indices S, e in (49.7) and subtract, making use of (49. 12) ; 
this gives'*' 

(49-13) + = 

Conversely from (49.7), (49.12) and (49.13) we can deduce (49.5) and the 
identities (41.8) and (41.9). Hence, tkeidentiiies (49.12) a7^d (49.13) constitute 
a complete set of identities of the components g of the covariant derivative 
of the curvature tensor of an affine space with symmetric affine connection. It is 
evident that a continuation of this process will lead to the determination of 
the complete set of identities of the components of any covariant derivative 
of the cuirvature tensor. 

By Slimming on the indices a and ^ in (49.13) and (49.8) w© obtain 

and = 

respectively, where axe the components of the contracted curvature tensor defined 

in 1 52. Hence we obtain the identities 

( 49. 14) ^ — B^^ ^ + B^^^ y — y 4- By^^ 5 — B^y^ 5 = 9. 

50. CiJRVATiJEB. Theorem or Schttb 

The identities (49.1 1) and (49.13) furnish the basis of the proof of a theorem 
of Schur concerning the curvature of a metric space. To define the curvature 
at a point P of the region covered by the coordinate system in a metric 
space we a^ociate with P two independent vectors and Xg having 
components Af and A|, respectively. Then any vector A at P linearly 
dependent on A^ and A^ will have components given by 

(50.1) A“= S a^A?, 

where swre cMmstantB, and conversely. We now consider the geodesic 
sMffam B formed by tibe totality of geodesics issuing from P in directions A“ 
given by (50.1). Assuming at the outset that the space 0^ is Eiemannian 
(me § 5), Hie OausaiaiOL curvature of the surface at P is then called the 
emwtm^e of Ae spam W' cd the point P for orientation determined by iMe 

* Tliis called t&e BiemcM, waa eommiiBimted by Ricca to E. P^ova, 

wbo it m tfe* paper “Sidle de&miimiooi faiSnltegbsai *% AUi dei Lincm, Mend, (4), 5*^ ( 1889), 

fPi. 174-8. It wms lat«r jrweia mdepmdeat^ by H BaaiKsM, “Sui simboJi a qiiattro mdid e HuUa 
«m*nra di Ricna«aiii’’, dm Limm^ Mmd. (5), 11* (1902), pp. 3-7. 
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vectors and X^. As so defined curvature is an intrinsic property independent 
of the coordinate system <7 ). 

Throughout this section it will be assumed that Latin indices have values 
1 , 2 and Greek indices values 1 , . . . , ?2 where w ^ 3 ; the summation convention 
will then be applied vith regard to these ranges of indices. 

To derive an explicit expression for the curvature, we introduce normal 
coordinate with origin at the above point P. Then the equations of the 
geod^ic surface S can be written 
(50.2) 

where the are parameters which can be interpreted as coordinates of the 
surface JS. The element of distance on the surface S is then given by 

dcr^ = bijgdu^du^ , 

where 

(^0-3) ^ik = ^ ^ = <Aaj3^^fc; 


hei^ the represent of course the components of the fundamental metric 
tensor in the system of normal coordinate. Since the space ^ is Riemannian 
the determinant [ | will be different from zero at the point P.* Let us 

now put 


(50.4) 




2 


\ dy^ / ’ 


and let us also denote by the corresponding quantitie with reference to 
the surface S. Then from (50.3) we have 


(50.5) 

In a similar manner let us denote the components of the curvature tensors 


* If 6 denote the angle determined by the two vectors and A® at P, then 
cos - 




where the quantities axe evaluated at P. Using the relation sin® 5 = 1“ cos® 0, we find 


sin*5=- 


9aS Aj A^ A^ A^ 
9a.y9^ ^ 




Now ti^ denominator in this expression is equal to the product of the square of the lengths of the 
two vectors Aj and A# and is therefore different firom zero since the space is assumed to be Kieman- 
nian; also sin® 0:^0 sine© the vectors A^ and A* are independent. Hence it follows that | ba | :^0 at 
tt© point P- 

however, we have a mefcrie spaee for whi<di the fundamental quadratie form is indefinite, the 
determinant | bu | may have tibe value zero at P. For example, suppose that » = 3 and that the 
matarix of titee qmmMtIes is given by 

[1 1 0 0 
0 0 1 
I 0 1 0 


at P. Take A^ Haaa wh«ce *, 1 = I, 2 and we see Immediately ficom the above matrix 

that I bm | =0 at P. 
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(see § 1 2) by and with reference to the surface S and the Riemann 


space iF, respectiTely. From the formula (12.20) we then have 


pj pP 
^ pm ^ ki' 


pi -pp 
pi ^ km 


^ iM , p pP p pP ^^iji pi , pi 

^ipl^km ^ du^ 

Evaluating both members of these equations at the origin of normal 
coordinates, we obtain 


^■pf 


■ 


>(0) = (' 




\ du^ /o 

1 /. 


= i Kffa^, yS d- day, ^8 ff^y, aS) *“ (ffa^,8y + 9aS,^y “* ay)] ’ 

when use is made of equations (50.2), (50.3) and (50.4). Using (49.9) and the 
identities (41.16), these latter equations take the form 

(50.6) Bij^^ = Af AJ A^ . 

If we make an arbitrary analytic transformation of the coordinates 

of the surface S, we have 

where (uti) denotes the functional determinant of the transformation. Now 
the components are either equal to zero or differ from the component 
-^1212 most in sign on account of the identities (49.11). In consequence of 
this fact we can easily deduce from the equations of transformation of the 
components B^^^, resulting jfrom the above transformation that 

-^1212 ~ -^1212 ('^'^)^- 

Hence the quantity 

(50-7) A A A 

1 ^ik I ^11 ^22 — ^12 ^21 

is a differential invariant of the surface S and in fact is equal to the Gaussian 
curvature of this surface. * 

From (50.3) and (50.6) we now obtain 

as the expr^sion for the curvature of a Riemann space (n > 3) at a point P 
for the orientation determined by the vectors A^ and A 2 . As an extension of 
this result we define the value of K given by (50.8) to be the curvature in the 
ca» of a mebric space (n ^ 3) for which the fundamental quadratic differen- 
tial form may be indefinite. 


♦ Prom (50.7) it fallcrgra tiiafe 

JSr6ii “ —JSiga, jSrfria=PC6ai = Mb^ai— — JBaia" 

Hmioe M is tib© Oaiwiaa cmi-mtiire of tbe smfswie S. Se© L. P- jEasenbart, A Treatise on ihe Differ^ 
m^ml Gsom^br^ of Chtrvm and Bmfaces (Giim and C5o. 1909), p. 155. 
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It is eTident from (50.8) that the necmary and sufficient condition that 
the currature at every point P of the space be independent of the orienta- 
tion is that 

( 50 . 9 ) 9txB9§y)7 

where ft is at most a function of the coordinates. 

In a metric space we can write the identities (49.13) in the completely 
covariant form 

(oO-lO) 

Assuming now that the curvature K at any point of the space is independent 
of the orientation, we have 

( 50 . 11 ) ^(x^yBfe 0 ^ 

by covariant differentiation of (50.9). Substituting (50.11) into (50.10), we 
then obtain 

"b l3a€dpy~^ 9ay90€l "!■ IjSaySpS’^ 9ocB ffpyl ~ 

Multiplying these equations by and summing on repeated indices 

give 

{^-l)(^~2)g:=0. 


Since the condition ^ 3 is satisfied we therefore have /x = const. This gives 
us the following theorem due to Schur(8). 

Theobem. If the curmture of a metric space ^ 3) is independent of the 
(mefdjat.Mm at each poird of space, it does not vary from point to point, 

A metric space (n ^ 3) of this sort is called a space of constant curmture; in 
particular we will say that a two-dimensional space has constant curvature 
if the Gaussian curvature of the space is constant, i.e. does not vary from 
point to point.* 


Now let us determine the curvature of a space Wt whose fundamental quadratic 
form is given by the expr^aon 

( 50 . 12 ) = 

I l + |(x‘ +...+a:'‘ )J 

where it is a constant. Thm 


r“ = (8“a^+ 8“*^- 

^ [l+fS(;r>)*] 
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From (12.14) and (12.20) we see that 

/3rs^ 


^x 3 -yS 9 :x.v j ^acr5 ^atoTY 

__1 / d^ffa^y d^93y I p pi' _ p pt' 

— ^ I ~~ -m :; z ~z.~r ~ - - : . f ^ vay ■*- 35 -^vocs^s-v' 


■ vocS 3y ' 


2 dx^dx'^ Bxf^dx^/ 

Hence, sutetituting the special values of the determined by (50.12), we obtain 


(50.13) = r 7 ^ 

8 ?S|-S?Sv 

Blit 9xy93& dx&Q^y p p4 

Hence we obtain the equations (50.9) and it follows that the curvature at every point 
P of the space is independent of the orientation, i.e. ’JJZ is a space of constant curvaiure. 
It will be shown in § 86 that a transforroation exists relating the coordinates of the 
neighbourhood of an arbitrary point P of a space of constant curvature with the points 
of a neighbourhocKi of an arbitrary point P' of another space of the same constant 
curvature in such a way that the fundamental quadratic differential forms of the two 
spaces are transformable into one another. Hence, the qiuxdratic differentiaZ form, of a 
Riemannian space of constant curvature p can always be transformed into the form (50. 12) 
in a sufficiently smdU neighbourhood of an arbitrary point P, 

More generally it can be shown that the fundamental quadratic form of a metric 
space ^ of constant curvature p is transformable into 

jj. ei(Ag^)«+... + e„ (<£«’')» 

1 + (Ci a^*4- • . . + e, 

where «« is either + 1 or — 1. 


51. Identities in the components oe 

THE PROJECTIVE CURVATURE TENSOR 
In § 18 we noted certain of the identities satisfied by the components of the 
projective curvature tensor. We shall now consider the problem of deter- 
mining the complete sets of identities in the components of this tensor. 

Let us define the quantities 

with reference to the notation of § 31 ; th^e quantities ^ are expressible 

as fonctioins of the coordinates hy formulae analogous to those for the 
componentB of the normal tensors and obtainable in a similar manner (9). 
On aceount of the equations (31.1) and (31.30), the symmetry of the com- 
ponents S^ju, and th^ definition by means of (51.1), the quantities _ ^ 
satisfy the foEowing idmtities 

{51.2) = 0L...»=0, = 

wimee r, a denote® any permutation of the indices Z, m and S has a 

siguificanw exactly analogous to that in (41.2). It is evident on the basis of 



SFATIAX, IDENTITIES 


137 


the procedure of §41 that the MeniUiea (51.2) ccmstitute a complete set of 
identities for the quantities Q]u,..m- 
In particular (51.2) gives 

Q]kl = Q]ejl 5 Q]}d Qklj + Qikl “ 

as the complete sets of identities of the quantities Qj^j . 

We know that the components or the components vanish at 
7j^ = 0 in consequence of the equations (31.1); similarly the components 
vanish at the origin of the projective normal coordinate system in conse- 
quence of the equations of definition of these componente and the above 
identities (51.3). There remain only the components or which have 
the valu^ — S^j{n 4-1} throughout the projective normal coordinate system. 
With these facts in mind, let us transform the components of the pro- 
jective-affine curvature tensor defined in §18 to the projective normal 
coordinate system and evaluate at the origin of this system. We thereby 
obtain the equations 
(51-4) 

By the procedure of §49 we can now combine the above equations (51.4) 
with the identities (51.3) to obtain 

(51.5) 

It follows that the quantities are the components of a projective afiffiie 

tensor.* 

We can now easily verify that the following identities 

(51.6) — ““ "b "b 

are satisfied. Also from (51.5) and (51.6) the equations (51.3) and (51.4) can 
be obtained. Hence, the identities (51.6) are a complete set of identities of the 
components of the projective-affine curvature tensor. 

Let us now transform the components to a projective normal 

coordinate system for the affine representation -4*+^ and evaluate at the 
origin of this system. Then in addition to the identities (18.2) and (51.4) 
there will result 

Combining th^e equations with the identities 

(51.8) Q$Mi "b QmH "b Qliki ~ 

which follow readily fix>m (51.2), we can obtain 

* Hie qaamia^w -• 6o not, fcowe-Fer, conatitnt© the oompoiients of a teaewr; tMs 

follcwB firom tibe finest tfajit Uae relatkMi between two systems of pmlectave nozmal oocwUMtes is not 
linear bmt Em^ax-tamAmaL See <31.28). 
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also the identities 

(51.10) + = 

are a direct result of (51.7) and (51.8). 

Now the identities (51.3) and (51.8) and the relations (51.4) and (51.7) 
follow from the identities (51.6) and (51.10) and relations (51.5) and (51.9). 
This proves that the identities 

(51.11) 

amstitute a complete set of identities of the components *-^yS projective 

curvature tensor. 


52. CeBTAI^T BIVEBGEJSrCE IBEIS-TITIES 


Considering the identities (49.13) in the special case of the metric space, let 
us put a = c and sum on these indices; there results 


(52.1) 


-®?yS, a + Bps.y— 0, 


where we put 


Now multiply (52.1) by and sum on the indices and S. The identities 
obtained can easily be given the form(io) 


(52,2) 

where 


^.0 


1 d£ 

2 dxP’ 


J5|= 5, 

In other words, the divergence of the tensor JB having the components 


wnishes id&iiicaUp,* 




Other identiti^ corresponding to (52.2) can obviously be constructed. Without 
entering upon a general discussion of this problem, let us seek to jSnd a set of identities 
analogous to (52.2) for the case of the space of distant parallelism. When dealing with 
quantitii^ of the nature of absolute invariants it is by no means obvious how the opera- 
tion of div&n^nm can besst be defined- However, actual investigation of the identities 
of the space of distant parallelism pointe to the following definition of the divergence 
as one permitting the construction of a set of invariants analogous to the above 
tcaoror H. 


♦ The Eiiisbttmt ©quafioiis of the gravitational field axe obtained by putting 

where the queuatitks axe the components of the energy tensor T which vanishes in regions free 
erf matter. Since the divergence of the above tmsor B vanishes, we have 

‘ theae eqnatioiiis exproM the law of conservation of energy of the gravitational field. 
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Divergence rule: The formula 


rpi 

t i...H 


s e, 

m=l 




defines the divergence of the set of scalars T\ with respect to the index m* Any covariant 
index, i.e. eovariant tinder tiransformations of the fundamental vectors, can of course 
appear in place of the particular index m in the definition of the divergence opemtion. 
A generalization of the above formula to include set s of scalars T •with any number of 
contravariant indices can obviously be made. 

Iret us denote the quantities by •with reference to a system of absolute 
normal coordinates and define the invariants by the formula 




\9s”* A=o' 


Now transform equations (35-14) to absolute normal coordinates, differentiate, and 
evaluate at the origin of the local sj^tem; we thus obtain a set of identities which can 
be written 

(52.3) + 

+ l^m, ik + W + tl + 1^1 M • 

Interchanging the indict j, k in (52.3) and subtracting the resulting identities from 
(52-3), we obtain 

(52.4) ^ ^ = Ay^ + Ay^ < ^IW, U d* J j; 

d- i (^5, Jd tl) d- fc (^f, « ■” ) d" I it)' 

To the identities (52.4) we now add those two sets of identities which result from (52.4) 
by permutating the indices k, 1, m cyclically. Ih-fcerehanging k and I in the identities so 
obtained and again adding, we have a set of identiti^ which can be reduced to the form 

(52.5) Hm = ^ [^i, M,m + ^,lm,k + mil:, l + H^m hi d~ 1 mk d" k , Zn*] 

d~ k Im d- h\^ j Hh n«^i, M • 


These identities express the invariants in terms of the invariants Ay^ ^ plus in- 
variants of lower order in the derivatives of the . 

To obtain the inverse form of the set of identities (52.5) we deduce the formula 

= — i AJ„^ iW d- i ( AJ^ y h\^ JbZ d- AJ^ * A^^ jy + AJ^ ^ A^^ y^) , 

which we use to ehminat© the invariants from (52.3). The result of this elimina- 
tion is a set of identities which can be put into the form 

(52.6) 3Ay^ „ = 3Ay^ + A^^ y^t, -I- 2AJ^ < A^^ + K,k^m^ si 

d- ^ty l^m, ^ d- 3 (A^^ s^tyM'^ k^]y a d" I Irf)* 

Finally the set of identities 

(52.7) 5Ay^ K, w = 3 (AJ^ lm,k + Ky «!*, z) d- A^^ J^y + A^^ jy^ Jfc + A^^ y;i.^ | 

d- Af^ I ( 3Af^^ y3fc -f Ay^ -h AJ^ J. (3A^^ y| + Aj^ j^) 

d" ^Syt^my U d- ^ty H d- ^InysKyU d* AJ^^ j. (8Ay^ u + h\^ yj) 

d“ Ai*, I (8AJ^ Jty d- A^yj.) Hh 3 (Aj^ J AJ^ bO: d- AJ^ AJ^ 

can be obtained by pslinntnA.tiTig th© invariants Ay^j^^ between the identitiess (52.5) 
and (52.6). 

By us© of (48.2) and (42,4) it readily follows that 

* = f , d- Jfc^ f) 


(62.8) 
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identically. Now put l = k and 7n=j in (52.7), then multiply these equations through 
by and sum on the two repeated indices. This gives 


(52.9) S S 

i==lfc=l 

identically. We next consider the set of identities 
2 S S = S S 

J=ssli:=l f==lJ:=l 

+ 3 S S 

3 = 1 

which we use to eliminate the last set of terms from ( 52.9). As a result we obtain the set 
of identities 

S Cj' S Sj. {h]^ J.J. 4- ^ 4- j, = 0. 

By (52.8) this last set of identities can be given the form 

(52.10) 

i.e. the divergence of the set of scalars vanishes identiccdly. 

Since the scalars ^ define the divergence of the we can express the above 
result in obvious terms by saying that the second divergence of the set of sccdars j. 
vanishes identically. 


53. A GENERAL METHOD EOB OBTAINING 
DITEBGENCE IDENTITIES 


Let us consider any scalar function of the and their derivatives up to any finite 
order r, 

^ ffccSly^ c)* 

which is analytic in its arguments thror^hout a closed n -dimensional domain nP'. Here 
we have set 


dg^ 

dx^ 




Bx^daf 


— ga^\yd', 


and it is assumed that these quantities are analytic functions of the of' throughout the 
domain Then, denoting the determinant | g^ts | hy g, the integral 

(55.1) I=lK\fgdT^ 

extendi over the domain is invariant, i.e. its value is unchanged by an analytic 
tT®yosforamtion of the coordinates of 
Now vary the gu$ so as to obtain 

(53.2) g*tt$ — g<x$’\refhLS, 

where the are the components of an arbitrary tensor which are analytic in the of 
and which vanish, together with their first r — 1 derivatives, on the boundary of the 
domeun also c is an infinitesimal. Th^ 


where the dote denote tcrme of higher order in «. Bfance 

(53.3) "=/[^ ■5^"" *=«'+ + Ir- 
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r d(KVg) d‘h^ ^ rj_ ^ d{KVg) \ d-^h^s 

P9m\y-.i€^^'' •■■Sx^Sx'^ ]dx'^\dg^^^_^}dx>...dx? 


f J_ [ B[KVg) - 

£-1 j |_3sr3;p I ^ ... aa:>' . . . a^*j 


dx^ ,,.dx^ 

dx^ . . . dxf-^dx^^’^ . . . (ix* 


over the boundary of the domaia/i^; hence the left member of this equation is zero for 
a = 1, . . ., r by our hypothesis that the ha^ and their first r — 1 derivatives vanish on the 
boundary. By repeating this integration by parts s times, we obtain finally 

(53.4) 

Ja?a3w...£ 

Substituting (53.4) into (53.3), we have 


1 I 

f3{KVg)^ 




(53.5) 


lim 
€— >0 


jp^h^^gir. 


where we have set 


(53.6) 


1_ \ d{KVg) d / d(KVg)\ ^ ^ ^ ^ 

Vy i dga0 dxy\ dgoc^iy J dx^ ...dxe\dgo^^y...Ji ' 


It is obvious because of the symmetry of the ga.$ that P=^ is symmetrical in the indices 
a and 

hTow since J and I' are both invariants, the integral in (53.6) must likewise be in- 
variant under coordinate transformations. Hence using the formula for the trans- 
formation of the components hrx$y and making use of the fact that V " gdr is invariant 
under coordinate transformations, we see that 


Now suppose that there were a point P in the domain at which one of the expree^ons 

in the brackets did not vanish for a particular pair of values of a and Then, since 
this expression is continuous, there will be a certain domain A of the point P in which 
it do^ not vanish. We may then choose our domain nS' to coincide writh A, and since the 
are arbitrary within r& we will choose to have the same sign as the bracket ex- 

pr^^ion for this pair of vaJu^ of a and jS, and to be ziero for all other values of a and 
Then the integrand is positive within rd' so that the integral cannot vanish. Hence our 
assumption that the bracket expressions could be d if ferent from zero at any point is 
false, i.e. the P^ have the tensor law of tran s formation. 

Now let us consider an infinitesimal transformation of coordinates 


(63.7) a;*'=rr»'+e2/*'(x), 

where the are analytic functions of the of subject only to the condition that they and 
their derivative up to the rth order shall vanish on the boimdary of the domain 
Ftom (0-7) we see that the components of the fundamental tensor must transform by 
the equations 

[8SS^4-£ (s; S' 


(53.8) 


gug {x) = gag(x) + £ {g^,^+gyg +terrQS of higher order 
= ga& i^) — €<^{x) + 


* It is here ajaarnTYtA f! that is sufficdently restricted so that (53.7) has a unique invearse in rd' and 
hcsaoe repr^ents a traiisformation of the coordinates of the domain /t!?' (see § 1). 
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If we cany out on. the integral I the transformation of coordinates (53.7), we have 

I=iRV§d^ 

By differentiating (53-8) s times with respect to x^^ then differentiating 

with respect to e, and evaluating at € = 0 , it can easily be seen that 


=?Wlr-e--P6 

e==o \ 


V 


de 


\ __ 


/ \ 

- P I Ay ... 5 — • . . — i A 


0 * 2 /^ 


where P ( ) represents the sum of all terms obtainable from the one in parenthesis by 

taking for the indict on the derivative appearing in the term all possible combinations 
of the indices y, Also 

rdK\ r BE \ ^ BK 

\dgxp\y.^.€/c==0 dyix^ly.,.€ 


Since 1=^1, we have 


lim ( 
€-^0 > 


Hence 

(53.9) 

N^ow the integral 

(53.10) 


/i 


/'fg-g, , 3 k 


/a,. 


0 ir 


0a;^ 0xV 


— ^ )j-V^dr=0. 


fdx^' 


(KVgy^)dT 

vanishes because of our assumption that 2 /*'= 0 on the boundary of In expanding 

this integral we shall make use of the identity 

which can be proved as follows. We have 

gtogg _ 


Hence 

and 




di/^ Btt^ 

Multiplying thme two latter equations by and ^ 5 ^? respectively, and adding the 

residting equations give us (53.11). By expanding (53,10) and ma k i n g use of (53.11) 
we get the eqixation 

rr BK > BK 

“i L%1X^ ^ ''_dga^iy„.€ 

-dVg dg^ 


(53.12) 0=j 


dx^ 






By subtracting (53,12) from (53.9) and substituting the value of from (53.8), we 
obtain the equation 
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or, since is not a function of the derivatives of gx^f we have 

where hx^ now represents the expression 


dx^ 


yK 


dy^ 


dyk 




Hence by carrying out as before an integration by parts, we have 

JP^7ia^-s/5‘ir=0, 

where is the tensor introduced previously. 

If we set g^yP^ = Py » 

we have ^ y>- + 2Pi 


=VgP=^ ^ ^al? (v'flry^Pf) - 2y>^ ^ (VgPi). 
Hence by carr^dng out an integration by parts w© have 
(53.13) V^Mv=0. 

By making use of the symmetry of the P^, the identities (13.15) and 

the integrand in (53.13) becomes 

Vgg^{pt rr,-pf r5p-2|= 

Hence / Pf ^ gdr = 0, 

and by an argument similar to that used previously we conclude that 

^1^ = 0 

throughout the domain n^. Since the first covariant derivative of vanishes iden- 
tically we may also write 

i.e. the tensor P whose components are defined by (63.6) in the domain n9', is such that its 
divergence vanishes identicaUyill). 

If we take K = P, 

where the are the components of the curvature tensor, it follows from (53.6) that 

i^ = P|-i3«P; 

hence as a special ca^ of the result of this section we have that the divergence of the 
to^or P vanish^ identically as proved in § 52. 


54. NuMBEBS of AbGEBBAICALLX IKDEPBNBEKT COMPONENTS 
OF CERTAIN SPATIAL INVARIANTS 

Sinoe tli© ideniiti^ (41.1) and (41.2) oonstitute a complete set, it follows tliat 
tLe enumeration of the independent oomponente of any normal tensor A 
from (41.1) and (41.2) will yield the total number of algebraicaUy inde- 
pendent <x>mponente of the normal tensor A. Let A (n,p) stand for the 
nmnb^ of algebraically independent components with p-h2 snb- 
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scripts p, y, S, ...» ex. Then if jS^ denotes the number of combinations 
with repetitions of things taken A at a time, we shall have 
(54.1) A (7i,p) = n[X (n, 2) X (n,p) - X (n,p + 2)], 


where 

(54.2) 




J^(^,0) = 1. 


Similarly we have in consequence of (41.10) and (41.11) that the number of 
algebraically independent components where the number of sub- 

scripts a, p, y, S is p 4- 2, is given by 

(54.3) 0(n,p)==-X{n,2)X(n,p) — nX{n,p+l) (p^l); 

it should be observed that (T(?t, 1) = 0 corresponding to the fact that all 
components y vanish identically; also G (n, 0) = X {n, 2) gives the number 
of independent components on account of (40.1). For the number of 
algebraically independent components where the number of sub- 

scripts h, m is p 1, we have 

(54.4) H (n,p) — n^X (n,p)~nX (n,p+ 1) (p^l), 
in consequence of (42.1) and (42.2). 

Using the substitution (54.2), the formulae (54.1), (54.3) and (54.4) can 
be given the forms 


1 (n-hp 


■ 1)1 WP 


2)! (P + 2)! 

^\-V: (”+P-l)! (p-1) 

G'(n,p)-2. (^_2)! -(^p + l)! 


H («,p) = 


{n-\-p— l)\np 
(n— 2)i(p-4 1)1 


[(% + 2)(p-4-l)-h2?i] (p^l), 

ip^l). 


Since the components A^y^^ ^ are expressible in terms of the components 
(43.1) and the components A^y§^ are expressible in terms of the 
components A^^^ by (43.6), it follows that the number of independent com- 
ponents A^^^ is equal to the number of independent components A^^^ of 
the normal tensor A, More generally, consider the two sets of components 

(I) 

(II) A*^; 

which are connected by the formnlae (43.7) and (43.9). Let us suppose that 
all dependent quantities have been eliminated from the equations (43.7) and 
(43.9) so that the«e equations express relations between the independent 
quantifes of the two &&bs. Suppose that Ihe number of independent com- 
ponente of the s»t (I) were greater than ihe number of independent com- 
ponents of tbe set (H). Then a certain number of the equations (43.9), less 
Mian, the total number of these equations, can be solved for the independent 
eomponents of the set (H). Wheu th^^ latter relations are used to eliminate 
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the quantities of the set (II) from the remaining equations (43,9) we obtain 
relations between certain of the independent quantities of the set (I), which 
is contrary to the hypothesis that these quantities are independent- In a 
sinnlar manner the number of independent quantities of the set (II) can 
not be greater than that of the set (I). Hence the number of independent 
components of the sets (I) and (II) are equal. It follows immediately by a 
recurrence consideration that the number of independent components of 
corresponding tensors in the sets (I) and (II) are equal, i.e. the number 
of independent components wi'tb. p subscripts S, €, o* is equal 

to the number of independent components ^ and is therefore given 

by A (n,p). 

In a similar manner it follows that the numbers of independent com- 
ponents ys. c ... CT with p subscripts in the set y, S, €, . . . , a, and ^ with 
p subscripts in the set k,l, m, are given by G {n,p) and H (n,p), respec- 
tively. It is evident that the numbers of independent components of many 
other invariants can be found in an analogous manner. 

IJse of the above formulae for A (n, p) and G {n,p) enables us to prove immediately 
that for n = 2, the equations (46.5) must be satisfied identically in consequence of the 
functional relations (41.7); sinoilarly we can prove that for (46.10) is satisfied 

identically in consequence of the functional relations (41,14) and (41.15). First con- 
sider the functions (y) with reference to normal coordinates y®, and suppose that 
they satisfy the complete set of identities (41.7). The number A (2, 1), which is equal 
to 4, gives the number of independent components Now if (41.7) gave all the 

conditions on the functions A’^^ (t/), the number of independent components ^ , g. 
for r subscripts e, <r would be 4jK (2, r) or 4(r-f 1); but actually the number of in- 
dependent quantities is given by A(2,r-hl)» which is equal to 4(r-i-I). 

Hence it follows that the equations (46.5) cannot produce additional conditions on the 
quantities over those which result from (41.7) by extension. An analogous 

consideration applies to the components (t/) in two variables. Her© the number 

of independent components ga^^ys is <?(2,2) or 1. Then, since K{2,r) and (?(2, r-^2) 
each have the value it follows that (41.14) and (41.15) give all the functional 

conditions on the components g^^ {y); the conditions (46.10) for n — 2 must therefor© 

be satisfied identically in consequence of (41.14) and (41.15) and the conditions 
obtainable from them by extension. We thus atnive at the following 

Theokem. For n = 2, the fundions A^^(y}, each of which is atudytic in the neigh- 
bourhood of ihs vcdum = 0, unM be the (^miponerds of an ajfine normal tensor in a system 
of normal coordinaies if, and only if, the fundions A^ {y) satisfy (41.7). Similarly, for 
» = 2, tile functions ys {y)> each of whidi is anodytic in the neighbourhood of the values 
y^ = 0, tmU be tiie (xmiporyertls of a metric normal tensor in normal coordinates if, and only 
if, the functions satisfy (41.14) and (41,15). 

With tbe exception of the case n = the equations (46.5) and (46.10) 
furnish additional conditions over those which result by extension from the 
complete sets of identiti^ of the components A’^ and j r^p^tiveiy. 

The determination of the exact arbitrarin^s of the functions A^^ (n) or 
yS (^) ^ finite form for n^3 will be made in Chapter X on the basis of the 
numbers A {n,p) and G {n,p). For this purpose we must, however, derive a 
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new form for the expressions A (n,p) and G {n, p) which we shall now proceed 
to consider. 

Observing that 

( 54 . 5 ) A(n,p-i-r)=^ nK (n, 2) ^ (w-, p -h r) — nK {n,p + r + 2), 

(54.6) G {n,p + t) = K {n-{-2) K {n,p r) — nK {n,p-\-T-\-l), 

let us now determine numbers and depending only on n and p, such 
that the above expressions for A (n^p-hr) and G (n,p-hr) can be written 

n—l 

(54.7) A (n,p’{-r)=^ S A^K (n — £,r), 

1=0 

(54.8) G(n,p-j-r)=^ S B^K (n — i,r), 

for all integer values r. To derive (54.7) and (54.8) we make use of the formula 
K{n,p)=^K(n,p-l) + Kin-l,p), 
by repeated application of which we have 

K {fij r -f- 1) = K {n^ ?*)-{- K {n — ljr)-4-..,+ K (2, r) + 1, 
or 

(54.9) K{n,T-^l)= S K {n — %r):= S K((x,,r). 

i—O cc—1 

n—l 

Hence K (n,p-^r)= 'E K {n‘-<x.,p + r—l) 

QC=0 

n—l n—rx—1 

— S S K {n—’a — p-hr — 2) 

a=0 ^=0 

n—l n— a— ...— Tf—l 

== S ... S K {n — ix — —T] — €,r), 

a=0 €=0 

where the indices a, 77 , e arep in number. Each of the indices a, 

775 e can take on values 0 , 1 , ,.,,72.-1, subject to the condition that the sum 
a-t fi-h ... +rj-h€ has a value between zero and 7 ^ — 1 inclusive. The number 
of tim^ that the sum a 4 -^+ ... 4-77 4 -c takes on the valuei ( = 0 , 1 , 1 ) » 

is equal to the number of permutations with repetitions of the numbers 
0 , 1 , . , f takenp at a time such that the sum of the numbers in any permuta- 
tion is equal to f ; let us denote the number of times that the sum 

a-f-jS-h ... 4-77-1-c 

tak^ on the value t ( = 0 , 1 , 1 ) by (^ 4 - l,p— 1 ). More generally 

jS (g 4 - l,r — 1 ) will denote the munber of permutations with repetitions of 
0 , 1 , . - . , t takOTL r at a time such that the sum of the numbers in any permuta- 
tion is equal to ^ ^ t). How observe that (g 4 - 1 , r — 1 ) is equal also to the 
number of permutations with repetitions of 0 , 1 , i taken r — 1 at a time 
such that the sum of the numbers in any permutation is ^ g for q ^ t; this is 
men immediately on account of the fact that from any permutation of this 
latter type one of the type which go to make up the sum ^(g 4 -l,r— 1 ) can 
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be obtained by the addition of one of the numbers 0, 1, . . . , and the fact that 
in this way all permutations which make up the sum 1, r — 1) can te 

constructed. Hence 

a=l 

for q S Using this formula as a recurrence formula, we have 


(54.10) l,p--l) = V I ... S SiiL.l), 

where the number of indices a, /tx, is p — 2. But from (54.9) an exactly 

similar expression can be obtained for ^(i4-l,p--l)in which the S (p, 1) in 

(54.10) is replaced by K (p, 1). Since S' (p, 1) and X (p, 1) are each equal to p, 
it follows that /S (i 4- l,p ~ 1) is equal tojS;’(i4-l,p— 1). The above expre^ion 
for (7^,p 4- r) can therefore be written 

(54.11) K (7i,p-{-r)= S K(i+l,p—l)K 

Substituting this expression for K {n,p + r) and a similar expression for 
K {n,p + r + 2) into (54.5) we obtain (54.7), where 

(54.12) Ai = nJS:{7i,2)K{i^l,p-^l)-nK{i+l,p-hl). 

Similarly by making a substitution of the type (54.11) into (54.6) we deduce 
(54.8), where 

(54.13) Bi = K {n, 2) K {i + 1, p — 1) — nK (i + l,p). 


Let us also observe that 


(54.14) 

A{n,p)= S Ai 

i^O 

n~l 

(54.15) 

G(n,p)= S B, 


These equations follow from (54.12) and (54.13) when use is made of (54.9). 
They may be considered as a special case of (54.7) and (54.8) for r = 0. 

In our later work in Chapter X we shall only need (54.7) for p = 1 and 
(54.8) for p = 2, i.e. 

(54.16) Ain,l-hr)^ S AiKin~i,r), 

i=.o 

(54.17) G(?i,2-tr)= S B^K (n — i,r), 

i=0 

for which cas^ we have the special formulae 

(54.18) Ai = nK{n,2)-nK(i4-l,2) (p=l), 

(54. 19) B^^K{n,2)K{i+lA)-nK(i+l,2) (p = 2). 

It is to be noted that = 0 and B^_^ == 0 is a consequence of th^e latter 
formulae (12). 
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CHAPTER TO 


ABSOLUTE SCALAR DIFFERENTIAL 
INVARIANTS AND PARAMETERS 

l:s & space of distant parallelism absolute scalar differential invariants can 
readily be constructed by the process of extension developed in Chapter V. 
An analogous method for the construction of scalar differential invariants is 
not, however, possible in the general affinely connected space nor in the 
metric, conformal, projective and Weyl spaces. Now the scalar differential 
invariants of these generalized spaces can be considered to be defined by 
means of complete systems of linear partial differential equations. In the 
present chapter such systems of equations are found and used to determine 
the numbers of absolute scalar differential invariants and parameters of any 
order p. We have, however, limited our considerations to the case of the 
invariants and parameters of the metric space and the aflSnely connected 
space of symmetric affLne connection;"*' it is evident that we can develop a 
closely analogous treatment of the differential invariants and parameters 
of other generalized spaces. 

The determination of the systems of differential equations which define 
the scalar differential invariants and parameters has its basis in the theory 
of continuous groups. In the beginning of this chapter we have given in small 
print that portion of group theory which has application to the problem of 
the scalar differential invariants and parameters (i); we have then extended 
th^e considerations on groups in order to include the substance, at least, of 
the recent theory of the group space of an r-parameter continuous group {2). 

55. Absteact gboups 

Consider a class of al^tract objects, finite or infinite in number, and a law of combina- 
tion of any two objects of the cl^s which we will call the product of the objects. The 
atetract objects of the class will be referred to as its dements. We denote any element 
of the class by the symbol and the product of two elements and by 

The cla^ of objects will be said to form an abstract group with respect to the law of 
combination in question if the following four conditions are satisfied, f 

A. If Ta and wre dements of the class, then T& is uniquely defined and is an 
dement of die doss. 

B. The assodative km holds, thus 

i.e, dm dmmnt which is dm product of dm dements T^ and is the same as the ehment 

odtoifi«i as the product of dm eleme$Us and . 

* It is therefore to he understood that we are dealing with an affinely connected space of Um 
type without «pecial m«nfik» of this fact thronghont the remainder of this chapter. 

f C«idiiaons C and I) can, in fact, be replaced by and TZ'^Ta—I respectively, since 

the relafions T^I — Tm and =I can then be dedncwi. 
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C. There is in the class an element 1 called the identity such that 

ITa^T^I^Ta 

for every element Ta~ 

D. Far any element of the class there is an element such thad, 

Tf'^Ta=T^T-^ = I. 

A very simple example of a group is firmished by the two numbers —1,4-1 where the 
law of combination is that of algebraic multiplication. It is readily verified that Con- 
dition A is satisfied; likewise Condition B is satisfied as this condition becomes identical 
with the ordinary associative law of multiplication. Condition C is evidently satisfied 
by taking -f 1 as the identity J. Finally Condition D holds when the following identi- 
fication 

5r.= r-'=-i, n=rr^= + i 

is made. An abstract group containing a finite number of elements, such as the one in 
this example, is called a finite group. 

As an example of a group containing an infinite nmnber of elements we have the 
set of all continuous coordinate transformations 

<55. 1 ) Ta : =/=' {x\ . . - , 

of a definite space region Ji. In fact consider the successive application of a particular 
transformation and another transformation of the set 

and let us defiboe the product as the resultant of these two transformations, i.e. 

Ta Ta : ^ i4>^ (®), . * . , (5)) = . . . , ; 

here it is to be noticed that we write T^, Ta as indicative of the fact that the transforma- 
tion T a is first applied and that this is followed by the transformation . We have now 

satisfied the above Condition A. If we understand that a particular transformation 

(55.1) and 

(55.2) y“=/“(2/h...,2/”) 

represent the same coordinate transformation we see immediately that Condition 
B is likewise satisfied. Evidently Condition C is satisfied by taking I as the identical 
transformation: Now we observed in § 1 that the inverse of any transformation 

Ta necessarily exists and hence belongs to the set of all coordinate transformations of 
the region Identifjdng this inverse with the element T~^ it is seen immediately 
that Condition D also holds. Hence the set of all transformations of a region 0^ constitutes 
a group. An atetract group of this character is called an infinite continuous group. 

Among the set of all continuous transformations of the coordinates of a region 0^ we 
have the group of aB continuous transformations possessing derivatives of orders 1 
to p inclusive, and still more particularly the group of all analytic transformations of 
the coordinates of a region M. 

A group g is said to be a sub-group of a group @ if ( 1 ) the elements of g are contained 
a m ong the elements of @ and (2) the elements of g do not comprise the totality of 
elements of Thus the group of all analytie transformations of the coordinates of 
a region ^ is a sub-group of the group of all continuous transformations of the co- 
ordinate of Hiis r^ion. 


56. EiKITE COISTTIKTJOTJS OB.OITPS 

An ahetracst group is said to finite and conUnttous of order r if its elements generate 
a space of r ( ^ 1) dimensSons, i.e. csm be represented as the points of an r-dimensional 
spae (see § 1); this spaee will be refiescred to in the foBowing as the group space tZ. It is 
to be assum^ moreover that if two infinite sequence of elem^ts Tg^ and tend 
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respectively toward Tg and Tj,, that the infinite sequence of elements tends 

toward T^T^; also that if tends toward /, T~J^ tends toward J. If is a neighbour- 

hood of the group space tT containing the identity element I in its interior, the set of 
elements obtained as the product of Tg and the elements of Vq can be considered 

as Bnother neighbourhood containing the element in its interior; a similar remark 
can be made regarding the set of elements . 

We say that a finite and continuous abstract group is a Lie group if in a suflSciently 
small neighbourhood Fq of the group space Cl, containing the identity element J, we 
can find a system of coordinates or parameters such that the parameters c* of 

the element 7^= can be expressed in the form (a, 6), where the functions 

admit continuous first and second derivatives. If the elements of a Lie group 
represent point transformations in an n -dimensional space T', these transformations 
can be defined by equations of the form 
156.1} a\...,aO 

provided that the parameters are the coordinates of points lying in the above neigh- 
bourhood Fq. More precisely we can say that if a^, are 

the coordinates of a point of and the x\ aj" are the 
coordinates of points JP of an w -dimensional region con- 
tained in the region of T' covered by the coordinate system, 

the points JP of will be transformed by (56.1) into points 
P lying in the region (see Eig- 8 ). In fact it is evident that 
by suitably restricting the neighbourhood F^, the r^ultant 
of any^? 2 ifc number of transformations (56.1), in which the 
parameters a^, are coordinates of points of Fq, will not 

carry the points of 9?* outside of Fig. 8 . 

A special case of a Lie group of point transformations occurs when all the trans- 
formations of the group can be represented by (56.1); then the region includes the 
entire space and the above relations c“= 9 ^“ (a, 6 ) apply to the entire group space Cl. 
Many important groups of point transformations are included imder this special ease. 
We shall in fact be concerned with transformation groups of this character in the 
applications of group theory to the discussion of scalar differential invariants and 
parameters in the present chapter; it will therefore be assumed in the following that 
the group imder consideration can be represented completely by equations of the 
form (56.1). 

The resultant of a particular trar^ormation (56.1) and a second transformation of 
this set, namely 

(56.2) 

where the 5® are coordinates of a point of the group space (Z, will be repr^ented by 

(56.3) ^=f^if^x,a), ...,f^ix,a); b\ ..., 6 ^); 

this latter transformation must likewise transform any point P of the space ^ into 
a point P of this space. 

shall suppc«e that the /“ in (56.1) are analytic functions of the variable 
xP-, - . . , as", a^, . . . , a** when the xP are coordinate of points of the space ^ and the are 
coordinate of points of the group space (Z. As further conditions on these functions 
sufiScient to insure that the equations (56.1) will define a Lie group of transformations 
of the space we impede the following a^umptions. 

(a) The fum^ions /* in (56.3) arc such that 

(56.4) /« (/I (as, a),,.., /"(os, a); iP, cL...,cn, 

wh&re the valum c^, ...» c** are uniquely determined and ore the coordimMes of a pednt C 
contained in the group space CZ. Hence if we denote any transformatiem (56.1) by the 
symbol and if we denote the resultant transformation (56.3) of (56.1) and (56.2) by 
Bs in* the illustration of § 55, we see that the Conditions A and B of ibis latter 
TOction are satisfied. 
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(5) The traiisformaiion inverse to any transformation (56.1) exists and belongs to the 
set^ i.e. this transformation is of the form 

(56.5) 

where the values , a*" are the coordinates of a point A contained in the group space 

a. It follows from assumptions (a) and (6) that the identity transformation ^ = 
exists and belongs to the set (56.1), i.e. that there exists a point Aq in the group space 
tT with coordinates aj, uj such that 

(56.6) aJ,...,o;)=a?'. 


Identifying the element I with the identity transformation. Condition C of § 55 is 
satisfied. Finally when we take the element as the above transformation (56.5) 
we deduce the x-alidity of the last Group Condition B- 

We can likewise deduce from the above assumption (6) that the functional deter- 


minant 

(56.7) 
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for any points P and A in the spaces T and fZ, respectively- From (56.1) and (56-5) we 
have the identity 

\dx^ [ lax’-;'" ’ 

hence if one of the determinants in tliis identity were equal to zero, the other would 
become infinite contrary- to the hypothesis of the analytic character of the functions/®. 


57. Essential parameters 

Suppose that the number of parameters in the set of transformations (56.1) can be 
decreased, i.e. that there exists r — 1 functions A\ ...» A^-^ of the variables a\ 
such that the n equations 

(57.1) /«(xL...,x«; ah...,a’') = P«(a;L...,x«; Ah...,A»-i) 

hold for all values of the variable af- and o^. Since the matrix 

dA^ dA^ 

da^ Bar 


dA^-^ dA^-^ 

da^ da^ 


is at most of rank r — 1, it follows that there exists r functions 

variables a^, not all of which are identically zero, such that the functions A* (a) are 
given as solutions of the differential equations* 


(57.2) 


0O* 


0. 


The above functions JP* must then also satisfy the equations (57.2) as well as the 
functions/® whose equality with the functions P® is expressed by (57,1). 

Conversely, suppose that the functions /® satisfy a system of the form (57.2); then 
the /* can be expre^ed as functions of the variables x\ ..., x** and r — 1 functions 
A^“^ which are given as solutions of (57.2), i.e. an identity of the form (57.1) is 
satisfied. 

If it is not pc^ifole to deer^se the number of the parameters in the functions/®, 
i.e- if an identityr of the form (57.1) does not exist, we say that the parameters of are 
essoniud^. The following theorem can now be stated. 

* Hereafter the aummatiou sign will be omitted for indices which take on the values 1, r as 

well as for those which take on the valu^ 1, n, in accordance with the usual convention- 
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Theorem. A necessary mid stifficieni condition that the r parameters aP in the functions 
in the set of transformations (56.1) be essential is that the f^ do not satisft/ a system of 
equations of the form (57.2). 

It will be supposed in the following that the parameters a^, ..., in the group 
represented by (56. 1 ) are essential ; the group ( 56. 1 ) is then called an r -parameter group. 


5S. The parameter groups 

Since the quantities occurring in (56.4) are uniquely determined by hypothesis, we 
must have a definite relation 

(58.1) 

where the variables and are the coordinates of arbitrary points lying in the space 
tZi evidently these functions are analytic in the variables and in consequence 
of the analyticity of the functions/* in the transformation group (56.1). By the as- 
sumption (a) of § 56 the parameters c* are also the coordinates of a point of the space tZ. 
Hence if we regard the 5^ in (58.1) as a set of parameters, analogous to the parameters 
aP in (56.1), the equations (58.1) will define an analj-d^ic point transformation of the 
space (Z into itself. We shall now show that this set of point transformations (58.1) 
constitutes a group in the sense of § 55. 

Let us first obseiv'e that for the values b^ = a§ of the parameters in (58.1) we have 
from (56.4) and (56.5) that 

/* (fix, a), Uo) =f^ix, a) =/* (ar, c). 

Hence and equations (58.1) become 

(55.2) c«= (a, Uo) = a®. 

Similarly if = a® in (56.4) we have 

/* (/(^, «o). &) =/* i>) =/* c), 

i.e. cP = l^ so that (58.1) gives 

(58.3) c«=:^*(ao,&) = ^- 

We have T^=Tj,T^ 

as representative of the transformations of the group (56.1) from which the equations 
(58-1) were derived. Consider also the transformations 

(58.4) T, = Tf) = (T^ T,) 

where 

(58.5) Tr=T^T^. 

Thm we see firom (58.4) that 

(58.6) 

(58.7) ^=^*(a,r), 
and fix>m (58.5) that 

(58.8) r* = ^*(6,p)- 

In other words the resultant of the transformations (58.1) and (58.6) is the transforma- 
tion (58.7) in which the parameters are given by (58.8), i.e. the resultant of th^» 
two transformations belongs to the set (58.1). 

To show that the transformation inverse to any transformation (58.1) exists and 
alM> belongs to this set, consider the transformation 

which define as a trajocsforniation of the set (56. 1). This giv^ the parameter relation 

(58.9) a* = ^«(c,a) 

as the invert of the transformation (58.1); heaao© this inverse tranysformation belongs 
to the set (58.1). 
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Finally -we see that the existence of the identical transformation (58.2) when com- 
bined with the above results shows that the complete set of group requirements 
A, D of § 55 are satisfied by the set of transfoimations (58.1). Moreover on account 
of the identities (58.3), it is e\fident that the parameters in (58-1) are essential, i.e. 
that the number of these parameter cannot be decreased by means of identities of the 
form (57.1). BCence the set oj tranetformations (58.1) consideTed as poird transformcUions 
a-->c with the parameters constitute an r~parameter group, the identity transformation 
far this group being given by the values a§ which also yield the identity transforrmztion of 
the original group (56.1). 

It can be shown in a similar manner that the set of point transformations (58.1) in 
which the aP are regarded as the parameters likewise constitutes an r-parameter group 
for which the identity transformation is given by the values = a§ of the parameters; 
this group likewise dejSnes an analytic point transformation of the space tZ upon 
itself. We shall accordingly refer to the group (58.1) with the 6^ as parameters as the 
^rst parameter group, and to the group (58.1) for which the a^ are taken to be the 
parameters as the second parameter group. 

Corresponding to the condition (56.7) we can now deduce the fact that the functional 
determinants 


(58.10) 


3a ^ : • .db» \ 


for the coordinates aP and hP of any two points A and B of the space (Z. 


59. Eundamektal dieferektial equations of 

AN r-FARAMETEB GROUP 


Let us write the equations (56.4) in the form 

(59. 1 ) ^ =/« {X, h) =/“ {X, c), 

and observe that these equations involve the quantities 6“, c® as well as the 

a® since the functions ^ depend on these latter parameters. Since the transformation 

(58.1) of the second parameter group can be written in the inverse form 

(59.2) b^=^{d,c), 

where the parameters depend on the aP alone, we can consider the xf^, a®, as a set 
of indej^ndent variables and the 6® as functions of these variables. Then, 

differentiating the above eqixations (59.1) with respect to the independent variables 
we have 

dx^ daP'^db^ daP~~^' 


Multiplying th^te latter equations through by dx^fd^ and suixuning on the index a, we 
obtain a set of equations of the form 

daP~ 


Suppose that we now put 6^ equal to the constants aj which give the identity trans- 
farxna;{3on of the group (56.1). Then the first set of derivatives in the right 

members of (59.3) will be equal to the corresponding Klronecker and the second set 
of deirivatavee will depend only on the as is seen directly from (59.1); also it 

follows direcstly firom (59.2) that the last set of derivatives db^/daP will depend on the 
variabl*^ aP alone. 

Hence, if we put 


(59.4) 
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the above equations (59.3) assume the form 

(59.5) 

where the .4* and are analytic functions of the coordinates and x* of arbitrary 
points A and JP of the spaces (Z and 7", respect iv’ely. The above equations (59.5) are of 
great importance in the study of the transformation group (56.1) and will conse- 
quently be caBed the fundametUnl dijferentiaZ equations of the group (56.1). 

The determinant 

(59.6) 1^1 (a) 1^0 

for Idle coordinates of any point A of the space Ct. To see this let us observe that if we 

differentiate (58.1) with respect to the independent variables we have 


and that these equations give, when multiplied by the derivatives 36*^/3c* obtained 
from the relations (59.2) inverse to (58.1), the set of equations 


(59.7) 


dh^_ 

dafi~ dc^ 


The above condition (59.6) is a direct consequence of the equations (59.7) and the two 
conditions (58.10). Hence a set of quantities Af (a) are uniquely defined by the 
relations 

where it is to be observed that these latter quantities A§ (a) are distinguished from the 
quantities A^ by the use of Latin and Greek indices as in § 6. Multiplying the equations 
(59.5) by Af and summing on the index j8, these equations can therefore be solved so 
as to obtain 

(59.8) |f(S)=^?(o)^. 


If (56-1) represents an r-parameter group, then no set of constants e**, not cdl of 

which are zero, can be found such that the n linear hoTTiogeneous relations 

(59.9) e*’g{x) = 0 


are satisfied identically in dhe coordinates To see this, we observe that if we could find 
a set of identiti^ (59,9) we would have from (59.8) that 


(a) 


da^ 


= 0 , 


i.e. a set of relations of the form (57.2) would exist contrary to the hypothesis that the 
parameters a« in (56.1) are ^sential. 

Mre can easily deduce the equations corresponding to (59.5) for the first and second 
parameter grouj^ (58.1). Thus from the two set® of equations (59.1) we have 

(59.10) ^ 


(59.11) 




(c)^(J) 


in eonsequesnce of (59-5). Xow multiply ib© equations (59.11) by the derivaiaves 
obtain^ by diffOTentiation of (59-1) in which the are held fixed. This gives 


ay 3cy_ag°^ 


=A‘(c)£^(S) 


dc^ 

db^' 


S 0 O.CG from these latter equations and (59.10) we have 

[.A*(6)-^‘(c)^]^?(a) = 0; 
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and this set of equations j.'ields 

(59.12) |g=.4|(6).4*(c), 

since otherwise we would have a set of equations of the form (59.9). 

In a corresponding manner we now consider the two sets of transformation equations 
x=^=/^(x,d), :r«=/*{J,6), 

which are the inverses of (56.1) and (56.2) respectively. Then 

(59.13) =:/^ (X, d) =/“ (/ (x, 6), d ) (£, c), 

where _ 

(59.14) c^=4'=^(b,d). 

Hence 

(59.15) (:r), 

(59.16) ^=-4*(c)^^(ar) 

from (59.5) and (59.13). Multiphdng (59.16) by the derivatives dc^jdd^ obtained by 
differentiation of (59.14), and then taking account of (59.15), we obtain a set of 
equations which can be reduced to the form 

(59.17) °^ = A*(a)A%(c), 

where the bars over the letters have been omitted. 

The equations (59.12) and (59.17) are the fundamental differe^itial equations for the 
first and secmid parameter groups respectively . 


60. TRAXSFORMATIOJiT THEORY CONXECTEB WITH 
THE FTTXDAMEXTAL D lEEEREXTI AL EQUATIONS 


Suppose that *A|(a) and (a;) is any other admissible set of the corresponding 
quantities in (59.5) so that we can write 

g = *^‘(a)*f?(x). 

Then 


( 60 . 1 ) *Al{a)*ff,(S)=A%^a)^{S:•), 

and these equations must hold identically in the variables and Multiplying 
(60.1) by *Af 3 these equations assume the form 
(^0.2) = 
where 


(60.3) m*=*A|(a) A^(a). 

If we differentiate (60.2) with respect to the independent variables we obtain 

dmt 






hence the derivatives dm^jda^ must vanish, since otherwise a relation of the form (59.9) 
would result, i.e. the quantities mj. are cxmMants. 

From the equations (60.3) we have 
(60.4) A% = w* . 

Taking the determinants of both members of these equations, we see in consequence 
of a condition of the form (59.6) that the determinant | j cannot be equal to zero. 
Hence we can define constants mj. so as to satisfy the equations 
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and the equations (60.4) can therefore be put into the form 

(60.5) 

it also follows readily from (60.4) that the equations 

(60.6) = 

give the transformation of the quantities Af . We can now state the following 

Theobem. If the equations (59.5) are the futidafnentul differential equations of an 
r-parameter group, the quantities and A% in these equatioiis are determined at most to 
unthin a transformation (60.2) ayid (60.5), in which the m\. are arbitrary constants subject 
to the condition that the determinant I ni\ j is not equal to zero. 


61. Equitaleistt T-PAEAMETER groups 


Consider an r-parameter group 

( 61 . 1 ) bh...,bn, 

with spaces T'* and corresponding to the spaces T' and tZ, respectively, of the 
transformation group (56.1); thus (61.1) transforms the space 'T'* into itself and the 
functions are anal37tic fimctions of the coordinates and of arbitrary points of 
the spaces iT* and respectively. Suppose that the set of analytic relations 

(61.2) i/=^ = ^(xh...,a:«) 

establishes a one to one reciprocal correspondence between the points of the space 0^* 
and the space ‘T' of coordinates or*; let us suppose that a similar correspondence is 
defined by the relations 

(61.3) 5* = a>»(aS. 

between the points of the space tZ* and points of the space tZ. By this hypothesis the 
inverses of (61.2) and (61.3) exist, and will be represented by the equations 

( 6 1 . 4 ) = (y\ 

and 

(61.5) a^=a^{b\...ybn, 

respectively- Hence the group (61.1) determine a point transformation of the space 
iT" upon itself- In fact we have 

(61.6) Q^=z^^(y} = ^^{J^{y,b)) = W^{F{js (x), CO {a))) {x\ . . . , x« ; a\ . . . , a% 

where the a\ are the coordinates of an arbitrary point A of the space tZ. 

The above transformations, i.e. 

(61.7) ai,...,a0, 

constitute a group. Let us first observe that the ftmctions /® in these equations are 
anal 3 rtic whenever the x® and a® are coordinate of points in the space and €Z^ 
repectively. Moreover the parameters in the fimctions /“ are essential. If this 
were not the case we would have a set of relations of the form 

x"(a)^=0. 


in which all of the ^ did not vanish, and this would lead to the relations 


where not all of the above expr^sdons in brackets would vanish; but this is wntrary 
to the h 3 ?poth^is that the parameters 5® in (61.1) are ^sential (see § 57). To show that 
the rMultant of the transformations (61-7) and 
(61.8) S“=/“ p\....p') 
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belongs to the set (61.7), where thejp^ are the coordinates of a point of the space dZ, we 
consider tlie transformation 

W^=F^{g,c), cF=<o^ip), 

Thus we have 

(61.9) ^ (f ) = (E (y, c)) =/« {x,p) 

= (E (jP (2/, 6), c)) = (F (2/, d)) =:f^ {X, g), 

where the g® are the coordinates of a point of the space dZ; that is, the transformation 

which belongs to the set (61 .7), is the resultant of the transformations (61 .7) and (61.8). 
Also the identity transformation belongs to the set (61.7); in fact if 5* are the values 
of the parameters which give the identity transformation (61.1), we have from (61.6) 
that 

^ (F (y, 6o» = (y) = ^ (^ (^)) = ^^ 

that is 

al a^) = 3f^. 

where the aj are the values of the parameters which correspond by (61.5) to the 
values Bq. Finally, the transformation inverse to any transformation (61.7) exists and 
belongs to the set (61.7). To show this we have merely to consider the transformation 

2 /® = i^( 2 ?» e), 

inverse to the transformation (61.1), and to observe that 

x=^=^(F{g,e))=f^(x,r) 

gives the transformation inverse to (61.7). Hence, the transforrnations (61.7) are an 
r •‘parameter group of traneformatwna of the space ^ inMi itself, the parameters a“ being 
the coordinates of any point A of the space dZ, 

Definition. If the correspondences (61.2) and (61.3) can be chosen so that the relations 
f^(x\...,x^; a^, ...,a^)=f^{x\ .,,,x^; a^,...,a‘^) 
are satisfied identically in the variables and oF, the r-parameter groups (66.1) and (61.1) 

are said to be equivalent. 


When the group ( 6 1 , 1 ) is equivalent to the group (56.1) and the above correspondences 
(61-2) and (61,3) are known, the fundamental differential equations of the group (61-1) 
can readily be derived from the fundamental differential equations (59.5) of the group 


(56.1). We have 


Bb»~dx^ da^ db^~ 


tk (^) 


dx^’ 


(61.10) |g=B^(5)jJ(y), 

where 

(61.11) B|(6)=-4j(o)g, 

(61.12) S(y) = l?(*)^: 

the equations (61.10) are then the fundamental differential equations of the group 
(61.1). 

In view of the cx>rr^pondsnoes (61.2) and (61.3) there is no loss in generality in 
identifymg the above spaces and dZ* for the group (61,1) with the spaces ^ and dZ 
for the grouqp (56.1). Then the group (61.1), if equivalent to the group (56.1), can be 
tihou^t of as <^ioved from tbe latter by the coordinate transformations (61.2) and 
(61.3) of the spao» ^ and dZ respectively. On aocoimt of the equations (61.11) and 

(61.12) we can therefor© say that quantities (x) constUtde the components of r 
co^^^rmwmmU vectors with respect to ctrbitrfwy analytic coordinate transformations (61.2) 
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of the coordinate of the space T'y anid similarly the are the components of r covariant 
vectors mith respect- to arbitrary analytic coordinate transformations (61.3) of the co- 
ordinates of the S'pace tZ. It follows that the quantities A* defined in § 59 are the com- 
ponents of r contravariant vectors of the space CZ. 

The vectors of the space T' ha\'ing the components will be referred to as the 
fundamental vectors of the r-parameter group (56.1) since these components appear in 
the fundamental differential equations (59.5) of this group. Similarly the ^’’ectors of 
the space IZ with components A^ or A* will be called the fundamental vectors of the 
parameter groups (58.1) as these components enter in an analogous manner into the 
fundamental differential equations of the parameter groups. 


63. Constants of composition^ 


( 62 . 1 ) 


Lj, 


We can readily deduce the system of equations 

■S)] 

as the conditions of integrability of the fundamental differential equations (59.5), 
where the qiiantiti^ A and i are functions of the variables a® and respectively. 
Now since the variables a® and ^ can assume arbitrary values in the spaces tZ and X, 
respectively, the equations (62.1) must be satisfied identically in these variables - 
Hence if we differentiate (62.1) -with respect to a®”, we see that the derivative of the 
bracket expression in these equations must vanish identically since otherwise we 
would have a set of relations of the form (57.2); that is we must have 

. aAi^ 

(62.2) 




where the are constants- Making the substitution (62.2) into (62.1) we then obtain 

(62-3) 

where, for simplicity, we have now omitted the bars over the coordinates The 
constants are called the constants of composition of the r-parameter group (56.1). 
Let us now define the symbols X,,/ by the identities 

in which the / denote an arbitrary analytic function of the coordinates Let us 
also put 

(X,X,)/=X, (X,/) - X, (X,/) ; 

then when we expand the right members of these latter identities, we have 

df 


<-x:,x, 


, yf ={ c . 


dx^ dx^/ dxF' 


Hence the equations (62.3) can be written 

(62.4) (X,X.)/=<^Xi/. 

Correspondingly, if we put 

where the / is now an arbitrary analytic hmotaon of the variables a*, it is ea^y seen 
that the e^jimtions 

(62.5) 

are ewquivalant to the equations (62,2). 

On account of (62.5) we mo that two parameter groups (58.1) have the same 
oonstante of compc^tion as the group (56.1). 
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It follows immediately from (62.4) that the constants of composition satisfy 
the identities 

(62.6) 

Xow the following identities 

X,)f+ {(X,X,) X,)/+ ((X,X J X,)/= 0, 

called the Jacobi identities, can be proved, for example, by direct computation; in 
consequence of these latter identities and (62.4) we immediately obtain 

(62.7) = 0 

as further conditions on the constants . 

When the components ^ of the fundamental vectors of the r-parameter group (56. 1) 
undergo the tiansformation (60.2), the constants of composition are transformed by 
the eqtiations 

this follows immediately from (60.5), (60.6) and (62.2). 


63. Group space aki> its structure 


Now we have seen that there exists in the group space (Z a set of r independent contra- 
variant vectors with components A J (a), and that these components are determined to 
within a transformation of the form (60.6) in which the coefficients m]. are arbitrary 
constants subject to the condition that their determinant is not equal to zero. Hence, 
the ffroup space (Z of an r-parameter group (56.1) is an r -dimensional space possessing the 
structure of a space of distant parallelism with the vectors of components A J assuming the 
role of the fundamental vectors. The group space (Z is, however, a space of distant paral- 
lelism of restricted type since the components Aj of the fundamental vectors must 
satisfy the set of conditions (62.2). 

The restriction on the structure of the group space (Z imposed by the conditions 
(62.2) results in an interesting property of this space which we shall now deduce. Let 
us fiist observe that the equations (6.3) and (30.11) become 

-.A'i- 




^ 

ddf ’ 


„ „ {dA\ dA\\ 

respectively; also (35.13) becomes 

Hence (62.2) is equivalent to 

(63.2) 


Making use of the conditions (63.2), the equations (48.3) reduce to 

< 63 . 3 ) 

Hence, if we draiote by the components of the curvature tensor B based on the 
componenfB , and by B^ the component® of this curvature tensor evaluated at the 
origin of a system of absolute coordumtes, we have 

B^ = ^ (hj^^ 


or 
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when use is made of (63.3 j and the identities (62.6) and (62.7). Hence 

(63.4J =i CS *4i-4‘4 . 

and 

where we have put 

(63.6) ^3,=gj;c?,.4^.4;. 

We can therefore introduce into the group space a fundamental metric tensor with 
components deiined by (03.6) pro\dded that the determinant j | formed from 
these components does not vanish at an^" point of this space. Since the determinant 
j Af ] does not vanish at any point A of the group space the condition that the 
determinant | j should not vanish at any point of the space t? is that the deter- 
minant 

( 63 - 7 ) \o’^a‘.A 

is not equal to zero. 

Now transform (63.4) to a system of absolute normal coordinates, differentiate and 
evaluate at the origin of this system. By making use of (63.2) and the identities (62.6) 
and (62.7) it can readily be deduced that the expressions, wMch are thereby obtained 
from the right members of (63.4), vanish identically. In other words the covariant 
derivative, with respect to the components , of the curvature tensor B, vanishes, 
and we therefore obtain from (63.5) that 

(63.8) = 

Hence, if the determinant (63.7) is not eqtial to zero, toe can introduce a metric into the 
group apace (Z audh that thia apace will become an Einstein space* of the special type for 
which the couariant derivative of the curvature tensor vanishes. 


64 . Ikpixitesimal teaksfobmations 

Consider the system of total differential equations 

(64.1) ^ = y * Ai { a ), 

in which the are arbitrary constants; these equations have a xmique solution (^) 
satisfying the set of initial conditions a^ = for t = 0, where the are the values of the 
parameters which give the identity transformation (56.1). In fact if we put u^=zy^t, 
the quantities aP are given by a power series in the variables which will converge for 
sufficiently small values of the u*. Thus we have 

d 4 .^ ((X ^ 

(64.2) =a^ + Af (Uq) u* + 1 A^ (a^) ■ - ""J ' - u* tt* -f . . .. 

dal 

For u* = 0, the determinant j da^/du^ 1 is equal to the determinant { A-^ (a^) | which w© 
saw in §59 to be different from zero. The transformation inverse to (64.2) therefor© 
exists and haace these equations can be r^arded as defining a transformation of the 
j»rameters within a sufficiently small do ma i n containing the point A^ of the 

group ^pace iZ which corresponds to the identity transformation (56.1). These new 
parameter will be called canonical paramMers; they are evidently analogous to the 
absolute normal coordinate of Chapter V. 

If w© multiply both members of the fundammtal differential equations (59.5) of the 

♦ Tliat is, a spwwse in wMch the ©qnatians 
are sa^yUed, where A is a constant. 

n 


TDI 
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group (56.1 ) by the correspondingmembers of (64. 1), we obtain a set of equations which 
can be written 


(64.3) 


dt "" 




■where we have put 




d/m 


in conformity with the notation of §62. Suppose, now, that (56.1) becomes 

(64.4) wL...,wO 

as the result of the substitution (64.2). Then it is evident that (64.4), in which u^-=y^ty 
must satisfy (64.3) and hence the power series expansions of the right members of 

(64.4) c€tn be obtained as the solution of (64.3) determined by the initial conditions 

= ^=: 0. We thus obtain the equations 

(64.5) + + ^(Xj.XiX,»a;“) ... 


equivalent to (64.4). 

Xow the equations (64,5) define a transformation of the group (56.1) for sufiScientiy 
small values of the variables u^. The equations (64.5) are sometimes referred to as the 
finite equations of transformation of the group; however, the equations (64.5) do not 
in general define all transformations of the group (56.1), but only those in the neigh- 
bourhood of the identity transformation. From (64.5) we derive the equations 

^ = 03® -f- (Xj.a3®) w* 

by neglecting terms of higher order in the u^. These latter transformations are called 
the infinitesimal transformations of the group although they do not in general give a 
transformation of the group (56. 1 ). Since the infinitesimal transformations and there- 
fore also the series (64.5) are determined when the symbols X*/ are known, it is cus- 
tomary to refer to the X*/ as the symbols of the infinitesimal transformations of the 
group (56-1). 

Any transfor7nation of the group (56.1) can he generated by the saceessive application of 
a finite number of transformations (64.5). Consider the transformation (56.1) deter- 
mine by a point with coordinate aj in the group space CZi join the point Aq which 
determines the identity transformation (56.6) to the point Ai by a continuoias curve <7, 
which can be done since the space iCZT is connected (see § 1). Let da® determine an 
infinitesimal displacement along C, e.g. a displacement from a point A with co- 
oidmates o® to a point B with coordinates a® 4- da®, the points A and B lying on the 
curve <7. The transformation corresponding to this displa^cement dd® will be repre- 
sented by belong to the group (56.1). But Ta+da ^ trans- 

formation in the neighbourhood of the identity and hence is determined by a set of 
parameters defined by (64.2) for suitable values of the constants y^. The transforma- 
tion can therefore be represented by (64.5). It is evident therefore that we 

can pass along the curve (7 from Aq to A^ by a finite number of displacements do®, or 
in other words that the transformation (56.1) determined by the point A^ can be 
broken up into a finite number of infinitesimal displacements (64.5).* 

The curv^es in the space ^ defined by (64.5), in which the are constants and t 
enters as a parameter, are called the p<zth curves of the group (56.1). The above r^ult 
can then be stated by saying that any transformation of the group (56.1) can be 
generated by displacements of the iK>ints of the spaoe ^ along suitable path curv^. 

* In fact if we oonld not proceed firom A® to by a finite number of displacements da®, the 
sequence of points of G determined by the displacements cZa® would have a limit point Z which 
might possibly coincide with the point Ax; but this is impossible since L could be taken as the point 
A and an associated displacement da® would then carry us to a point of C on either side of the point JD. 
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65 . Traxsitive axd intransitive groups. 
Invariant sub-spaces 

Suppose that an arbitrary point P of the space P is subjected to ail the transformations 
of the group (56.1). As a result of these transformations the point P will be dispiaeed 
into the points of a surface S lying in the space T", the surface S being defined by the 
parametric equations (56.1) in which the are the coordinates of the point Pi evi- 
dently the point P will lie on this surface S since (56.1) contains the identity trans- 
formation. 

Now it is obvious that any point Q on the surface can be displaced into any other 
point JR of this surface by a suitable transformation of the group ( 56. 1 ) ; on this account 
the surface S is called an invariaixt sub-space of the space T". Since the point P can be 
displaced into any other point of S by a transformation (56.1), the surface S is said 
to be the minimum invariant sub-»pace associated with the point P,* 

If we consider the transformations (64.5) in which u^z=:y^t^ and the oP- are the co- 
ordinate of the point P, we see that this point is displaced by transformations of the 
group (56.1) along directions defined by 

(65.1) ^ = 

where the y* are arbitrary constants. If the above surface S' is a space of q dimensions 
there must be q independent directions in the set (65.1). Hence, if the minimum in- 
variant sub-space S associated with the point P is a space of q dimensions, the matrix 

Aix) 

(65.2) 

il(x) ... C{x) 

is of rank q. Conversely, if this matrix is of rank q the minimum invariant sub-space 
associated with the point P is a space of q dimensions. The converse part of this state- 
ment is of course i m mediately evident. 

The dimensionality g of the minimum invariant sub-space /S associated with the 
point P can have any value from 0 to n inclusive. If 0, the point P is invariant 
under all transformations of the group (56.1). When q — n, the minimum invariant 
sub-space iS associated with the point P is the space JP itself.f 

If for a point P of the space IP the minimnm invariant sub-space S is the space P 
itself, the same will be true of any other point of P, and the group ( 56. 1 ) will be said to 
be transitivei otherwise the group is called intransitive. Hence a necessary condition 
for the group (56.1) to be transitive is that r>n. A transitive group (56.1) for which 
r = n is said to be simply transitive, otherwise it is called multiply transitive.t- 

It is clear that if the point P lies on art invariant surface, this surface is not necessarily the 
minimum invariant sub-space for the point P. Tor example, P may be displaced only along a curve 
O lying on the above surface by all transformations of the group (56.1); in this case the curve C 
will be the minimum sub-space associated with P. 

f If f = » and the minimum invariant sub-space was an M-dimensional region contained in 
P, then points of M would be transformed into points of this same region by all transformations 
of the group ( 56 . 1 ); in this case we could replace the space P by the region ^ so as to secure the 
above condition. The region 'X* composed of all points of P not contained in X constitutes a 
second r^ion of transformation of the group (56.1). Evidently such a decomposition of the space 
P into the two n^cms X and X* which is hereby assumed involves no loss of generality since 
each of throe regions can be treated separately. 

I The first and rorond parameter groups (58-1) are transitive groupe. When the transformations 
( 56.1 ) are <»nfin«i to a minimum invariant sub-3|Mboe 3, they evidently define a group; this group 
is, of TOUiBe, transitive and is called the group induced on the minimum invariant sub-space S. 
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66. IXVAKIAZSTT Fr^irCTIOXS 

Consider an analytic function J{x) of the variables jf* defined throughout the space aT. 
Tn general the function/ (x) will depend on the variables and the parameters as 
a result of the substitution (56.1). Now observe that 

da^ “ W 

on account of (59.5). Hence the necessary and sufficient condition that f{x) shall be 
independent of the parameters is that 

(66.1) Xfc/(r)=:0. 

If the equations (66-1) are satisfied identically in the variables we therefore have 
that the function /(.r) becomes a function JF{x) as a result of the substitution (56.1). 
But f{x)=f{x) for the identity transformation (56.6); hence the functions / (ar) and 
F {x) must be identically equal tiiroughout the space F if the conditions (66.1) are 
satisfied- 

A fimction /(x) defined in T which remains unaltered in form imder all trans- 
formations of the group (56.1) is said to be invariant under these transformations or to 
admit the transformations of the group (56.1). Tiris gives us the following 

Theobkm:. a necessary and sujfficieni cotidition that an analytic f unction f {x) defined 
throughout the space T admit the transformations of the group (56-1) is that the equations 

(66.1) he satisfied identically. 

It is evident that if the group (56.1) is transitive, it can admit no invariant function 
/(itr); in fact if such a function existed, the equation /= const, would define an invariant 
sub-space SixiT' contrary to the hypothesis that the group is transitive. 

Now the linear homogeneous differential equations (66.1) considered as equations 
for the determination of the function / constitute a complete set on account of the 
existence of (62.4). If there are m independent equations in the set (66.1) there will be 
n—-m functionally independent analyi:ie solutions /i, “-jfn-m* each of which can be 
taken to be defined throughout a sufficiently small domain ^ of the space ^ ; any 
solution/ of (66-1) analytic in can then be expressed by a suitably chosen function 
of the solutions /^ , . - .,/«_to » which are said to form a fundamental system of solutions 
of (66.1). Now we can assume without real loss of generality that the points of the 
above domain rd' are transformed into all points of the space ^ by the transformations 

(56.1) .* By treating each of the functions /i, as we did the function /in the 

derivation of the above theorem, we see therefore that these functions must actually 
be defined throughout the space T and that moreover they are unaltered in form by 
transformations of the group (56.1). We summarize these results in the following 
statement. 

If there are m(<n) independent equations (66.1) there exist n — m functionally in- 
depmderit functions f^ , 9 fn.~.m » gir>en as solutions of the equations ( 66. 1 ) , which admit the 
transf<mmitions of the group (56.1). Any analytic function defined throughout 'T' which 
admits die transformations (56.1) can be expressed as a suitable function of thef -^^ , . . . ,/«_«* » 
and cofwersely any analytic function of f^y ..., /„_to defined throughout iT admits the 
transformations of the group (56. 1 ). 

When there are n — m mutually independent functions admitting the transforma- 
tions of the group, the minimum invariant sub-space S associated with any point P 
of the space is evidently defined by a system of equations of the form 

/j = const., . . . , fn-m = const- 

* In £m^ by tlk© tranaforniatioxis (56.1) the domain rd' will go into an ^-dimensional domain A 
of W' which is competed of all the minimum invariant sub-spaces associated with the points of /#. 
If A doim not includb the entire space we can replace by A in the original de&^tion of the 
group (56.1), The r^on M composed of all points of ^ not contained in A will then form a new 

““ '* -** ICO Kja 4-wia.o i-_on jaATun.TO.+'.Pilv’. 
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In general tlie invariant sub -spaces be spaces of m dimensions although for ex- 
ceptional points the minimum invariant sub-spaces can be of smaller dimensionality. 


67. Gbotjfs defined bv the equations of transformation 
OF THE components OF TENSORS 


Consider the equations of transformation of the components of a relative 
tensor T of weight TF, namely 


(67.1) 

where 






cxy 

''cxn^ 


— «!<• 

dxf^ 


If we do not consider the as derivatives but as arbitrary parameters, then 

it is evident that (67.1) defines a group in the independent variables 
and the parameters , provided that the determinant 

(67.2) 

and the are determined in terms of the by the relations 

jS =» p ^cx ^oc. 

Likewise any number of equations of the type (67.1) will form a system by 
which a group is defined in a similar manner. The group space {Z of such a 
group can be taken as an Ti^-dimensional Euclidean space, referred to co- 
ordinates with the exclusion of the hypersurface defined by | 1 =0; 

taking the independent variables T as the coordinates of a Euclidean space 
, the group will then represent transformations of the space ^ upon itself. 
It follows directly fiom the replacement theorem (see § 39) that any affine 
differential invariant of order p ( ^ 1) can be obtained from the group 


(67.3) 


1 .; 




by a suitable elimination of the parameters . In a corresponding manner, 
any metric differential invariant of order p ( ^ 0) is obtainable from the group 
defined by 

9oc$, yiy, 9pLv,7}njt^a • * * » 


( 67 . 4 ) 


here it is to be observed that the ca^ = 0 corr^ponds to the first set of 
equaiaons (67.4) and i^t the c^^ = 1 do^ not arise. 
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Wlien we speak of the group (67.3) we shall understand that any two 
variables and are distinct if not aU the equations 

QL — fl, •••3 

are satisfied simultaneously; obviously two variables and 

for which m^r are to be considered as distinct. No attention is therefore to 
be paid at present to the complete set of identities (41.1) and (41,2) in the 
determination of the independent variables A ; thus the variables A\^ 2 . 

AI 21 ^re distinct independent variables A , and A\y^ is to be considered as one 
of the independent variables A even though this quantity vanishes by (41.7). 
Similar remarks apply to the group (67.4). The groups (67.3) and (67.4) will 
be referred to as the affine and metric groups^ respectively. 


68. INFINITESIMAL TBANSFORMATIONS OF THE 
AFFINE AND METRIC GROUPS 

The parameters in the affine or metric groups are essential regardless 
of the value of p. For example, let us consider the affine group for ^ == 1, i.e. 


(68.1) 


Differentiating (68.1) with respect to and eliminating the variables A^^ 

in the right members of the resulting equations by means of the equations 

(68.1) themselves, we 

obtain 

(68.2) 


where 



) = ■^’iyS 8^ + 8y + 8^ — 8“ ; 


the bar over the parenthesis expression in (68.2) denotes the corresponding 
quantities in the variables A. The condition that the n^ parameters in 
(68.1) be ^sential is that it be impossible to satisfy the equations 


duZ 


by quantities Xr ^<^1^ ^ zero, which are functions of the parameters alone 
(see §57). This giv^s 


(68.4) 



*x;=o. 


where *xj^ = x^^a- Ehfferentiating (68.4) with r^pect to A^^^, we obtain 
[S“8'8fs^3^+ s;:s|s«sgs5: + 8“S^S«S’8^- 8^S|S^S|S“] *xj. = 0, 

*x| 8 : 8 ^ 8 I+*xJS^ 8 |S 1 +*x 18 “S| 8 £-*x“ 8 | 8 « 8 ?= 0 . 
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Putting oc = p, y=l, B = 7) in these latter equations and summing on the 
repeated indices, gives 

When we take e — ^ and sum on the repeated indices, the above equations 
show that hence “ 0 and it follows that x| == 0 in consequence of 

(67.2). This proves the essential character of the parameters in (68.1). 

The proof that the parameters in (67.4) for p = 0, i.e. in the group 

(68.5) ^aiS = £?^v<Mi8. 

are essential, can be made in an analogous manner. Thus we have 


( 68 . 6 ) 

where 

(68.7) 


duZ 





sg. 


Corresponding to (68.4) we now obtain 


( 68 . 8 ) 

hence 


Laj8.^J 




= 0 ; 


*^« 8 ! = 0 . 


When we now put ol — 1 and sum on the repeated indices we obtain == 
which proves that the parameters in the group (68.5) are essential. 

It follows therefore that the parameters are essential in the groups 
(67.3) and (67.4) for any value of p for which these groups are defined. 

The equations (68.2) and (68.6) now show immediately that 


(6S.9) 4, 

and 

, 68 . 10 , 

are the symbols of the infinitesimal transformations of the groups (68. 1 ) and 
(68.5), r^pectdvely (see §64); we observe that repeated indices in these 
equations are to be summed and that the notation in their left members 
indicate the value of p in the grouj^ (67.3) and (67.4) to which the infini- 
tesimal transformations corr^pond. Similarly the infinitesimal trans- 
formations of the group (67.4) for p == 2 are given by 




( 68 . 11 ) 

where 

( 68 . 12 ) 
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For an arbit rary value of^ the symbol of the infinitesimal transformations 
of the group (67.3) is 

(68.13) XU (p)f= ^2 
where 

(68.14) S y)=^?>'5x -S5S^+ — 

Also the symbol of the infinitesimal transformations of the general group 
(67.4) is defined by 

(.s,..) f; J 

where 

(68.16) CajSyi^.. J •" +^aj8.yx... v^y^ • 

The determination of (68.13) and (68.15) is of course completely analogous 
to the determination of the infinitesimal transformations (68.9) and (68.10) 
which has been given in detail. 

69. DiFFEREIs-TIAL EQUATIOKS of ABSOETJTE AFFIISTE 
Aisrn METRIC SCALAR DIFFEBEITTIAL IlSTVARIAKTS 
By the results of § 66 we have the following 

Theorem. A necessary and sufficient condition that the functions 

(69.1a) 0(A^y8,; A^y8i...Sp) 

and 

(69.15) 

,yxys’ ^ocjS, yi ... yp) 

be respectively absolute affine and metric scalar differential invariants of order 
p, is that the systems 

(69.2) (a) X^{p)G^0 and (6) Y^{p)I=^0 

be satiffied* 

It follows fix>m §66 that the above systems (69.2 (a)) and (69.2 (6)) are 
complete; hence the problem of determining all absolute affine and metric 
scalar differential invariants of any order p is identical with the problem of 
integrating a complete system of linear homogeneous partial differential 
equations (3). 

70. Absolute metric bifferehtial ihvariakts 

OF ORBER ZERO 

Consider the expanded form of the equations (69.2 (6)) for p = 0, namely 

(?^8S+^.vSp|^=0. 
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Moltiplying these equations by and summing on the index v, we obtain 


(70.1) 


cl , dl 

Ijucr ^QafL 


= 0 . 


If we consider J to be expressed in terms of the n {n +■ 1), - independent com- 
ponents (a ^ i.e. those components which are independent from 
the standpoint of the identities (40.1), then the equations (70.1) reduce to 


di 


(p-^cr). 


Hence there exists no absolute metric scalar differential invariant of order zero. 


71. General theorems ox the ixdepexdence of 

THE DIFFEREXTIAE EQTJATIOXS 

We shall now consider the problem of determining all functionally inde- 
pendent invariants (69.1a) and (69.16) when these invariants are taken as 
functions of components A and g which are independent from the standpoint 
of the complete sets of identities (41.1) and (41.2), and (41.10) and (41.11), 
respectively; in what we shall now have to say the word indejpendent will be 
applied to the components A and g in this sense rather than in the sense of 
§ 67. Also it will be assumed that the value of p in (69.2 (6)) is ^2, since the 
case p ~ 0 has been disposed of in § 70 and the case p = 1 does not arise. 

It is seen that the quantities (68.3), (68.7) and (68.12) satisfy identities 
of the form 

(71.1a) 
and 

(71.16) 

these identiti^ evidently corresponding to the identities (41.7), (40.1), 
(41.14) and (41.15), respectively. Analogous identities are of course satisfied 
by the quantiti^ (68.14) and (68.16). 

The knowledge of the number of independent equations in the two systems 
(69.2) is nec^sary for the determination of the numbers of functionally in- 
dependent absolute afSne and metric differential invariante of order p. We 
proceed therefore to demonstrate the following general theorems . 

Theorem I. If the differencial equations (69-2 (a)) or (69-2 (6)) for the 
determination of ^ cdmdlute affine or metric scalar differential invarmfUs of 
order p are independeM fcnr any affine or metric space, ^losefor the determination 
of the invariants of order p+1 are also independent. 
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To prove this theorem we observe that by hypothesis the equations 
(69.2 (a)) are independent. But the system 

X^(p + 1)G^0 

has the same number of equations as (69.2 (a)) and can in fact be formed 
from (69.2 (a)) merely by adding 

/ OLfJL \ dG 

to the left members of the corresponding equations (69.2 (a)). As a similar 
remark applies to the system (69.2 ( 6 )), the above theorem therefore foUows 
immediately. 

Theorem II a. If the differential equatiojis (69-2 (a)) for the determination 
of the absolute affine scalar differential invariants of order 1 are dependent for 
every affine space of n dimensions, they are dependent for every affine space of 
n — 1 dimensions. 


By the hypothesis of this theorem the equations 

(71.2) ^ 


afjL 

IjSyS 






= 0 


are dependent. Hence the linear homogeneous equations 


(71.3) 


/ ap 

\PySv, 




admit solutions rj^ not aU identically zero. Owing to the remark about the 
independent variables A made at the beginning of this section, the indices 
a, y, 6 in (71.3) are to be considered to assume values 1, ...,n corresponding 
to those of a, Sin the set of variables which are taken as indepen- 
dent. However, the coefficients of 77 ^ in (71.3) satisfy the identities (71.1a) 
which correspond exactly to the identities (41 .7) satisfied by the components 
It follows therefore that the equations (71.3) hold for all values of the 
indices cx, jS, y, S. 

We can write (71.3) explicitly in the form 

(71-4) ^%sV^-^%sV}-A‘^^sV;-^^Py.vl = 0. 

now clioose a paxtieular aflSnely connected space of n dimensions in a 
manner determined by the following scheme* 

W,Y=l, n), 

(71.6) 


r^=0 

r“^=o 




(a,y=l, ..., n—1), 
(a= 1 , ..., n — 1), 
[(x.,P,y=l, n-1). 


where any 1 


py for a, )S, y = 1 , 1 is an arbitrary analytic function of the 


* It is to be understood tbat indioes aG^ome the range 1, ji. iinleBS a different range is specified. 
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variables In the proof of our theorem we shall need the result 

of the following lemma. 

Le:mma. The pirticular components 


(71.6) (a,Ay,S=l,2, u-l) 

of the normal tensor A of the special n-dimensional affinely connected space 
determined by the scheyne (71.5) constitute the totality of the components for the 
normal tensor A of the general affinely connected space of n — l dhuensions. 
The expression for the in terms of the and their derivatives is 
given by the formula (35.7), i.e. 


(71.7) 


4^ - 


■2r“,r^a 






where the symbol P denotes the sum of the terms obtainable from the ones 
inside the parenthesis by permuting the set of stthscripis y, S cyclically. 
By means of (71.5) and (71.7) we get 


)-V(r“^r^+r^^r^), 


where ol, y, 8=1, 2, n — 1. The lemma now follows immediately on 
observing that the components of the r|y in (71.8) depend only on 
as is seen by a reference to the last set of equations in (71.5). 

From (71.7) we have 


But by (71.5), = 0 and hence 

(71.9) 

By (71,7) we have also 


(71.10) -IP 

Hence by (71.5) the relations (71.10) yield 


(71.11) = 0 (a, y, 8=1,2, .,.,n^l). 

By employing the complete set of identities (41.7) and relations (71.11) we 
get 

(71.12) = ^^^ = 0 (a,j8,y,8=l,2, n~l). 

From relations (71.9), (71.1 1), and (71,12) it follows that equations (71.4) 
reduce to the ^uations 

(71.13) 

(a, ;3,y, S=l,2, .. .,»-!). 
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It is clear that, ^ fbr^^ 2 ^ -w. — 1 are not all identically zero, the 

differential equations determination of the differential invariants 

for every affinely connected space are dependent. We 

Shan give now a proof ^ ahsurdum that 

Suppose then that v= 1, 2, 1. 

’j;;.:=o (p,v=i,2,...,n-i). 

From equations (71.4) ^ ^ 3 , 1 we obtain 

(71.15) ,,1 = 0 (a, 8=1, 2,. ..,^-1). 

By (41.7), (71.9), (71.11);^^ tte relations (71.15) yield 

<„g,,^ = 0 (a, 8= 1 , 2 ,.. .,72,-1). 

On employing relations (71 ,,y calculation 

(71.17) ^“”S==8|.^”2’'a:2‘r“8 (a,S= 1, 2, ..., 72 ,- 1). 

Itis clear from (71.5) th^.^ g^l^ 2 ^ .... , 7 - 1 depends only on the 

0 ° ^ 7 + 1 , ^ ‘^^ensional affinely connected space. If a;“ = 0 for 

a= 1, 2, ...,72-1, tlxontl^^^ determinant of 72 - 1 rows 

Hence in the neighbourl^^^^ of the values a:“ = 0 for a = 1, 2, . . . , 72 — 1 we have 

We have also *A>^g|#0 (a,S=l,2 72-1). 

(7fr20) (^^8= 1,2,. ..,72-1). 

Prom (71.16) and (73 

( 71 . 21 ) -^Olweget 

7 ] = 0. 

Putting a, B, y — n in ^ 

^ ^ ^ ^4) and. employing conditions (71.9) we see that 

(71.22) 

(8 = 1,2,. ..,72—1). 

By (71.19) it follows t:ha« 

(71.23) ^ 

„ .. ■*>2=0 (a= 1,2,. ..,72-1). 

Now consider equatioj,^ “ 

means of (71.9), (71.1 1\ ’*^71-4) for «, y=l,' 2, ..., 72—1 and 8 = 72. Then by 

«_i <71.12), (71.14), (71.21) and (71.23) we have 

(71.24) S 

K=i .,,^ = 0 (a,)S,y = l,2,...,72-l). 


In general there exists 


'■^a (72— l)-rowed determinant'' 
T>7^0, 


(71.25) 

* The existanoe of such a.. 
indict — 1 R may easily be inferred from the fact that the with 

to tlie <X)m|^te set of so that the A’s at any point have arbitrary values subject only 


I 


for the A (see § 46). 
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wMch is formed from the coefficients A in (71.24), and hence in general 

(71.26) ,^“ = 0 (a=l,2,...,?i~l). 

Hence contrary to onr hypothesis about (71.2) we hare 

(71.27) ^-=0 

under condition (71.25). Hence under the condition (71.25) equations (71.13) 
have solutions This means that under the condition (71.25) there 

exists a number i? of determinants of the matrix of (71.13) which vanish in 
the variables A. Now these J? determinants and the determinant 1> are 
polynomials in the variables A . Furthermore these i? determinants vanish 
for all values of the variables A for which D does not vanish and hence by a 
theorem in algebra the H determinants vanish identically irrespective of 
whether D vanishes or not. Hence (71.13) in all cases possesses solutions 
Tjy^O and thus our theorem has been proved. 

We now pass to the consideration of the analogous theorem for the case 
of the metric space. 

Treobem II b. If the differential equations (69*2 (b)) for the determination 
of the absolute metric scalar differential invariants of order two are dependent 
for every metric space of n dimensions, they are dependent for every metric space 
of n—\ dimensions. 

By the hypothesis of this theorem the equations 

are dependent. Consequently the linear homogeneous equations 

(71.29) {a) = W {[ajSyS J ^ 

admit solutions q which are not all identically zero, where the indices a, ^ 
in (71.29 (a)) and a, y, S in (71.29 (6)) correspond to the indices of sets of 
independent components and respectively. It follows, however, 

that (71.29) holds for all values of the indices a, jS, y, S on account of the 
existence of the identities (71,15) corresponding to the result obtained in 
the affine case. 

The expanded form of (71.29) is 

(71.30) 
and 

(71.31) ^Iocjcr,ySV^’^ff(x^,a^^y ~^Uoc^,yar^S 
Bet US now choose 

(a, ^ = 1, 2, . . ., - 1), 

jO if a^n, 

(I if a=w, 

* Cf. Bocher, lnirt>duction fa Higher Algebra, p. 8. 


(71.32) 
and 

(71.33) 
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where denotes an arbitrary analytic function of its arguments 

such that the determinant | | ^ 0 . With this selection of the components 

it follows that the components where a, y, 8 = 1 , 2 , . ^ are 

derivable as the second extension of a tensor whose components are given 
by (71.32). It also follows that 

(71.34) ^ oL^*'n>y^^ (oc, y = 1, 2, 71 1), 

5^nn,j3y ~^'n.jS,ny “S^j5y,wn “ ^ (^3 y ~ Ij .,.,71 1), 

when use is made of the formula (35.9). From (71.30) and (71,33) we obtain 

(71.35) (ga^vl^gaaVj)=^0 (a, 1, 2, 1), 

cr==l 

and 

(71.36) "sVa^<+V^ = 0 {^=h2,...,n-l), 

CT—1 

where the latter equations are obtained by putting a = ^ in ( 7 1 . 30) . Similarly 
from (71.31) and (71.34) we jfind that 

n— 1 

(71.37) (S^crjS, ySV cc^ ^ ccar,yBV Qa^,aBVy ^aj 8 , ycrVS^ ^ ^ 

(a, ^, 7 , 8 = 1 , 2 , 

and 

(71.38) "sVaArS< = 0 (iS,y,S = l,2,...,n-l). 

<r=l 

Finally, by putting a= p=7im. (71.30), we have 

(71.39) = 0 (not summed for ti). 

From what has been said we see that the equations (71.35) and (71.37) 
correspond to the equations (71.30) and (71.31) for the general metric space 
of 1 dimensions. If the differential equations (71.28) are independent for 
a metric space of n — 1 dimensions, then the only solution of the equations 

(71.35) and (71.37) is 

(71.40) (a, a= 1,2, ...,72,-1). 

It is evident as for the affine case that in general there exists a determinant 
D oforder72-—1 formed from the coefficients of 7 ^^ in (71.38) which does not 
vanish identically. In general then the quantities are zero, from which it 
follows by (71.36) that the quantities are also zero. Under the assump- 
tion (71.40) and the assumption of the existence of a determinant jD it 
follows that all quantities ^]^ = 0 , which is contrary to the hypothesis that 
the equations (71.28) are dependent. Finally the apparent restriction in the 
assumption of the existence of the determinant-D can be removed by the 
same argument used in the affine case. This completes the proof of Theorem 
Hb. 
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72. XlTNBER OF IXDEFEXDEN'T BIFFBREXTIAL EQrATIOXS. 

Affixe case 

W e now turn to the demonstration of some theorems for the general two and 
three dimensional spaces ’with symmetric affine connections. By means of 
these theorems and those proved in the preceding section we shall he 
enabled to obtain definite information regarding the independence of the 
differential equations for the determination of the absolute scalar differential 
invariants of a general -dimensional space of symmetric affine connection. 

The differential equations for the determination of the differential in- 
variants of order 1 for the general s^nnmetric afiSmely connected space of two 
dimensions turn out to be dependent. We can demonstrate, however, the 
following theorem for the general symmetric afi&nely connected space of two 
dimensions. 

Theorem III a. The differential equations (69*2 (a)) for the determination 
of the absolute scalar differeyitial invariants of order 2 are independent for 
the general symmetric affinely connected space of two dimensions. 

To prove this theorem completely it is sufficient to show that the equa- 
tions for the invariants of order p = 2 are independent, as is evident by a 
reference to Theorem I. 

The differential equations are* 

oLixX cG ( oifjL \ da 
h'Sv) 

We see from the formula for A (n,p) in § 54 that the number of algebraically’ 
independent components of the normal tensors and for the two 

dimensional symmetric affinely connected space is given by 
A(2, l)=-4 and J[(2,2) = 8, 
respectively- These twelve components can be chosen as 

~ "^211 

( i 2 . 2 ) “^ 1122 “^’ '^1212 “^1212 

L ^ 1112 ”®’ -^1112 “-/> “'^2212 

and by calculation from the identities (41.7) and (41.9) we get 
(A\~^. 2 = —2a, -4221= —2^, —2'y, 

( 72 . 3 ) — (a-r 4 c), ^1211“ — -^1222 ~ 

^1211” ^1222^ 

Liet us now express the invariant G in (72.1) as well as the quantiti^ 



♦ la tibe proof of this theorem we shall aaderstand that subseripts aad sapcrscripts take oa oaly 
the Talaes 1, 2. 
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in terms of the independent components -^fyS in (72.2) algne. 

Then all the derivatives of G with respect to the dependent components 
A^yQ and A^yg^ vanish, and after some calculation the equations (72.1) 
assume a form which can he represented by the matrix of the coejfficients 
given in Table I. The determinant formed teom the first, second, seventh 
and eighth rows of this matrix does not vanish identically and hence our 
theorem is proved. 


Table I 


! (m.>’) = 

(14) 

(54) 

(14) 

(2. 2) 

dQjdix. 

a 

-5 

-y 

oc 

dG/d0 


--5 

-y 

J3 

dG/dy 

0 


0 

2y 

dG;da 

25 

0 


0 

■ dG.da 

a 

(2c -6) 

-^9 

2a 

1 dGjdb ! 

1 26 

2/ 

-(a+2A) 

6 

dGjdc i 

1 <5 

~d 

0 

2c 

; dGjdd 

' 2d 

0 

-c 

d 

dGjde ! 

2e 

-/ 

(a +2c) 

e 

dGJdf j 

3/ 

0 

{b+2d — e) 

0 

dGJdg 

0 

— (a4-2c-hA) 

0 


dG/dh 

h 

~(6+2d) 

-9 

2h 


Theorem IV a. The differential equations (71-2) for the determination of 
the absolute scalar differential invariants of order one for the general symmetric 
affinely connected space of three dimensions are independent. * 

As before we find that the number of algebraically independent com- 
ponents of the normal tensor is given by 

(72.4) A (3,1) = 24. 

By means of the complete set of identities (41.7) it is easily seen that the 
following twenty-four components are algebraically independent: 

{ /fa /fa _ /jce _-a /fa _^o£ 

|AL3L2i — » > ^131 ’ -^212"“^ 5 ^332 — 0- , 

^ 4“ —-pa /fa Acc /fa _^a: 

1^313 — ^ » ^323 — J ’ -^231 — " > ^312 * 

The non-vanishing dependent components not equal to those in (72.5) by 
the first set of identities (41-7) are 

^113“““^“’ -4233^= —2C“, 4.223= 

^ U^,= -2e“, ^^=-2/“, = + 

By expressing the equations (71.2) in terms of the independent com- 
ponents (72.5) in the same way as was done for the case n = 2, we could con- 
staruct a table analogous to Table I, which however we will not write out in 
full. To show that not all ninth order determinants of this matrix vanish 
identically, we will show that one of these determinants does not vanish for 
a particular set of values for the 4^ . 

* In the proof of this theorem, we ahali tm-derstand that all subscripts and superscripte can take 

'On valnes 1, 2, 3. 
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Putting = (£3 = = 1 ^ other components = 0 

in the matrix^, and selecting the rows of the matrix corresponding to the 
coefficients of 

^ ^ ^ ^ c_G ^ ^ do 
da^’ ca^’ Bb^’ Bc^^ Bd^’ Be^' Bg^^ Bg^’ 

we get the determinant 

j 0-10000000 
|200000000 
0000000 -10 
jOOOOOlOOO 
(72.7) loOOOOOlOO 
|000020000 
000000002 
001000000 
000100000 

Thus the rank of the matrix for the general symmetric affinely connected 
space of three dimensions is 9 and hence Theorem IVa is proved. 

The following theorem is a consequence of Theorems I, II a, and IVa. 
Theobem V A. The differential eqvaiions (69*2 (a)) for the determination of 
the aJbsolute scalar differential invariants of order p ^ 1/or the general symmetric 
affinely connected spctce of n^ 2 dimensions are independent. 


73. Number of ikbepekdent bifferential eqxjatioks. 

Metric case 

We will fimt consider the equations (69.2 (^)) for n = 2 and p = 3, i.e. the 
equations 

[a? J [ajSySv] [a;8yS J 

where the indices take on the values 1, 2. For this case the independent 
components will be taken as 

(73.2) = ?12 = A ^±2 = 7. 

Then the dependent components which are not zero and which are not equal 
among themselv^ on account of (40.1), (41.10), (41.11) and (41.16) are 

5^21 = A 5^22, 112 = — ^22, 111 = ” 

5^11,®2“ 5'i1,122— 5^11,222— 

By expr^ffiing the invariant I and the coefficients in equations (73.1) in 
terms of the independent components (73.2), in the same way as was done 
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for the affine case, we obtain the matrix of coefficients given in Table II. The 
rank of this matrix is four in general, since, for example, the determinant 

Table II 


(■) 

Btx. 

di 

ajs 

By 

dl 

dS 

Be 

Bl 

dC 

(i) 

2a 


0 

2S 

2€ 

3^ 

a) 

2^ 

y 

0 

0 

0 

e 

G) 

0 

a 

2^ 

0 


0 

© 

0 

1 


2y 

2S 

Be 

2S j 


formed from columns 1, 2, 3, 5 does not vanish identically. Thus we arrive at 
the following 

Thboeem IIIb. The differential equations (73-1) for the determination of 
the absolute scalar differential invariants of order Sfor the general metric space 
of two dimensions are independent. 


Table III 


C) 

! M 

BI 

BI 

dy 

BI 

BS 

Be 

BI 

BC 

da 

BI 

Bb 

0/ 

Be 

BI 

Bd 

BI 

Be 

81 

df 

0 

; 2a 

iS 

y 

0 

0 

0 

2a 

2b 

2c 

d 

e 

0 

a.) 

i 2/3 

S 

€ 

0 

0 

0 

0 

-d 

2e 

0 

f 

0 

G) 

2y 

i 

€ 

c 

0 

0 

0 

2d 

— e 

0 

/ 

0 

0 

G) 

i ^ 

a 

0 

2J3 

y 

0 

0 

0 

0 

-6 

c 

2e 

G) 

0 

iS 

0 

28 

€ 

0 

2a 

b 

0 

2d 

e 

2/ 

(?) 

0 

y 

0 

2€ 


0 

2b 

c 

0 

— e 

0 

0 

(!) 

0 

0 

a 

0 

J3 

2y 

0 

0 

0 

a 

-6 

2d 

(!) 

0 

0 


0 

8 

2c 

0 

a 

26 

0 

-d 

0 

JIL 

0 

0 

y 

0 

€ 

n 

0 

h 

2c 

d 

2e 

2/ 


We now consider the equations (71.28) for In this case the in- 

dependent components and go^g^yB ^ selected as 

9^11 9%Z~y9 ^22 ~ ^5 9^23 ~ ^5 9^33 

.9^12,23 9^23,23”/* 


(73.3) 
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The r^mairiiiig components which do not vanish identically and which are 
not identical among themselves on account of (40.1), (41.1) and (41.15) are 
then given by 

1^21 = A 9^31 — 9 ^ 32 “ ^5 

(73.4) “ 1 ^ 11 , 22 “ 9^11,23“ 0^11,33“ ^5 

1 9^13,22— — ^<^9 9^12,33= —26, 3^22, 33— —2/. 

By a method entirely similar to the one employed in treating equations 
(73.1) we obtain the matrix of the coefficients of (71.28) which is given in 
Table III. The rank of the matrix in Table III is nine in general as may be 
seen most easily by assigning special numerical values to the components 
a, / and then selecting from the matrix a determinant of order nine 

which does not vanish. Thus if we put = — 1 and take the remaining 
components in the set a, ...,/as zero, the determinant 


(73.5) 


0 1 
2 0 
0 0 
0 0 
0 1 
0 0 
0 0 

0 0 


0 

0 

0 

0 

0 

0 

0 


0 0 
0 0 
0 0 
2 0 
0 0 
0 0 
0 

0 0 
0 0 


0 0 

0 -1 
2 0 

0 0 

0 0 

0 1 

0 0 

0 0 

0 0 


2 1 
0 0 
0 0 
0 0 
0 2 
0 0 
0 0 
0 0 
2 1 


formed from columns 1, 2, 3, 4, 5, 7, 8, 9, 10 of the Table III has the value 
— 32. This establishes the following theorem. 


Theorem TVb. The differential equations (71*28) for the determination of 
the absolute scalar differential invariants of order 2 for the general metric space 
of three dimensions are independent. 

On the basis of Theorems I, II b, IIIb and IVb we have the following 
general r^ult. 

Theorem Vb. For the general metric space of n dirnensions there are 
independennt differential equations (^^.2 ( h )) for the determination of the absolute 
scalar differential invariants of order pifn'^2,p>Zorifn'>Zjp'^2. 


74. Exceptiokae case of two dimensions 

Let us now consider the equations (71.2) for » = 2. If we choo» the inde- 
pendent components as in § 72, the matrix of the coefficients is given by 

the first four rows of Table 1. Hence equations (71.2) become 
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oG ^dG , A 


^dG ^dG , ^^dG 


'>'d^^'>'W 

dG ^dG 

^ ^ Tip 


H- (a + p) = 0, 


The determinant of equations (74.1) is found to vanish identically so that 
the equations axe not all independent; but the first, second and fourth equa- 
tions are independent. Since the system (74.1) is complete, we know that 
there exists a solution G of these equations such that any function of (r is 
a solution of (74.1) and any solution of (74.1) is a function of G (see §66), 
Solving the equations (74,1) we find that this solution has the form 

/nA c>^ p ... Si\ (a-j8)2 


^ (“> A y> S) = 


ajS — yB 


The invariant property of the above scalar G (a, jS, y, 8) does not appear to be evident 
on inspecting its form. There is interest in verifying its invariant character directly 
from the transformation law of the components a, j8, y, S in (74.2). We wish to show 
directly that 

(74.3) 

— yS a/S — yB 

The equations relating the quantities S, p, y, B with the components 

'a=A^^ulu'^z4ul, 

f=A^^ulu^u^ul, 

S = wf uX 

(see § 67). Writing the components A^^^ in the right-hand members of the first two 
equations (74.4) in terms of the quantities a, y, S, we obtain after some calculation 

( 7 4.5) (a — ^) = A [a (tl^ ul -f u\u\) — jS {u\u\ + idyul) 

+ S u\ -f- itg 'Wg) — y (Hi +• 


(tivi+niui= 1 , 1 , 

It4^+€«?tt2 = 0, iA^ul + ult4 = 0. 

Hence 

( 74.7) a— ^=A(a— )5). 

In a similar manner we find first that 

aijS — y^ = A® [(cd^Hh 8t^) (y^ “f- J5u^) — (a^ + (yt«]; + iSt^)k 

which upon simplification beoomes 

y§ = A® — tijti?) (cxjS — y8). 
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Finally, noting that ulul= 1/A, we have 

(74.8) aj§--57S = A® (ajS — yS). 

The relation (74.3) then follows from (74,7) and (74.8). 

Incidentally we have shown that (a — ^) and (a^-yS) are relative scalar affine 
diSeiential invariants of weights 1 and 2 respectively. Hence the absolute invariant 
0(cc, y» S) Is formed by means of the ratio of two relative invariants each of which is 
of weight 2. 

The differential equations (71.28) for the determination of the absolute 
scalar differential invariants of order two for a general metric space of two 
dimensions are dependent. In fact, let 

9^11== a, = 9^22 = y5 9^12,12 = ^ 

be the four independent components in terms of which all the other and 
9^aAyS can be expressed. The remaining components and gQ,^^yS, which are 
not identically zero, are given by 

923 , — p } 9 21 , 12 — 9 21, 21 — 9 12 , 21 = 9ll , 22 — 922 , 11 = 

If we consider the invariant I in (71.28) as well as the quantities 

[a?J [a^sj 

to be expressed in terms of the independent components g^ and in 

(74.9) , then all the derivatives of I with respect to the dependent com- 
ponents g^^ and g^^^ys vanish, and the equations (71.28) for the metric space 
under consideration become 



The determinant of the equations (74.10) vanishes identically, which shows 
the dependence of th^e equations. However the determinant 


2a 0 

2j8 y 0 ^4j8(xy-j8^) 

0 a 2J3 


does not vanish in general. Hence, the first three egtuitmns in (74.10) are in- 
dependent for a general metric space of tioo dimensions. 

It follows fiom the above r^ult, since the system (74. 10) is complete, that 
there existe a single analytic solution I of thwe equations and that any other 
analytic solution can be expressed as a suitable function of this solution /. 
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From formal considerations alone it is evident that this solution I of (74,10) 

can be taken as 

I = yS = - ay), 

with reference to the metric space of two dimensions. 

75. Fuj^rn AMEKTAL SETS OF ABSOLUTE SCALAR 
BIFFEBEHTIAL I2iT V ARIA2S-T S 

We are now in a position to give the number of functionally independent 
affine or metric absolute scalar differential invariants of all orders p. In this 
connection we shall define two sets of differential invariants which will be 
called the first and second fundamental sets of {affine or metric) differential 
invariants. 

Defi5C[tiok. a first fundamental set of affine or metric scalar differential 
invariants of order p is a fundamental set of solutions * of the systems (69.2 (a)) 
or (69.2 (b)), ecLcJi of which is of order p when considered as a differential 
invariant. 

The actual existence of a first fundamental set of invariants can easily be 
inferred. Let %{n,p) denote the number of functionally independent solu- 
tions of the complete system (69.2 {a)). Then on account of Theorems III a 
and Va we have 

(75.1) ^{n^p)—TiA{n^a) — n^ (72.^2, j>^l; 72 - 7 ^ 2 if 1), 

£r=l 

where A {n^ cr) is the number of algebraically independent components 
^ hi § 54; in particular we have 21 (2, 1) = 1 from the result of 

§ 74. By making use of a formula similar to (54.9) obtained from the identity 
satisfied by K {n,p) we can write (75.1) in the form 

(75.2) %{n,p)=^nlK{n,2)K{n^l,p)-~K{n+l,p + 2) + l-\. 

This number ^(n,p) is precisely the number of absolute affine scalar differ- 
erdial invariants in a fundamental set of order p. In fact there must be at least 
one component of the normal tensor A with p + 2 subscripts in at least one 
of the functionally independent solutions of the partial differential equations 
(69.2 (a)); for, if not, the equations (69.2 (a-)) where p is replaced by p— 1 
would have the same number of functionally independent solutions as 
(69.2 (a)), which is impossible since 

^ ^ {n,p — 1). 

We can therefore pick %{n^p) suitable independent functions, each of 
which actually involves at least one component A^^^ x , as solutions of 
(69.2 (a)). 

♦ By a fondamental set of solutioiis of a system of dififerential equations we understand a set 
of fimcfioDally independent solutions snch that any solution of the equations can be expressed as 
a Innelion of tlie members of the set. 
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Similar remarks apply to the metric case; thus if we denote by 
the number of ftmctionaliy independent solutions of the complete system 
(69.2 (l)))j it follows that the number @{n, p) is likewi^ the number of 
Invariants in a fimt fundamental set of absolute metric scalar differential 
invariants of order p. By Theorem V b and the definition of the quantities 
G {n, p) in § 54, the number (3 {n,p) is given by 


(75.3) ^ G{n,a) — n^, 

o- =0 

with the exception of the following combinations : 

(75.4) n arbitrary, p = 0, 1 ; = 2, p = 2. 

As for the affine case, we can also write (75.3) in the form 

(75.5) (3 {n,p) = K (n, 2)K{n+ l,p) ~ nK (9i -M,p 1 ) 4- w. 

For the exceptional cases (75.4) we have 

@(^,0) = 0, 05(71, l)-0, (15(2,2) = I 

from the results of §§ 70 and 74. 

A few of the values of 91 (n,p) and 05 (n,p) may be tabulated as follows: 



Definition. A second fuTidamental set of affine scalar differential in- 
rariants of order 1 is a fundamental set of solutions of the diffierentud equations 
(71.2); also a second fundamental set of metric scalar differential invariants of 
order 2 is a f undamental set of solutions of the differential equations (71.28). 

As so defined a second fundamental set of affine scalar differential in- 
variants of order 1 is likewise a first fundamental set of invariants and vice 
veraa; a RimiTar remark applies to the second fundamental set of metric 
scalar differential invariants of order 2 since for the metric case there are no 
ateolute scalar differential invariants of orders 0 and 1. 


Definition. A second fundamental set of affine or metric scalar differential 
invariants of onfer p > 1 or order p > 2, respectively , is a fundamental s^ of 
sfdutionsofihe differential equations (69.2 (a)) or (69.2 (5)) such that a s%tb-s^ of 
tMse s<dwtions, considered as a set of invariants, constitute a second fundammial 
arf of order p—l of affine or metric ^xdar differential invariants, resp&Mvdy. 

A first and second fundamental set of afifine scalar differential mvariante 
of order p > 1 can never be identical; similarly a first and s^jond funda- 
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mental set of metric scalar differential invariants cannot be identical when 
p> 2. It is of course evident that the above numbers %{n,p) and (B (n,p) 
also give the number of invariants in a second fundamental set of affine and 
metric scalar differential invariants, respectively. 

76. BaTIOKAL IlSrVARIAKTS 

We shall say that any absolute affine scalar differential invariant (69.1a) 
of order p ( ^ 1) is rational if it can be expressed as a rational function of the 
components similarly an absolute metric scalar differ- 

ential invariant (69.16) of order p ( ^ 2) is rational if it is expressible as a 
rational function of the components go^^; gajs.yiy^; ••• 5 S'ajS,yi ... yp • The following 
theorem will now be proved. 

There exists a furidamental set of affine or metric scalar differential in- 
variants of order p ^ 1 or p'^ 2, respectively, which is composed entirely of 
rational invariants. 

The above theorem applies either to the first or second fundamental sets 
defined in § 75. We shall give an algebraic proof. Considering first the affine 
case, let us denote the invariants of a first or second fundamental set of order 
p by 

(76.1) •••> 

We observe that these invariants are algebraic functions of the components 
A since they can be regarded as obtained ffiom (67.3) by the algebraic pro- 
c^ses of elimination. Let us suppose (1) that the first Jc'—l of the invariants 

(76.1) , where SI, ara rational, (2) that the remaining invariants Oj^, ..., 

are irrational, and (3) that any algebraic function of the invariants (76.1) 

which involves at least one invariant of the set ..., G,^ is irrational. In 
fact if this latter condition were not satisfied the value of the integer k could 
be increased; we are therefore assuming that k has the greatest possible 
value, but that since k-^%, there is necessarily at least one irrational in- 
variant in the set (76.1). We shall show that this hypothesis leads to a 
contradiction. 

Since G^^ where x = k, is algebraic, it must satisfy an irreducible 

algebraic equation * 

(76.2) + + + 

where the exponent m and the a’s depend on the particular invariant Gqi_; 
also the a’s are rational functions of the components A appearing in (69. 1 a). 
Now let % where i = 0, m — 1 denote the rational function obtained by 

replacing the JL’s in a^ by the corresponding components A. Then it follows 
from (76.2) and the fact that G^^ is a scalar invariant, that 

G^+S™_x<?r“^+... + aiG<„+ao=0. 


( 76 . 3 ) 
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Comparison of (76.2) and (76.3) now sho-ws that = «£ or in other words that 
the are rational invariants. By the above hypothesis, the invariant is 
therefore expressible as a function of the invariants (7^, €fk-i- Hence 
(76,2) becomes a relation between the invariants (76.1) which is obviously 
not satisfied identically. But this is contrary to the fact that the invariants 

(76.1) are independent as implied by the assumption that these invariante 
constitute a first fundamental set. The hypothesis that there is necessarily 
at least one irrational invariant in the set (76.2) has therefore led to a con- 
tradiction and the theorem is proved for the case of the affine invariants. 
A completely analogous proof can evidently be given for the metric case (4). 

77. Absolute scalar differential parameters 
Consider an absolute affine scalar differential parameter of order (p, 

(-7.1) A^,...s/, Jflf; itlx^h 

where h takes on the valu^ 1, ...,w (see §15). It is evident that all differential 

parameters (77.1) are invariants of the group defined by (67.3) and 

(77.2) 


.F<*> , = .. 


Ai — Ag. Ai 

in the variables A, F and the essential parameters (see § 68). 

The symbols of the infinitesimal transformations of the group (77.2) are 
given by 


(77.3) 

where 

(77.4) 


kfM 

oci- .a„v 


S 

Ar=lcr = l 10Cj_ 


kp df 


,j^k) jrCAr) g/x 

^ oci — i' ag. 


Hence we have (p)f+ iQ)f ^ symbols of the infinitesimal trans- 
formations of the group (67.3) and (77.2). 

Now any differential parameter (77.1) of order (p, q) is an absolute scalar 
invariant of the group (67.3) and (77.2). However the converse is not neces- 
sarily true; this arises from the fact that if p<q — 2, the extensions of the 
scalars F appearing in (77.1) may involve derivatives of the F’s of order 
greater than p. However, for — 2 any scalar invariant (77,1) of the 
group (67.3) and (77.2) is necessarily a differential parameter of order (p, g). 
We shall therefore assume in the following discussion that the condition 
p^q— 2 m satisfied. We shall also exclude the case (0, 1 ) sm<» the quantities 
(77.1) are then independent of the affine connection F of the space. 



186 


ABSOLUTE SCALAR DIFFERENTIAL 


The differential equations of the parameter (77.1) are therefore 

(77.5) (p) G + Z^(q)G^O, (p^q-2), 

and from the results of § 66 these equations form a complete system. 
Similarly any absolute metric differential parameter 

(77.6) 

of order (p, q) admits the group defined by (67.4) and (77.2) where p ^ g— 1; 
hence the parameter (77.6) satisfies the complete system 

(77.7) Y^(p)I + Z^(q)I^O, 

where the symbols Y^(p) and Z^{q) are defined by (68.15) and (77.3) 
respeetivety (5). 

Theorem. A fiecessary mid sufficient condition that the functions (77. 1) /or 
p ^ g — 2 and (77,6) for p^q—lhe absolute affine and metric scalar differential 
parameters of order (p, q), respectively is that the complete systems (77.5) and 

(77.7) be satisfied. 


78. ISsTBEPElSrDEKOE OE THE DIFFERENTIAL EQUATIONS 
OF THE DIFFERENTIAL PARAMETERS 


We first consider the independence' of the differential equations (77.7). It is 
obvious that the following theorem is true from the form of these equations. 

Theorem VI. If the differential equations (77*7) are independent for a 
particular (n, p, q, w) , they are also independent for (n,p+l,q, w), (n,p, q+l,w) 
and (n, p, q, w-{- 1). 

From the results already established in § 73 and contained in Theorem Vb 
we can say immediately that the equations (77.7) are independent if % = 2, 
p ^ 3 or > 2, p > 2. It is found that we must still consider the following 
three particular cases of the equations (77.7) which we give together with 
the corresponding number of independent equations: 


where 

(78.1) 


(a) n^2, p = 0, q= 1, ui^n^ 1 (S independent equations), 

(b) p=^O^q=l, w^n— 1 (n^ independent equations), 

(c) w ^ 2, p = 1, g — 2, w == 1 (n^ independent equations), 

^ n(n-h 1) w(w-i-l) 


When these results have been proved, it will then follow by Theorem VI and 
the above statement regarding the independence of the equations (77.7) on 
the basis of Theorem Vb that eoccept for the above case (a) the n^ equations 

(77.7) are always independent. However, we note that the equations for 
case (a) are aU independent when w=n^l since then S — n^ as in fact 
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demanded by case (6). The three particular cases (a), (6) and (c) will now be 
considered in detail. 

Oase (a). The equations (77.7) become 


(78.2) 


Assume 

(78.3) 

flifa=A 

10ifa#jS, 

and 

(78.4) 

“ Ojfk^a. {k=l,...,w). 


and construct the square matrix j&x>m the coefficient® of the derivatives in 
the equations (78.2) which, is contained in Table IV. In this table the 


Tabus IV 


{?} 1 © 

j"! U.} 

U-4 

- 

{:} 

( 1 , 1 ) 2 0 ... 0 
( 1 , 2 ) ! 0 1 ... 0 

' 1 

( 1 ,‘ n) ; 0 0 ... 1 



i 

j 

L 

i 

j 

i 

( 5 . 1 ) 

( 5 . 2 ) 

( 5 ; n) 


1 0 ...0 

0 2 ...0 

0 0 ... 1 



1 

! 





N 


[ 


(to + 1,1) 

(w + 1 , it) 
< U 7 + 1 , It’+l) 

(io + 1 , n) 


it 


1 ... 0 0...0 

0 ... 1 d.-.b 
0...0 2 ... 0 

0...0 0 ... 1 

1 

i 

i 

1 

i 

1 

1 


iw + 2, 1 ) 

< (m + 2, w) 

(w + 2,w + 2) 

! (w + 2,n) 1 

it 


j 

☆ 

1 ... 0 0 ... 0 

0 ... I 0 ... 0 
0 ... 0 2...0 

0 ... 0 0 ... 1 



i i 







j 

{»..!) j 

(«.») 1 

(», ft) 1 

it 

i 

1 

! 

it 

it 


1 ... 0 0 

0 ... 1 0 

0 ... 0 2 


element in the row headed by (/x, v) and column headed by 


(;)"C] 


gives 


the coefficient of the derivative dljdg^ or 07/0 r^pectively, in the 
equations (78.2). The blank sections above the square diagonal sections in 
this table are composed entirely of zero elements, while the element® in the 
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sections beiow the diagonal sections have been left undetermined. For 
brevity in vTciting this table we have used the notation 

?}=(;) -a)' 

and in general 

The determinant of the matrix in Table IV which is of order S given by 

(78.1) has the value 2". Consequently there are S independent equations 

(78.2) at least. In other words there are at most 


1) 

9 


-i-w-i- nw — S = 


w(W'j-S) 

2 


independent solutions of the equations (78.2). But the w{w + Z)l2 fimctions 

j^(i) 

are functionally independent as can be seen quite readily by letting have 
the particular values given by (78.4), in consequence of which the go 
over into the w{w-\-l)/2 independent quantities g'^K Hence S gives the 
actual number of independent equations (78.2). 

Case (b). Since S = for case (a) when w = n—l, i.e. all equations (78.2) 
are independent, it follows by Theorem VI that all equations (77.7) are 
independent for case (b). 

Case (c). For this case the equations (77.7) become 


(78.5) + 



= 0. 


If w — 2 we have from case (a) and Theorem VI with regard to the order q 
that the four equations (78.5) are all independent. To establish case (c) for 
n > 2 we shall prove the following theorem. 

Tbceobem VII. If the eqications (78*5) are all independent for the general 
metric space of n dimensions^ they are all independent far the general metric 
space of n-\-l dimensions. 


From our hypothesis there exists a determinant © of order n^, formed 
from the coefficients of 


(78.6) 


aj , aj , di 
dgj di^/’ ajp" 


in the equations (78.5) for the general 7i-dimensional metric space, which 
do^ not vanish identically in the independent components g ^^ , , F^ , i.e. 


© 5 ^ 0 . 
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For the general (n-h l)-dimensional metric space let ns now put 

_ __ fl if cc = n-h 1, 

ffc^n+l - S-n+loc -|oifa5^«+l, 

jctCi) p<i) _ riCi) _(lifa. = n+l, 

-P (Oif a#7t+l, 

and consider the remaining independent components and to 

be arbitrary. Then it is possible to form a non-vanishing determinant of 
order (n+ 1)^ from the coefScients of the quantities (78.6) in the equations 
(78.5) for the general metric space of 1 dimensions. This determinant is 
the determinant of the elements in Table V. The rows of Table V correspond 


Table V 


e 

oo 

oo 

oo 



0 0 

... 0 

6 

**...* 

i 

a 


0 


y 

a 

6 


■ 0 

....0 

2 


to a particular pair of values (/x, v) and the columns to the coefficients of the 
quantities (78.6). Asterisks are used to denote elements which have been left 
undetermined. The table is so arranged that in the upper left-hand comer 
there is the above determinant 0 which does not vanish identically. Con- 
sequently the first rows correspond to values fi, v= 1, and the first 

columns to coefficients of derivatives (78.6) depending only on subscripts 
having values 1, The remaining rows from top to bottom in Table V 

are taken to correspond to the values ^ = n+ 1, 1, ..., n and ^=1, ..., 

v = while the remaining columns from left to right are taken to 

corr^pond to derivatives 


(i=l, . and - (i= 1, 1)- 

dS'tn+i f»+i 

With this selection of rows and columns there are four non- vanishing deter- 
minants labelled a, p, y and 8 in the lower right-hand part of Table V which 
are given by 








j8= 


y == S = 


1 0 
0 1 


0 

0 


CL = 


9 ln **• 9 n 


Kl) 

In • ' • nn 


0 0 ... 1 
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The determinant formed from the elements of Table V has the value 


20 

rr n TP^ 

y IM. X7t • * • y 7171 7171 


and so does not vanish identically. Hence all equations (78.5) are inde- 
pendent for the general (n -I- l)-dimensional metric space. This proves 
Theorem VII and completes the discussion of case (c). 

Als a consequence of Theorems III A and Va we have the following two 
statements; 

(1) If 72, ^ 3, there are independent equations (77.5) for the determina- 

tion of affine dMerential parameters (77.1) of order (p, q). 

(2) If n = 2, there are independent equations (78.5) for the determina- 
tion of affine differential parameters of order (p, q) where 2, 

We wiU now prove the following 

Tbceoeem VIII. The differential equations (77-5) for the determination of 
the affine scalar differential parameters of order (1, 1) for the general affinely 
connected space of two dimensions are independent. 

The differential equations in question are 


/ OifJU \ dG ^ rv / 

Using the notation of (72.2) for the independent components of the normal 
tensor and letting 

(78.8) Ff = e, = 

equations (78.7) for ti7=: 1 take the following form 


(78.9) 


a<? 



+ 28 

dG 

dG 

= 0, 

“aa 

o 


ds 

+^a7 



^ + j8) 

dG 



dG 


+ Sg^+(o 

dy 



^ dt ' 

dG 

da 


+ (a + ^) 

dG 

dG 





as 


= 0, 

dG 


+ 2y 

dG 



^dG 

""aa 


dy 





= 0 , 


The following determinant of the matrix of this system 

0 28 e 0 

{CL + P) 0 0 -e . 

0 (a + j8) 0 

2y 0 OS 
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Hence tlie equations (78.9) are all independent. As an immediate conse- 
quence of this we have that the equations (78.7) are independent for tt? > 1. 
This completes the proof of our theorem. 

We must also consider the case ^ = 0, g = 2 for which the differential 
equations are 


(78.10) 


» « jk/j,) dG 


For n — 2,w=l we may take the independent components 
(78.11) -f’?2=S, F^i = e, 


and obtain the following matrix of the coefficients of equations (78.10): 


oc 0 2y S 0 

^ 0 28 € 0 

0 a 0 y 28 

0 0 8 2 € 


The determinant formed from the first, second, third and fifth columns of 
this matrix does not vanish identically, and therefore the equations (78.10) 
are independent for w^l and a fortiori for 71=^2, w'^1. 

If ^ ^ 3, equations (78.10) are not independent if t4;= 1. We can however 
prove that /or n'^2, w'^2, there are independ&wt equations (78.10) for the 
determination of the affine scatar differemtud parameter of order (0, 2). Since 
we have shown that they are independent for n = 2 it is sufficient to show that 
if equations (78,10) are independent for the general affine space of n dimen- 
sions they are independent for the general affine space of n -hi dimensions. 
For w = 2 this may be done by a simple modification of the discussion for 
ease (c) in the metric case. Since equations (78.10) are ^sentially of the 
same form as (78.5) we simply replace in the proof in question by 
and the entire discussion remains valid. Having proved the statement for 
w = 2,it must also be true for w>2. 

For ^ ^ 3, w=l we wish to show that there are — 1 independent 

equations in the set (78.10). The equations here become the same as those 
for case (a) for the metric parameters on replacing by and taking 
1. By noting that the w(w-h l)/2 functions mentioned in the dis- 
cussion of case (a) can be replaced by the single invariant where 

the are formed from the F^ in the same way as the are formed from 

the g^j^y we see that the entire discussion given there appli^ to the pr^»nt 
case. 

The only remaining singular case arises in the determination of the affine 
differential parameters of order (1, 0) for n = 2. The form of the system of 
equations is the same as that of the equations (74.1). Hen<» there are ihr^ 
independent equations- 
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79. Fir:>?I>AME27TAL SETS OF EIFFEBEK TI AL PARAMETEBS 
The total mimber of independent variables F’ in the differential equations 

(77.5) is easily seen to be 

V Q 

S A {n, ix) + w Hi K {n, a), 

a=0 a=0 

where the A (n, a) and K (n, a) are defined in § 54. Consequently the total 
mimber of functionally independent solutions of the equations (77.5) is 

21 (n, w,p,q)— H A (n, cc) + w H K (n, cc) — (p^q — 2), 

oc=0 a=0 

— nlK(n, 2) K (n-hl,p) — ^ l,_p + 2)4- ll + wK {n+l,q)^ 

for ^ 0, ^ 0, 7i'^2, with the exception of the combinations p = l, 

q:=^0, n~2 and p = (}, q = 2, w—1 for which we have 

= and 2t 1, 0, 2) = 2. 

It is also to be noted that the above formula does not apply to the case of 
parameters of order (0, 1) which was previously excluded. 

Similarly the number of independent components g, F in (77.7), where 
^• = 1, is given by 


S G (n, oc)’i~w H K (n, a). 

a=:0 a = 0 

Hence 

© (72-, w,p, q)= H 0(71, a) -hw H K {n,aC) — n^ (p'^q—1), 
a = 0 a=0 

= X (7^, 2) JS^(7^+ l,p) — nK {n-\-l,p + l)-\-n + wK {n+l,q) 
gives the number of functionally independent solutions of the equations 
(77.7) except for the combinations* 


a: n~2, p = 2, q^Qy w^l, 
jS; 71^ 2, ^ = 0, g= 1, t2;<72-— 1. 

For the combinations a and jS the number of independent solutions is given 
2 

®(2,m>,2,0)= S G{2,<x)+w-Z = w+\, 

a = 0 

®{n,w,0,l)=^G{n,0)+w S 
re^pectively- 

Defeottioh. a fuTidamervtaZ set of affine or metric scalar differential para-- 
meters of order (p, q) is a set of functionaUy independent affine or metric scalar 
differential parameters, each of which is of order (p, q), such that any other one 
of order (p, q) is expressible as a function of the members of the set. 


* Die CKimbiimtioii n ^2, jp = 0, g=0, to need not be considered since there exist no paxa- 
me!tonB of order (0, 0) which depend on the components - 
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It is assumed implicitly in tlie statement of the above definition that for 
all the parameters in question, the values of the integers n and w are the 
same. As thus defined the above fundamental sets of differential parameters 
correspond to the first fundamental set of scalar invariants of § 75. Exten- 
sions of the concept of the second fundamental set of scalar differential 
invariants to the case of the scalar differential parameter are evidently 
possible. 

It can be shown by a consideration similar to that of § 7 5 that ^ {n, w, p, q) 
and fii (n, w, p, q) give respectively the numbers of affine and metric differen- 
tial parameters in a fundamental set of order (p, q). 

80 . Extehsiok to relative teksor 

niFFBRElSrTIAL IlfVARIAKTS 

Consider a set of variables A^, which transform by the equations 

(80.1) 

where AT is a constant and the quantities are defined in § 67. It is immedi- 

ately seen that (80.1) defines a group in the parameters ; also by the method 
used in § 68 we may show that the parameters are essential. Similarly the 

equations 

(80.2) 

define a group in the variables and the essential parameters 

As the inverses of the above transformations (80.1) and (80.2) we have 

respectively. 

As the fundamental differential equations of the group (80.1) we deduce 

(80.3) ^=(-S^X^ + KS^X-)u:s;; 
also 

( 80 . 4 ) (S£/z, + «;s; 

are the fundamental differential equations of the group (80.2). It follows 
directly from (80.3) and (80.4) that 

(-SJA^^ + XS^A^) ^ 

are the sjunbols of the infinitesimal transformations of the group (80.1) 
and (80.2). 

Now let be a relative tensor of weight W with components aud 

snpp<^ that there are i sul^cripts in the set 3 and j superroripts in the 



194 


ABSOLUTE SCALAB UIFFEBENTIAL 


set a, ... 3 ^- Having recourse to the transformation equations (67.1) we 
then see that the expression 

(80.5) 

is an invariant function of the group composed of (67.1), (80.1) and (80.2) 
provided that the constants K and M are chosen so that 

(80.6) W-^iK+jM=:^0. 

If the tensor jP is an affine dffierential invariant of order the ex- 

pression (80.5) must therefore admit the transformations of the group 
defined by (67.3), (80.1) and (80.2), it being assumed that (80.6) is satisfied. 
Hence, we have 

( 80 . 7 ) ix'^{p)+E'i] 

Similarly the conditions 

( 80 . 8 ) (p) + .. . av ... as = 0 

are satisfied when T is Sb metric differential invariant of order = 0 or p ^ 2. 
On expansion (80.7) and (80.8) become 

( 80 . 9 ) x>:(p) 

-K ^yZs - ••• 

and 

(80.10) rt)(ij) r“::i = S5:T“:;:|+... + Sgr“;;;f 

-K'^yzi -- -Sv ^y:::l> 

respectively, use being made of the fact that (80.6) is satisfied and that the 
variables are arbitrary. Since the conditions (80.9) and (80.10) are 

sufficient to insure the fact that T is either an affine or metric tensor differen- 
tial invariant of order p, we have the following 

Theorem. A necessary and sufficient condition that a relative tensor T of 
weight W be an affine differential invariant of order or a metric differential 

invariarvt of order p ~0,p^2,is that the equations (80.9) or (80.10), respectively^ 
be salisfied. 

In the case of an affine scalar differential invariant J of the first order and 


weight W, we have 

(80.11) 




■ = h^,WJ 


in place of (80.9). For n = 2 we can introduce the independent components 
(X, y, 3 M in § 72 and obtain the following independent equations 




•(« + i3) 




(80.12) 
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■where 


^ w 


A particular solution of the system (80.12) is log(a — jS). Since the most 
general solution of the homogeneous system associated with (80.12) is an 
arbitrary function of the expression (a — j8)2/(ajS — yS), the most general 
solution of the complete system (80.12) is 


ilf = log(oc — P) + F 


UjS-rSj’ 


where F denotes an arbitrary function of its argument. Hence the general 
relative aifine scalar invariant of order 1 and weight W for n^2 has the form 


(80.18) 




As particular cases of (80. 13) we see that (a — is an invariant of weight 1 , 
and also that (a — and (ajS — yS) are invariants of weight 2; these results 
were shown in § 74 by actual calculation. 

Similarly, in place of (80.10), we have for a metric scalar differential 
invariant I of weight W 

for ^ = 0. For w== 2, expansion of (80.14) gives the three independent equa- 
tions 




(80.15) 






where a, y denote components as defined in § 74, and where ^ is 
defined by 

log-f 


The most general solution of (80.15) is 

^ log (ocy — + CJOIiSti. 

Hence 

I = C (ay — =c I [2 

is the most general metric scalar differential invariant of order zero and 

weight W fort^=2. 


13-3 
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THE EQUIVALENCE PROBLEM 


81. EqTJIVALEK-CE of GEE'ERALIZED spaces 
Let ^ and ^ he Ti-dimensional regions of two % -dimensional generalized 
spaces ^ and ^ of the same type,* the regions ^ and ^ being covered by 
coordinate systems x and ^ respectively. Suppose that there exists a one to 
one reciprocal correspondence of the points of ^ and ^ defined by a set of 
analytic equations 

( 81 . 1 ) =/« (^ 1 , . . . , (x^, . . . , . 

Then it follows from the discussion in § 1 that the functional determinants 

a/« 

dx^ dx^ 


are not equal to zero at any points P and P of the regions and re- 
spectively. 

Now let Q, denote any geometrical configuration in the region ^ and 6 
the configuration in 03 into which (£ is transformed by the correspondence 
(81.1). We shall say ihM the spaces 0*' and 0^ are eqaivcdent thrcrwghmd the 
regions 03 and 03 under consideration if the configuratums E and E are in- 
distinguishable by means of the intrinsic structure of ihe spaces 0^ and 0r ^ 
respectivdy. 

Consider, first, two general affinely connected spaces 0^ and 0*^ and 
let the configuration E consist of a curve G and a ^ 
family of curves C' intersecting O as illustrated in ^ 

Eig. 9. Let the curves C and G' be defined by 
equations of the form 

G: a;“ = ^“(A), 

and suppose that the curves C' intersect the curve G for the value -jj = 0 of 
the parameter iq. Suppose furthermore that the tangent vectors to the 
curves C' at pointe of G are parallel with r^pect to the curve C; th^e 
tangent vectors have components 

I / .=0 

The transformation (81.1) will then carry the cnrv^ C and C' into the curves 

C-. 

♦ I.e. the sp&cm W' and W are both affinely <x>nnected spaces or boUi ^wolecMr© s|»cw, etc. 



Fig. 9. 
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the tangent vectors to the curves C at points of C will then have components 

iT) ■ 

\ arj 7^=0 


Now in consequence of the above assumption that the tangent vectors to 
the curves C' are parallel with respect to C, we must have 


(81.2) 




d(f>y 
=0 dX 


along the curve C. Also if the two affinely connected regions ^ and '3^ are to 
be equivalent under the transformation (81.1), the corresponding equations, 


(81.3) 







must be satisfied along C. But 

__dx^ 


dxP\d7))^^o’ 




\ d^x^ d<f>y 


1 , 

(d^4>P\ 

dx^dxy dX * 


dxn 

^097 aAj 


>,=0 


Substituting these expressions into the above equations (81.3), we obtain a 
set of equations which can be reduced to the form 


rdx°‘ l d^W' Yy dsf 3a;A~l d4>v 

^ \a7?SA/,=o Ld^Xdxfidxy "'"^^ dxPdxyJjX&nJn^odX’ 


and which must accordingly be valid along the curve C. Since (81,2) and 
(81,4) must hold for all such systems of curves C and O', we therefore have 


(81.5) 




dx°^ 


■ 02^ ^ dx'^ 'l 


As it is evident that these conditions famish a suf&cient condition for the 
regions^ and ^ to be equivalent under (81.1), we obtain the following result. 

If W and 03 are regions of two general affinely connected spcLces 0^ and 
resjgectimly, and if (81.1) defines a one to one reciprocal correspondence of the 
points of 03 and 03, a necessary and sufficient condition for the regions 03 and 03 
to be eg^imdent under the transformation (81.1) is that the equations (81.5) he 
satisfied. 

The conditions (81.5) which we have deduced for the regions 03 and 03 to 
be equivalent under the transformation (81.1) might have been inferred of 
course jBrom the analytical si m ilarity of the present theory with the theory 
of coordinate transformations of § 9. As above obtained these conditions 
were deduced directly fix>m the abstract definition of equivalence. We 
may therefore immediately infer that the regions 03 and 03 of two metric 
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spaces are eqtiivalent imder the transformation (81.1) if and only if the 
conditions 

/ot - /-X , .dzi^dx'’ 

(*) = ^ 

are satisfied. For tiie case of the space of distant parallelism, the conditions 

(81.6) are replaced by the conditions 

(81.7) A?(x) = a^Af(a:)g; 

here the constants < 2 * are subject merely to the condition that the deter- 
minant \oIl\ is not equal to zero in the case of the a ffin e space of distant 
parallelism, and to the conditions (6.8) in the case of the metric space of 
distant parallelism. Similarly the regions ^ and ^ of two conformal or 
projective spaces are equivalent under (81.1) if and only if (20.1) or (16.1) 
are satisfied; analogous conditions apply to the equivalence of two Weyl 
spaces. 

1°. It may be observed that a necessary and sufficient condition for the equivalence 
of the regions and ^ of two affinely connected spae^ of syrnmetric affine connection 
is that the paths of ^ correspond to the paths of 0^ by (81.1) withotU change of para- 
meter; on the other hand the necessary and sufficient condition for the equivalence of 
these regions in the case of two projective spaces is merely that paths be transformed 
into paths, no regard being paid to changes in the parameters of the paths as a result 
of the transformation (81.1). If the paths of and are transformable by (81.1) 
without change of parameter, we say that th^e regions are a^ffinely eguivalent. When, 
however, the transformation (81.1) transforms the paths of ^ into the paths of in 
such a way that parameter changes occur, we say that the two regions are protectively 
equivalent. 

These conditions for affine and projective equivalence, which are deducible from 
the general abstract definition of equivalence, are recognizable as special conditions 
applying to the particular type of space imder consideration. Analogous special con- 
ditions of equivalence can be given for the other generalized spaces. For example, it is 
e'vidently a necessary and sufficient condition for the regions ® and ® to be equivalent 
in the case of conformal spaces, that angles should be invariant under the transforma- 
tion (81.1); corresponding to the above terminology we may now say that the regions 
® and ^ of two metric spaces are conformally equivalent if the transformation (81-1) 
leaves angles unaltered, etc. 

2°. We can replace the conditions of equivalence given by (81.7) by a set of equations 
which does not involve the constants af . We can in fact deduce from (81.7) that 

, Aa 

where the are defined in § 6. Conversely it follows from (81.8) that ( 8 1 , 7 ) is satisfied. 
To show this we a^ume that (81.8) is satisfied by some transformation (81.1); then 
we put 

(81.9) ft? (S) = af m ftf (*) g > 

and consider that these equations define the quantities aj {x). By differentiation of 
(81.9) we can then deduce 


(81.10) 
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in. which the quantities 6J. are defined as in §6. Erom (81.8) the last set of terms in 
(81.10) must vanish and it follows immediately that the uf are constants; hence (81.9) 
becomes identical with (81.7) in which the determinant | ( is different from zero. 

It is now evident that (81.6) and (81.8) must furnish the conditions of equivalence 
in the case of two metric spaces of distant parallelism. This gives us the following 

result. 

If and are regions of two apcwes of distant parallelism 'd*' and respectively , awd 
if (SI. 1) defines a one to one reciprocal correspo^ence of the points of and 01 , a necessary 
and sufficient condition for the regions and 01 to he equivalent under the transformation 

(81.1) is that the equcdions (81.8) he satisfied (affine case) or that the equations (81.8) and 
(81.6) he salisfied (metric case). 

82 . Normal coordinates and the equivalence problem 
Consider two affine spaces of paths ^ and 0^, i.e. two affinely connected 
spaces of symmetric affine connection. Then it is evident that a necessary 
condition for the existence of two equivalent regions 0^ and 0d of these spaces 
is that a correspondence (81.1) exists such that the sequence of equations 

( 82 . 1 ) 


is satisfied, where the A and A denote components of norrnal tensors defined 
in the regions 02 and 02, respectively, and 




Still more particularly, a necessary condition for equivalence is that the 
above sequence (82.1) possess a numerical solution 

(82.2) = = u'^ = a^, 

such that the determinant of the constants i.e. the determinant [ [, is 

not equal to zero. We shall now prove that the existence of the numerical 
solution (82.2) is sufficient to insure the existence of equivalent regions 02 
and 02 of the two spaces (i). 

Eor the above purpose we erect affine normal coordinate systems y and y 
with origias at the points with coordinates = and x^— q°^ of the spaces 
0^ and 0", respectively. CJonnect these normal coordinates by the relations 

( 82 . 3 ) = 

where the are the constants in (82.2). Deno ting the components of the 
affine connections in the systems y and y by and , respectively, we 

bi? VPs 

(f ) ^ + (y) ^^ + . . . . 


(82-4) 
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Since J>y hypotliesis the relations (82.1) hold between the components A (q) 
and A (q), it follows that the components and are related by the 
equations 


(82.5) Cicala;, 

i.e. these components transform by the ordinary affine law of transformation 
when the normal coordinates and xmdergo the transformation (82.3). 
The relation (82.3) in conjimetion with the relation between the coordmab^ 
and the coordinates y^ defines a one to one reciprocal correspond- 
ence (81.1) between the points of two regions and ^ of the given spaces 
0^ and '^, respectively. Furthermore the correspondence (81.1) so defined 
is such that 


(82.6) 


== when x°- = f 
= a^ when 


This last set of equations can readily be verified by using the fact that at the 
origin of the normal coordinates the derivative dx^jdy^ are equal to the 
corresponding 8|; in fact 


'dx°^\ /dx°^ dy^ 

dx^j-^ \dy^ dx^/q 




It follows ffiom (82.5) and (82.6) that the conditions 


dx^ d^x^ ^ dx^daf^ 


are satisfied by the transformation (81.1) throughout the regions 0S and 0^ 
under consideration. 

A necessary and sufficient condition for the existence of equivalent regions 0i 
and ^ of two affine spaces of paths 0^ and 0^, respectively, is that the infinite 
sequence of equations (82.1) possess a numerical solution (82.2). 

The above result can evidently be extended to the case of two general 
afiSnely connected spaces 0^ and 0^ with asymmetric connections, provided 
that we supplement the sequence (82.1) by the sequence 


where the are the components of the skew-symmetric part of the affine 
connection (see § 9). An analogous theorem can likewise be obtained for the 
case of spac^ of distant parallelism, metric spa<»B and Weyl spaces; the 
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theorem can also be extended to the case of two projective spaces of paths 
by having recourse to the ( 72 ,+ l)-dimensional representations and 

of these spaces. 


83. Complete sets op ikvariakts 

We shall say that a set JS of differential invariants of a generalized space 0^ is 
complete if algebraic necessary and sufficient conditions for the equivalence of 
a region 0^ of 0^ with a region 0fi of a space 0^ of similar type are expressible in 
terms of the members of the set 8. 

The theorem of § 82 shows that the totality of normal tensors A constitute 
a complete set of differential invariants of an affine space of paths; similarly 
the totality of normal tensors A and tensors Q occurring in (82.7) form a 
complete set of differential invariants of the general affinely connected space. 
Likewise the sets of invariants 

(^) ffoc^,ySe> **•’ 

(II) 

(III) - 

constitute complete sets of differential invariants of the metric space, the 
space of distant parallelism, and the projective space of paths, respectively; 
here the *A are the affine normal tensors in the {n-\- 1 ) -dimensional repre- 
sentation of the projective space. 

It can be shown, however, that necessary and sufficient conditions for 
equivalence can be stated in terms of a finite number of differential in- 
variants; for this purpose we shall need the theorem proved in the following 
section. 


84. A THEOREM OH MIXED SYSTEMS OF PARTIAL 
DIFFERENTIAL EQUATIONS 

Consider the system of differential equations 
dZ^ 

(84.1) ^ = (a=l,2....,i?; p=l,2, 

in which the Z^b are to be considered as functions of the independent variables 
and the are analytic functions of their arguments. We seek solutions 

(84.2) Z^^Z^ {x\ ...,rr^) 
of (84.1) which satisfy a system of equations 

(84.3) Ff{Z,x)^0, 

It can he shown that the condition for the existence of such a solution is 
^ven by the following ( 2 ) 
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Theokem. a necessary and sufficient condition that the system of differerUial 
equations (84.1) admit a solution (84.2) satisfying equations (84.3) is that there 
exist an integer N {>1) such that the first N sets of equations of the sequence 

(84.4) (.Z,a:) = 0; Uf (.Z,*) = 0; Ff(Z,x) = 0; ... 

are algebraically consistenl considered as equations for the determination of 
the Z°^ as functions of the independent variables x^, and that all their solutions 
satisfy the (M 4- 1)^^ set of equations in (84.4), where =^Oisthe set of equations 
consisting of (84.3), the equations of integrability o/ (84.1) and the equations 
obtained by differentiating (84.3) with respect to x^ and eliminating the deriva^ 
fives of which occur by means of (84.1); and for it ^ 1 is the set of 

equations obtained by differentiating the set of equations F^f^^ = 0 with respect to 
x^ and eliminating the derivatives of Z°^ by means o/ (84.1). 

By the conditions of integrability of equations (84.1) we mean of course 
the set of conditions obtained by differentiating (84.1) with respect to xy and 
then eliminating the second derivatives of Z^ by means of 

d^Z°^ d^Z^ 
dxhdxy dxydx^ 

and first derivatives of Z°^ by means of (84.1). 

The necessity condition of the theorem is evident: in case the differential 
equations (84.1) possess a solution (84.2) satisfying (84.3) it is clear that the 
number N must exist inasmuch as it is not possible to have an infinite number 
of independent equations (84.4) in a finite number of variables. 

The sufficiency condition of the theorem can be proved quite readily. 
The first N sets of equations (84.4) can be written in the solved form 

(84.5) x) (a=l,...,-4f^i?), 

provided that we assume, which we may do without any loss of generality, 
that the dependent Z^b are those of the set Z^^ Z^, Differentiation of 

(84.5) with respect to and elimination of the derivatives of the Z"b by 
(84.1) gives the equations 

Let us denote by the symbol [^] the expression obtained by eli m i n ating the 
quantiti^ Zi^y ..., Z^ in the function <f> {Z,x) by means of (84.5). Thus the 
function [^] depends on the set of arguments Z^^ x'^. From 

(84.6) we then obtain 

(84.7) = + g (<x = ^+l,...,iJ), 

and this equation is satisfied identically in the arguments Z^+'^, Z^, 

x^j ..., x^ as is evident jBrom the method of formation of the s^juence (84.4) 
and the hypoth^is that aU solutions of the first N sets of th^ equations, 
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which are eqxiiTalent to (84.5), satisfy the {N 4* l)st set of equations of the 
sequence (84.4). On account of this it follows that the equations 


(84.8) 


8zP'^dZ<^dxP 


= (a=l, 


M^B), 


(84.9) 


r I cr -1 


(<T== JdT + 1, M), 


which are obtained by substituting (84.5) in (84.1), are such that any solu- 
tion Z^—Z^ (a;) of (84.9) is a solution of (84.8). The integrabihty conditions 
of (84.9) are 


3^ 3C^g] 

dx^ dZf 




8[^;] 

dxh 


+ 


dzp 




{a,p = M+ I, 


R), 


or 


Loa:'' ox''_i 


~LdxP^dz<=^dxPA' 

By (84.7) these last equations become 




Ldzp'^dz^ 


9$“"! 




and hence are satisfied identically in the variables Z^^ x^, a?^ 

since they are the result of eliminating Z^, Z^ by (84.5) in certain of the 

equations of integrabihty of (84. 1). This completes the proof of the theorem. 

In the process of obtaining the value of the integer N in the above theorem 
so as to make N have a least value we observe that each set of equations 
= 0 in the sequence (84,4) must contribute at least one additional con- 
dition on the quantities Z^ over the conditions imposed on them by aU 
preceding sets. Hence 
(84.10) 

where R is the total number of variables Z°^. By the integer N in the follow- 
ing sections we shall mean the least value of this integer, which will therefore 
satisfy (84.10). 


85- Finite EQUivAiiENos theorem for affinely 

CONNEOTEE SPACES 


Let US write the equations (81,5) in the form 


(85.1) 


dn% _ 
dwy 


roc 


dx°^ 


The differential equations (85.1) are of the form (84.1) as is evident when we 
d^ote the n{7%4‘ 1) variables and in (85.1) by n(n4- 1) variables Z°^ 
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and replace the variables in (85.1) by the 7i variables there are now no 
equations of the t 3 ?pe (84.3). Corresponding to the sequence of equations 

(84.4) we now have 

( 85 . 2 ) 


where the are the components of the curvature tensor defined by ( 12. 14). 

The fibret set of equations (85.2) gives the transformation of the components 
of the curvature tensor B and the tensor Q,; the second, third, ... sets of 
equations are the equations of transformation of the successive covariant 
derivatives of these tensors. The following theorem then results immediately 
from the theorem of § 84. 


Theoeem. a necessary and sufficieiit condition for the existence of equi- 
valent regions ^ and ^ of two general affinely connected spaces and 
respectively, is that there exist an integer Ar( ^ 1) such that the first N sets of 
equations (85.2) are compatible considered as equations for the determination of 
and as functions of the independent variables and that all their solutions 

(85.3) .,.,x^) 

satisfy the {N -f 1)^^ set of equations of the sequence (85.2). 

In place of the equations (85,1) we can consider the equivalent system 
consisting of 


(85.4) 




(85.5) 

then (85.4) corresponds to the equations (84.1) and (85.5) to the equations 

(84.3). The resulting theorem of equivalence, which follows in an evident 
manner from the general existence theorem of § 84, then involves the emrva- 
ture tensor B determined by the symmetric components as well as the 
successive covariant derivatives of the tensors B and O, bas^ on the com- 
ponents r^y; the sequence in question can likewise be repr^ented by (85.2). 

In the particular case of the aflSne geometry of paths, i.e. the afifinely 
connected space with symmetric affine connection, the sequence (85.2) 
reduces to the sequence 


( 85 . 6 ) 
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This latter sequence can in turn be replaced by the sequence (82.1) in the 
statement of the above equivalence theorem. To see this we consider the 
first r sets of relations (49.3) in the variables A, B and eliminate the B from 
the right members of (49.3) by means of (85.6); then eliminate the variables 
B which have been introduced by this process by use of (49.2). There results 
a set of equations expressing the components A of the first r normal tensors 
in terms of the components A of these tensors and the . But these equa- 
tions must be algebraically equivalent to the first r sets of equations of the 
sequence (82.1) since (82.1), or an equivalent form derivable from (82.1) by 
means of the identities (41.1) and (41.2) satisfied by the components of the 
normal tensors, constitute the only relations which can exist between the 
quantities Ay A and in question. Conversely we can pass from the r first 
sets of equations of the sequence (82.1) to the first r sets of equations of the 
sequence (85.6). This proves the sufficiency condition of the above equi- 
valence theorem when the sequence (82.1) replaces the sequence (85.6), 
since if this condition is satisfied for the sequence (82. 1), it is likewise satisfied 
for the sequence (85.6) by the result just obtained; the necessity condition 
of the theorem is of course directly evident. 

86. Finite equivalence theorem for metric spaces 

In the case of the metric space, we deduce firom (81.6) the equations (85.4) 
in which the are Christofiel symbols; these equations then correspond 
to the equations (84.1) and the equations 
(86.1a) 

derived from (81.6), correspond to (84.3). When we differentiate (86.1a) and 
eliminate derivatives of the by means of (85.4), the resulting equations are 
satisfied identically in view of (13.12); hence the first set of equations (84.4) 
consists of (86.1a) and 

( 86.1 6 ) - 

The remaining sets of eq^uations (84.4) correspond to the successive sets of 
the sequence 

(86.1c) 

Making use of the equations (12.20) and (13.12) we can evidently write the 
sequence (86.1) in the equivalent form 

-^<xj3yS -^/xvar^ct * “ ’ 


( 86 , 2 ) 
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By an argument analogous to that given at the end of § 85, we see that the 
above sequence (86.2) can be replaced by the sequence 

S ajS, yS » 

(86.3) 


The general existence theorem of § 84 now gives an equivalence theorem 
for two metric spaces ^ and 0 ^ which is entirely analogous to the theorem 
stated in § 85, this theorem being based either on the sequence (86,1), (86.2) 
or (86.3)(3), 

In the special ease of two metric spaces 0*' and of dimensionality n ( ^ 2) and of 
the same constant curvature K, it follows fix>m (50.9) that the second set of equations 
(86.2) will be satisfied whenever the first set of these equations is satisfied. The con- 
ditions for equivalence are therefore satisfied and hence ttao spc^ces of the same constant 
curvature are always equivalent. 


87. Fi3!Tite equivalence theorem fob spaces 

OF UISTANT PARALLELISM 


Write equations (81.8) in the form 




Then, putting 

we have, corresponding to (84.4) in the case of the affine space of distant 
parallelism, the following sequence 


(87.2) 


involving the equations of transformation of the components and of the 

components of the successive covariant derivatives of the tensor T. The 
appearance of equations corresponding to the equations of transformation 
of the components of the curvature tensor and its covaiiant derivative are 
lacking in the above sequence (87.2) owing to the vanishing of the curvature 
tensor in the space of distant parallelism (see § 12), 

In the case of the metric space of distant parallelism, the equations (87.1 ) 
are to be supplemented by the conditions (86.1 a). Now the equations 
resulting firom differentiation of (86.1 ct) and elimination of the derivatives 
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of tJie 2^1 by (87.1) are found to be satisfied identically. Hence the sequence 
(84.4) becomes 


(87.3) 


’f; 


_Py,S-^, 

\I/*ar 


- 






_\jra 




fiv, cr, T 


y o € ^ 


for the case under consideration . 

The theorem of equivalence of regions and of two affine or metric 
spaces of distant parallelism can now be stated, as in § 85, on the basis of the 
sequences (87.2) or (87.3), respectively. 

88. Fistite equivalence theobem tor projective spaces 

It follows from the results of § 19 that the problem of the equivalence of two 
y^~dimensional projective spaces of paths is identical with the problem of 
the equivalence of the (n 4- l)-dimensional affine representations and 

■^*+1 these spaces (4). Hence the problem of the equivalence of two pro- 
jective spaces of paths reduces completely to the affine equivalence problem 
treated in § 85. 

89. Equivalence op two bimbnsional conpormal spaces 

We shall say that a two dimensional metric space is elliptic or hyperbolic* 
within the region under consideration, according as the determinant 
, i.e. 

(89.1) 

9zi 923, 

is positive or negative respectively, f It is easily seen that the algebraic sign 
of the determinant [ ) is not changed by a conformal transformation (7.1) 

or a transformation of coordinates of the region hence the elliptic or 
hyperbolic character of the space is unaltered by these transformations. 

Instead of the equations (20.1) let us take the equations involving the 
arbitrary function a (x) as given in § 20 as the basic equations in the discussion 
of the equivalence problem, and let us write these equations in the form 

(89.2) g^pdx°^dx^ = a {x) g^^dx°^dx^. 

It is desired to find a solution (81.1) of the equations (89.2) for some selection 
of the function o- {x). It is evident from the above remark that a necessary 

♦ It should be observed that the use made here of the terms elliptic and hyperbolic has no rela- 
tkm to the cmrvatur© of the ^>ace, but refers to the type of the differential equations (89.4). 

f Since the determinant | j is assumed to be different from zero at any point of the region 
W, it will not change its algebraic sign within this r^ion. 
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condition for the existence of snch a solution is that the spaces X and ^ in 
question be both elliptic or both hyperbolic; we shall show that this con- 
dition is also sufhcient. 

Under a transformation of coordinates, namely 


(89.3) ~ F^ x^), 

the contravariant components become in accordance with the 


equations 


^11 



dco^ 



(89.4:) 


A12 = X21 = £,ii 


dco^ doj^ - 
8x^ 


'8w^ 3co® 3aj^ cto® \ dca^ 3eo® 
8x^ dx^ 8x^ dx^ / ^ Sx- dx^ ’ 


Aa2 = g'ii 



+ 2g'W 


0C£>^ 0a>^ 

ZZL + ^722 
dx^ dx^ 



Taking first the h 3 ^perbolic case, we wish to show that we can determine 
a coordinate transformation (89.3) such that A^^ = A^^=0. We consider the 
differential equation 

dxi8x^^^ \8xy 


(89.5) 


m 


Jig^^ajidg^^ both vanish, the coordinates are already in the form that we are 
seeking. If this is not the case, there is evidently no loss of generality in 
assuming that the coefficient in these equations is not identically zero; 
in fact if = 0 and # 0, we can by a mere renumbering of the coordinates 
cause g'^ to be different from zero.* It is therefore possible to decompose 
the equation (89.5) into the two equations 


(89.6u) 

(89.66) 


dF r g^^ V^~]ajp 

9^ Jdx^’ 

8F r V-ffl 8F 

d^~L 9^^ \8x^’ 


where we have denoted 
(89.7) 


the determinant 

gVi. g2L 


by G for brevity. The quantity G is negative for the hyperbolic case under 
consideration, since the deteiminants (89.1) and (89.7) have reciprocal 
values. Hence it is possible to find two (real) independent analytic solutions 
F^ and F^ of (89.5) which are in fact given as solutions of (89.6 a) and (89.66), 
respectively. Taking the functions F^ and F^ so obtained to define the above 
coordinate transformation (89.3), it foUows that the components A^^ and A*® 
in (89.4) vanish identically. The fundamental quadratic differential form 
with respect to the (a») coordinate system is therefore given by 
(89.8) = a (a>)da>^da)^ 

*■ Such a reniimbering of <x>oixiirLates is ©quivaJteat to a ocxjrdiiiate tiansforaialaoai = x®, a:® = 5^. 

X4 


TDI 
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where a is a function of the coordinates co\ Similarly the fundamental 
quadratic differential form for the space ^ becomes 

= jS (aJ) dw^dco^ 

as the result of a transformation analogous to (89.3). 

Suppose now that the function J3 (cZ>) is defined in a region ^ of the space 
0^; then it is evident that the region ^ can be taken so that <it>“ = cHJ“ + for 
suitably chosen constants will be the coordinates of a point of a region 
^ of ^ in which a (a>) is defined whenever a>“ are the coordinates of a point 
of Hence 

P {aJ) dco^ dco^ = T (co) oc(co) dco^ dco^ 

will be satisfied by taking = + and defining the scalar t(oj) as the 

ratio p {cjtj — a)lcx,(co). The correspondence then defines a corre- 

spondence or transformation (81.1) between the regions 02 and 02 such that 
(89,2) is satisfied for or{x)=^T(cxy); hence the two regions 02 and 02 are 
equivalent. 

In the elliptic case the determinant (89.1) and hence the determinant 
(89.7) or 6^ is positive, so that the equations (89.6) involve an imaginary 
quantity. Eor the purpose of obtaining a form for the element of distance 
in the case of an elliptic space, analogous to the form (89.8) for the hyper- 
bolic space, while at the same time dealing only with real quantities, we are 
led to replace the equations (89.6) by the following equations* 

[dF-^ ^12 dF^ Vo dF^ 

, dx^ dx^ ’ 

(89.9) J ^ ^ 

js/GdF^ ^12 0^2 

^dx^ g^^ dx^ g^ dx^ * 

It is then easily seen that the transformation (89.3) which is defined by 
(89.9) is such that A^ = A^^, A^^ = 0 in (89.4). Hence the fundamental quad- 
ratic differential form for the space 0^ becomes 

ds^ = y (co) l(dco^)^ + ; 

introducing analogous coordinates cr>“ in the space 0^, we have the corre- 
sponding form 

d^=^S (oJ) [(«tei)2 + 

for this latter space. As explained in detail for the case of the hyperbolic 
space, the above forms for the element of distance now lead to the existence 
of equivalent regions 02 and ^ of the two eUiptic spaces 0^ and 0^ under 
consideration. 

* The system (89.9) can be put into tbe form 

d {I^+iF^y r~g^ +iV^ d {F^+iF^) 

L 9^ J dx^ ^ 

wbere * sr-v/'"'— "l, and this equation is identical with (89.6a) in the complex variable F. Cf. 
Gonrsat, Cours d" Analyse MaJOkemMigw, 4th ed. (Gauthier-ViUars, 1927), 3, p. 84. 
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Theohbivi. If ^ and 0^ represent metric spaces of two dimensions, conform- 
ally equivalent regions ^ aiid M of the spaces 0r and W exist if, arhd only if, 
these spaces are both elliptic or both hyperbolic. 

It is evident from the above discussion that in case of the existence of 
equivalent regions 01 and ^ of the two spaces 0" and W, the region M can be 
taken as a neighbourhood containing an arbitrary point P of T and the 
region ^ as a neighbourhood containing an arbitrary point P of the space W' 
(see § 1). 


90. Fiistitb equivalence theorem for conformal 

SPACES OF THREE OR MORE DIMENSIONS 

In considering the equivalence of two conformal spaces of dimensionality 
n^Z, we may take 

( 90 - 1 ) 

as the equations corresponding to (84.1); here it is to be observed that we 
adopt the convention of §21 regarding the range of indices. Also corre- 
sponding to the conditions (84.3) we have 




A.,0 


(90.2 a) 




;=1, <=«“=w;>=0. 

Suppose, now, that 
(90.3) = 

denotes a solution of (90.1) subject to the above conditions (90.2a). We then 
see imm ediately that the first set of these equations is in reality of the form 
(90.4a) x^~f^(x^, 

(90.46) x^ = ^-tp(x\ ...,x^). 

Also the function p can differ only by an additive constant from the logarithm 
of the determin ant (xx) formed from (90.4 a); in fact we have 

/•oakn dlog(xx)_.^SK, 


where ^ 

Eliminating the derivatives in the right members of (90.5) by means of 
(90.1), the resnlting expression is easily seen to reduce to it® . Hence 

p = log (ax) + const., 

and (90.3) or (90.4) belongs to the group It follows therefore that the 
above functions ul. in the solution of (90.1) and (90.2a) are derivable from 
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(90.4 a) as described in § 21. The problem of the determination of equivalent 
regions ^ and ^ of two conformal spaces ^ and ^ reduces therefore to the 
solution of (90.1) under the conditions (90.2a). 

When we differentiate (90.2a) with respect to the independent variables 
and then eliminate the resxilting derivatives by means of (90.1), the 
equations so obtained are seen to be satisfied identically. Hence the first 
set of equations (84.4) consists of (90.2 a) and the conditions of integrability 
of (90.1), the latter being the equations of transformation of the com- 
ponents of the incomplete conformal curvature tensor (see §22). Taking 
now, for definiteness, the case where the dimensionality n is an odd integer, 
let us complete the above equations by the method of § 28 so as to obtain 


(90.26) 




The equations (90.2) vdll be considered to correspond to the first set of 
equations (84.4); this is evidently legitimate since (90.2) contains all the 
conditions which correspond strictly to the first set of equations (84.4), and 
the fact that (90.2) involves necessary conditions in addition to these latter 
is immaterial from the standpoint of the procedure of § 84. Continuing we 
construct the sequence 


(90.2 c) 




t 




and thus arrive at the following 

Theorem . A necessary and sufficient condition for the existence of equivalent 
regions M and 01 of two conformal spaces 0^ and far which the dimensionality 
^ ^ 3) ^ cin odd integer, is that there exists an integer W ( ^ 1) such that the 
first N sets of equations (90.2) are conpatihle considered as equations for the 
determination of and u\. as functions of the independent variables x% avd 
that alt their solutions (90.3) satisfy the (N + l)st set of equations of the sequence 
(90.2). 

It is evident that a similar theorem holds for even values of the dimen- 
sionality n{'^Z) when the above sequence (90.2) is replaced by one involving 
the components B bb defined in § 28 for the value of the dimensionality n in 
question. 


91. Spatial arithmetic invariants 

The finite equivalence theorems of the preceding sections give algebraic (i.e. 
non-differential) conditions for equivalence and hence serve to specify a 
finite number of differential invariants which constitute a complete set of 
differential invariants of the space 0^ in question; the number of these 
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invariants in the complete set can be described in terms of the integer 
N occurring in the statement of the equivalence theorem. 

By the inequality (84.10) we have that the integer M appearing in the 
statement of the theorem of § 85 will satisfy the inequalities 
(91.1) 

It can be shown quite readily that the. integer N is an ctritkfnetical inwxTiunt 
of the affine space 0^ {5). 

For simplicity let us denote the equations of the sequence (85.2) by 
(91-2) 

where p"^ now corresponds to the derivative dx^^fdx^. In order to prove the 
invariant character of the integer N we must show that the value of this 
integer determined by (91.2) is the same as its value when determined by 

(91-a) _ 

where = dx^^jdx^ and the quantities B, O are determined ihom the com- 
ponents which result from the by an arbitrary analytic transforma- 
tion 

(91.4) ...,i^). 

Hence between the quantities B, S and B, O we have the relations 

( 91 . 6 ) {B,Q.) = {S,n,r), r|=g. 

Bet 

(91.6) = pf=h^{x\.,.,x^) 

denote any solution of the first N—N sets of equations (91.2). Then form 
the equations 

(91.7) a;“ = ^“(f), ?|=«|($), 

where ^“(f) is obtained from g°^(x) by the substitution (91.4), and s^ is 
defined by 

(91.8) s^=r“jp|. 

By the substitution (91.5) and (91.8) the equations (91.2) go over into 
equations (91.3). Hence (91.7) satisfies the first + 1 sets of equations (91.3), 
The set S of all solutions of the first N sets of equations (91.2) defines a set 
S' of solutions (91.7) of the first N sets of equations (91.3), each of which 
satisfies the (N + l)st set of these equations. Now the solutions (91.7) of the 
set S' constitute all solutions of the first N sets of equations (91.3); for if 
there existed any solution of these equations not in the set S\ we could use 
this solution and the relation (91.4) to define a relation (91.6) by the proems 
by which (91.7) was obtained, and this relation would constitute a solution 
of the first N sets of equations (91.2) not belonging to the set S, which is 
contrary to hypothesis. Let the integer N=Nhe determine by (91 .3). We 
have just shown that N, which is the least value of the int^er W deter- 
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mined by tbe equations (91.3), cannot be greater than N. Also cannot be 
less than N, for it -would then follow by an argument similar to tbe one which 
we have just made that the integer^ determined by the equations (91.2) 
would be less than N. Hence N=N. This completes the proof that the 
integer iV' is an invariant of the affine space 'T'. 

As a consequence of the invariant nature of the integer N we can say that 
the tensors B and 0, whose components appear in the first A'" + 1 sets of 
equations of the sequence (91.2), constitute a complete set of invariants of 
the general affinely connected space T. 

An analogous discussion suffices to show that the integer N is Hkewise an 
arithmetical invariant of the other spaces for which the finite equivalence 
theorems have been given in the preceding sections; for the projective and 
conformal spaces the inequality (91.1) -will cease to apply but can be 
replaced by a corresponding inequality determined in an obvious manner. 

REFERENCES 

(1) H. Vermeil ms the first to apply nonnal coordinates to the equivalence problem 
in carrying out a suggestion due to F. Edein; see “Bestimmung einer quadratischen 
Differentialform. . Math. Ann. 79 (1919), pp. 289-312. See also T. Y. Thomas and 
A. D. Miehal, ref. (3), Chapter VII. 

(2) This theorem is essentially the same as that given by J. E. Wright, Invariants of 
Quadratic Differential Forms (Cambridge Univ. Press, 1908), pp. 15-17. See also 
T. Levi-Civita, The Absolute Differential Calculus (Blackie and Son, 1927), pp. 29-33, 
and 0. Veblen and J. M. Thomas, “Projective invariants of afiSne geometry of paths”, 
Ann. of Math. (2), 27 (1926), pp. 279-96. 

(3) E. B. Christoffel, ref. (4), Chapter n, -was the first to give an equivalence 
theorem of this type. He considered however the ease where the first N sets of equa- 
tions equivalent to (86.2) admit a single independent solution, and hence arrived only 
at sufficient conditions for the equivalence of two quadratic forms. 

(4) 0. Veblen and J. M. Thomas, ref. (2), gave a projective equivalence theorem 
which, however, was based on a (Efferent sequence than the one described in the text, 
since they did not use the (w -f l)-dimensional affine representation. Cf. also T. Y. 
Thomas, ref. (2), Chapter HI, and J. H. C. Whitehead, ref. (3), Chapter HI. 

(5) See T. Y. Thomas and A. D. Miehal, ref. (3), Chapter VII. 



CHAPTER IX 


REDUCIBILITY OF SPACES 

92. Differential conditions of redfcibility 

If the structure of a generalized space ^ is so specialized throughout a region 
Hof^ that it can be regarded as a component part of the structure of a space T* 
of lesser generality, we will say that the space W' reduces to the space T* within 
the region dl. Thus if T denotes an affine space of paths with components of 
affine connection and if a tensor G exists with symmetric components 
g^^ {x) defined throughout a region ^ of such that the determinant | [ 

does not vanish in ^ and also such that 

( 9 ^. 1 ) = 

then 0^ reduces to a metric space 0"* defined in and having 

ds^^g^^dx^dx^ 

as its fundamental quadratic differential form. Similarly the existence of 
the above tensor G and a covariant vector with components (f>^ defined in 
'0^ such that 

9a^,Y = 9oip4>y> 

form the conditions for the afifine space of paths 0^ to reduce to a Weyl 
space '0^*; in fact the equations (92.2) are easily seen to be equivalent to the 
equations (8.1 1) which define the components of the affine connection of the 
Weyl space. 

Evidently the condition for a general affinely connected space to reduce 
to a metric or Weyl space is that the tensor O, whose components are the 
skew-symmetric part of the connection should vanish, and that the 
symmetric components of the connection, namely F^^, be such that equa- 
tions of the type (92.1) or (92.2), respectively, are satisfied. It follows im- 
mediately from (8.5) that a Weyl space 0^ reduce to a metric space within 
a region ^ of ^ if, and only if, the functions <ffy in (92.2) are the gradient of 
a scalar function. 

W© cannot speak of the reduction of a projective space of paths to a metric ^pace, 
nor the reduction of a Weyl space to a conformal space, etc., since the structure of 
th^e spac^ is of an intrinsically different nature, with the iwult that the structure of 
one cannot be regarded as a com^ponent part of the structure of the other. Thus in a 
metric space we may speak of two vectors as being parallel with respect to a curve but 
in a projective space this concept is without sdgnificanoe. We can, however, corre- 
sponding to (92.1) consider the question of the eadstence of a set of quantities 
wMchdefinethepathsofaprojectivespaceofpathSjSuohthat the will be ChrlstofM 

symbols with respect to a tensor G. The <x)nditions for this are 

(92.3) 
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where the are the coraponents of the eovariant derivative of G based on the 

functions given by (4.4). Writing (92.3) in the form 

( 92.4) <f>y 4* gy^<j>a + Qay 

where ^ is the covariant derivative of G based on the functions , and multi- 
plying these equations by the contra variant components we have 

(92.5) 2{n+l)<f>y= 

Substituting this value of into the left members of (92.4) and denoting the resulting 
expression by , we find 

gy-v 

hence (92.4) takes the form 

(92.7) guffy=-0. 

The quantities g^^ defined by (92.6) may be shown to be the components of a pro- 
jective-affine tensor (see § 18). As the sufficiency of the above conditions (92.7) can 
readily be shown, we have the following result: A. necessary and sufficient condition for 
the existence of a set of components of connection A^^ , which are Christoffel symbols with 
respect to a tensor G within a region of a prcfective space of paths 0*', is that the P’s he 
such that the equations (92.7) are satisfied by a set of quantities g^^ with non-vanishing 
determinant | g^^ ] . An analogous extension of the equations (92.2) can be made to the 
case of the projective space of paths(l). 


93. Flat spaces 


A general af&nely connected space 0^ will be said to reduce to a flat space 
within a region ^ of ^ if there exists a coordinate system x for the region 0d 
with respect to which the components of the afOne connection {x) are 
equal to zero. Similarly a metric space will be called flat throughout a region 
^ if a coordinate system exists for this region with respect to which the com- 
ponents of the fundamental metric tensor assume constant values. 
Analogous statements are, of course, to be made for the space of distant 
parallelism, the conformal and the projective spaces. The following in- 
dications express the required transformation conditions for the flatness of 
the above spaces (2). 


(^) 

(p) 9^y 

(C) ^ ->±S“ 

(d) - ± Sf 

(e) 


(afSne space), 

(metric space), 

(space of distant parallelism), 
(conformal space), 

(projective space). 


Corresponding to the terminology of § 81 we will say that a space of paths 
is affiriely flat when the above condition (a) is satisfied axidi projectively flat 
when condition (e) is satisfied. 

It is seen from the general existence theorem of § 85 that a necessary and 
sufficient condition for a general affinely connected space 0^ to reduce to a flat 
spam thrcmghcml a region 01 of 0^ is that the curvature tensor B and the tensor Q. 
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vanish identically in some region 01* containijig 01, ^ Similarly it follows from 
tiie th-eorems of § 86 and. § 87 th.at a rwcessary and sufficient ccmdition for a 
metric space or a space of distant paralMism to be flat throughout a regkm 0d of 
the space is thaJt the curvature tensor JB or the scalars h^ respectivdty, he eguctd 
to zero identically. 

From the results of § 89 it follows that a two dimensional metric space is 
always conformally flat- The theorem of § 90 shows ns that for neces- 

sary and sufficient condition that a metric space he conformally flat throughout 
a region 01 is that the components of the incomplete conformal curvature 
tensor should vanish identically. Likewise, the identical vanishing of the pro- 
jective curvature tensor *B is a necessary and sufficient condition for a projective 
space of pcdhs to reduce to aflat space.’\ 

In the case that the space ^ is a metric space we shall show that the above 
theorem can be put in the form: a necessary and sufficient condition that a 
metric space he protectively flat is that it should he a space of constant curvature. 
To see this we first observe that for a metric space B^j^ — B^ , as may be seen 
from (49-9) by making use of (41-16). Hence by evaluation of (18.4) we have 

On multiplying by and summing on the index m, we see that the con- 
ditions Wjj^—0 give us for n^3 the equations 

f == j {Qa^ik ■” 9ik 
On multipl 3 dng (93-1) by and summing on the repeated indices, we find 

"^^7 = 2 i9a B — Bf), 

or 

(93.2) 

Hence (93-1) becomes 

B 

(n ~T) ~ 9ik9jl)' 

But we saw in § 50 that this is precisely the condition that be a space of 
constant curvature. Conversely, if (93.3) is satisfied 0. 

For n^2 the equations (93.2) are satisfied identically. To show that in 
this case also we must have 15= const- we use the conditions 
which we see from (18.7) reduce to 

* It can be shown that the regions and 9^* can be taken to be identical. A similar reiiia«rk 
can be made with reference to each of the above cases (6), (c). 

t For « ^ 4 it follows from equations (22.7) that the vani s hin g of all the compon^te * 

consequence of the identical vanishing of - Similarly, from ( 18.6) it follows that for » ife 3 the 

conditions *.B5^=0 are a consequence of 
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dB 


on making use of the fact that gij^k=^0. If we multiply these equations by 
and sum on the repeated indices, we see that 




0 , 


i.e. B is a constant. The converse is obvious. Hence our theorem is proved. 


94. REDITGIBILITir OF THE GEHEE-AL AFFIE-ELY COHHECTED 
SPACE TO A SPACE OF DISTAKT PAEALLEEISM 
A general affinely connected space will reduce to an affine space of distant 
parallelism if we can find n independent solutions of the equations 

(94.1) f^+hPL1^=0. 

The integrability conditions of these equations are 

(94.2) 

■where the -tensor B is the curvature tensor formed from the componen-ts 
1^%,. Equations (94.2) will have n independent solutions if and only if 

(94.3) B^ys=0. 

Conversely, if (94.3) is satisfied, (94.1) is completely integrable and will 
therefore have n independent solutions (cf. § 13). Hence we have the 

Theoebm- a necessary and sufficient condition for a general affinely con- 
nected space 0^ to reduce to an affine space of distant parallelism throughout a 
region ^ of 0^ is that the curvature tensor B formed from the components 
should vanish. 


95. Aegebeaio cohbitiohs foe the eedtjcibility of the 

AFFIKE SPACE OF PATHS TO A METEIC SPACE 

Let US consider the expanded form of the equations (92.1), namely 

(95-1) 

and apply the general existence theorem of § 84. This leads to the following 
sequence.* 

ga^~g^ay 

B^yS + 9 (X(tB^^ = 0 , 

9a^ BayS, c + 9aa B^yS, e = 


* The genexal set of equations of the sequence (95.2) can be obtained from the preceding: set by 
covariant differentiaiion. The method of § 84 involving partial difEerentiation for the formation 
of the suoce^sive equations of the seqnence (84.4) gives rise to equations in the form (95.2) by the 
addition of suitable expressions which vanish in view of the preceding relations. 
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In order that a solution of equations ( 95 . 1 ) may be taken as the com- 

ponents of the fundamental tensor of a metric space, it is necessaiy that the 
determinant [ | shall not vanish in the region 0^. It is therefore necessary 

that one of the solutions g^^ of the first JSf sets of the sequence (95.2) be such 
that the determinant [ g^^^ | 0 . By taking hnear combinations of the solu- 

tion and other solutions of the first N sets of ( 95 . 2 ) we can evidently 
obtain a fundamental system of solutions g^^^ of these equations, where i = 1 , 

• pi such that none of the determinants | g^^^ ] vanish identically. Assuming 
now that all the satisfy the {N -{- l)st set of equations ( 95 . 2 ), we obtain a 
solution g^^ of (95.1) by integration of a completely integrable system corre- 
sponding to (84.9). Hence the solution g^^ (x) of (95.1) can be made to take 
on at an arbitrary point P initial values corresponding to any one of the p 
fundamental solutions the detenninant { g^^ | will therefore not vanish 
in the neighbourhood of the point P. This gives us the following <3 ) 

Theobem. a necessary and sufficient condition for an affine space of paths 
0^ to reduce to a metric space throughout a region 01 of 0*^ is that there exist an 
integer AT ( ^ 1) such that the first N sets of equations (95.2) admit a fundamental 
system of solutions where ^ = 1 , p, with non-vanishing determinants 
1 such that each solution scdisfies the (N 4- l)st set of equations (95.2). 

By considering the solutions ax ... ^ (x) of the equations 

(95.3) y = 0, 

we arrive at an obvious generalization of the above existence theorem. Now it is 
readily shown that the conditions (95.3) are sufficient for the existence of the homo- 
geneous first iategral 

(95.4) oa...i3^--.^ = const. 

of the equations of the paths (3.1). Hence the theorem of §84 gives us directly an 
algebraic sufficient condition for the existence of a first integral (95.4). 

96. ALaEBBAIC CONBITIOKS FOB THE BEBXJCIBILIT Y OF 
THE AFFIHE SPACE OF PATHS TO A WEYL SPACE 

The theorem of § 95 can readily be extended to give algebraic conditions for 
the reduction of an affine space of paths to a Weyl space. Writing (92.2) in 
the expanded form 

( 96 . 1 ) = 

we have as the conditioiiB of mt^rability 

( 96 . 2 ) 

ARRu-mingr the determinant | [ 7 ^ 0, we multiply (96.2) by g^^ and sum on 

the indict <x, so as to obtain 


2 
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When we eliminate the leffc members of these latter equations from (96.2) 
we have a system of equations which can be put into the form 


(96.3a) 






these equations correspond to the first set of conditions (84.4). By successive 
differentiation of (96.3a) and elimination of the derivatives of by means 
of (96.1), we obtain a sequence of the form 


(96.36) 




Then, since the condition that the determinant | | be different from zero 

is a necessary condition for the given affine space of paths to reduce to a Weyl 
space, for which the are the components of the fundamental metric 
tensor, we are led to the following (4) 

Theorem. A necessary and sufficient condition for an affine space of paths 
0^ to reduce to a Weyl space throughout a region 01 of 0^ is that there exist an 
integer ( ^ 1 ) such that the first N sets of equations (96.3) admit a fundamental 
system of solutions {x), where ^ = 1, . . . , with non-vanishing determinants 
I solution satisfies the {N 4- 1)5^ set of equations (96.3). 
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CHAPTEB X 


FUNCTIONAL ARBITRARINESS OF 
SPATIAL INVARIANTS 

Ix this chapter we consider the question of the determination in iinite form 
of the functional arbitrariness of sets of quantities and ^ , consistent 

with the existence of an affine and metric space for which these quantities 
will be the components of the first normal tensor and second extension of the 
fundamental metric tensor, respectively. An approach to this problem Is 
already to be found in § 46 where, however, the required conditions on the 
A's and g’s are given in terms of an infinite sequence of conditions. As this 
question is essentially one in the theory of systems of partial difierential 
equations, we begia by deriving a regvktr form for such systems which will 
have direct application to the present problem (i). 


97. Regtjlab systems of pabtial biffebextial equations 

Consider a system of L partial differential equations, linear and of the 
first order in w dependent variables and n independent variable 

namely 


(97.1) 




L). 


The coefficients and are functions of and v^. It is assumed also that 
the left members of (97.1) are linearly independent in the derivatives of the 
dependent variables . 

Let us suppose that there are equations (97.1) which are indepen- 

dent in the derivatives dvjf.ldz^ and, as the integer L-^ is conceivably depen- 
dent on the coordinate system x, let us suppose that coordinates have 
been selected for which wiU have its maximum value. We can then divide 

our equations into two sets : a set consisting of equations which can be 
solved for L-^ of the derivatives dv^jdx^ and a set firom which all derivatives 

dvjc/dx^ can be eliminated. Now suppose that the set of equations contains 
jL 2 equations independent in the derivative dvj^jdx^ and in fact that co- 
ordinates are selected so that Lg has its maximum possible value, under 
the restriction that the above integer is unchanged. This makes it pc^sible 

to divide the set 8^ into two sets S* and 8^ such that consisting of 
equations, can be solved for of the derivatives dvj^jdx^, and such that the 
derivatives dvj^jdx^ can be eliminated entirely from the set . Proceeding 
in this way we arrive at a coordinate system (which is obviously one of an 
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infinity of sucli coordinate systems) for wMch. onr system of equations (97.1) 
can be put into the form 


(97.2) 


to rh 3^- 

A: = la = l ^ 




where 6“;^,^'= 0 if oc < ^. A system of coordinates with respect to which 
(97.1) can be put into the form (97.2), in which the integers are character- 
ized by the abov'ementioned property, is said to be non-singular \ otherwise 
the coordinate system is said to be singular. 

If (97.1) is written in the form 


w n 

s s 


A: = la=l 






where = 0 if a < jS, with respect to a singular coordinate system, then 
; or if e/i = Z'i for ^' = 1 , . . , , r , then . Obviously the inequahty 

r ^ — 1 is here satisfied. 

JSTow assume a non-singular choice of independent variables and make 
the transformation 

(97.3) + 

where the are constants. If the dependent variables Vj^ transform as 
scalars, the law of transformation of their derivatives is given by 

dx°^ dx°^ “ 00 ?°“’ 


and hence equations (97.2) become 

(97.4) S S = 

fc = la = l 

For a fixed value a belonging to the set 1, . . . , — 1 assume that = 0 except 

when <7 = a. Then if the constants m“ are sufficiently small equations (97.4) 
for = a must be linearly independent with respect to the derivatives dV]^jdx°^. 
For the above choice of the constants the coefficients of the derivatives 
dvj^jdxy, for y=l, ...,a— 1, in the equations (97.4) will be equal to the 
coefficients of the corresponding derivatives dvj^dxy in the system (97.2). 
Hence the set of forms 

w dv^ 

(^ > a, oc not summed) 
will be linearly dependent on the forms 

(« not summed), 

since otherwise the original choice of variables x^^ would be singular contrary 
to hypothesis. Or 

(97.5) S A*^ (;3 > a, a not summed). 

j — l 
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Now take = m, and to"= 0 otherwise. Then (97.5) gives 

”**f*o() (^ > a. a and ^ not summed). 

3 —1 

Hence, if we let m approacb. zero, we have 

61, -I; AS, 6?^ %), 

AS.- rs], 

m->0 L J 

More generally, take = m for a single index y ^ and = 0 otherwise. 

Then (97.5) gives 

J = 1 

and this becomes 

(97.7) 6?^^= t (y > j8> a). 


(97.6) 

where 


j = 1 


when m is allowed to approach zero. 


It is clear that > i^ 2 ^ ^3 = ^ 

otherwise a transformation of the independent variables a;“, producing 
merely a permutation of the indices of these variables, would show that the 
original choice of the variables x°^ was singular, contrary to hypothesis. 

hTow suppose that equations (97.2) for 1 can be solved for the deriva- 
tives 

dv^ dv2 dvj^ 


or in other words that the matrix of the quantities , where y, ^ = 1, . . . , Tj , 

is non-singular. Put a=l, j3=2 in (97.6) and consider the matrix of the 
quantities appearing in these equations. If this matrix is of rank M, then 
^ -K; this follows from a theorem in Algebra* and the fact that the matrix 
of the quantities h%^ is of rank - Hence JR^L^ since B can obviously not 

be greater than • It then follows from a second theorem in Algebraf and 
(97.6) that the matrix of the quantities fori— 1, a-nd k— 1, 

is of rank . Hence equations (97.2) for ^ = 2 can be solvM for the deriva- 
tives 

after a suitable choice of the indices of the dependent variables % has been 
made. Hy a continuation of this process it is evident that, if we change the 

* See, for example, Mckson, Modem At^dmiic Theories, p, 51. 

f Dickson, loc, cit. p. 51. 
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notation for the independent variables in accordance with the following 
scheme: 

"" '^Lx+^ 5 • * •> ^t£? J 


^m-1 5 * * • 5 5 


equations (97.2) can be written 


(97.8) 
where 

(97.9) 


dx^ 






/Tc=l, 

X, ( i=l, 

\CL— 1 , 


{Wo = w — L:i^, 
^1 = 

— _Zvq . 


,,,,n \ 
...,1c 


1 — -^n— 1 “ > 

\?^n ~ ^71 5 

and p'^oLy p> q. The coefficients {x, ^;) in (97.8) depend upon the quantities 
and and the ^ denotes terms containing no derivatives of the 
in the sequel the ^ will be used to denote terms of lower order than those 
written down explicitly. A system of the form (97.8) will be said to be 
regular. * 

Addition of corresponding members of (97.9) gives 

W = Wq + Wj^+ w^. 


98. Extension to tensor differential equations 

The results of § 97 can be extended to systems of equations the left members 
of which are linear in the first derivatives of the components of a tensor T. 
Thus consider 

(98.1) + 

where the coefficients JD are functions of the independent variables a;“ and 
the unknowns T; the same is true of the terms. 

* Without the restriction the system (97.8) is called regular and immediate hy Meray and 
Riquier, “Sur la convergence des d4veloppements des integrales ordinaires”, Ann. Vic. norm. mp. 
(S>, 7 (1890), p. 44. 
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With respect to a non-singular coordinate system (defined as in §97) 
equations (98.1) can be written 


(98.2) 


7y.-.®ce 


Sx- ^ ® [i=l,...,Lj 


where i) = 0 if a < ^. Under the transformation (97.3) the derivatives of the 
components of the tensor T transform according to the equations 

aa:“ ■■ dx^ cx“ 


In the coordinate system x equations (98.2) therefore take the form 

(98.3) 




with if a<^. Letting a be a particular number of the set 

1, n—1 and assuming that m^=0 if we obtain by an argument 

analogous to that employed in § 97 that 

(98.4) ^ i^Ta.^boc+ .‘.^D (^ > a, « not Summed) 

as a result of the assumption that the original coordinate system x is non- 
singular. Then putting m“=m for a single y ^ jS and wj = 0 otherwise, we 
obtain, on allowing m to approach zero, that 

(98.5) S (r^^>a). 

i— 1 

If all the components are independent, they can be repr^ented by 

VjQ and the system (98.2) together with (98.5) can be written 


(98.6) 

(98.7) 


gl+««-o 


V' 


S (yS^>a), 

J =1 


where ^ cc< Suppose, however, that the components 

satisfy linear relations of the form 

(98.8) Sy^":.» = 0, 

where the indices k, ..., I, m, ..., n are obtainable from p, ..., q, r, s by 
permutations. If, in this case, % is used to denote the independent com- 
ponents when account is taken of (98.8), equations (98.6) and (98.7) 

will likewise apply. On the basis of the discussion in § 97 the system (98.2) 
can then be replaced by a system of equations in the regular form (97.8). 


X5 
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99. Geisteeal existence theorem for regelar systems 
We shall now impose on the system (97.1) the following two fundamental 
restrictions. 

Goxditiox I. The coefficients and c^ in (97*1) are analytic functions in 
the neighbourhood of some set of values and Vj^ — of their arguments. 

CoxBiTiON II. The regular system (97.8) is comffietely integrahle. 

The first condition carries with it the consequence that the coefficients 
{x^ v) and the terms in (97.8) are analytic fimctions in the neighbourhood 
of some set of walues and , these being values in the neighbourhood 
of and (- 2 ;;;.)^. 

By a ^principal derivative we shall mean one which can be obtained by 
differentiation of a left member of the system under consideration, or one 
of the derivatives which comprises a left member of the system. All other 
derivatives will be said to be parametric. A system of equations such as 
(97.8) will be said to be completely integrahle if the integrability conditions 
resulting from one differentiation of the system are satisfied identically in 
the parametric derivatives. It follows that if Conditions I and II are satisfied 
the system (97.1) has a unique solution, given by a set of convergent power 
series expansions, corresponding to the arbitrary assignment of analytic 
data predicted by the form of the left members of the system (97.8) in 
accordance with the following"** 

Existee'CE THEOREM. Supposc that (97* 1) is a system such that Conditions 
I and II are satisfied. Let 

(i=l, 

where Jc^n, be an arbitrary function of the variable . . ., analytic in the 
neighbourhood of the values of their arguments ^ such that {p) — {'^ik)p 

for all values of the indices for which the are defined. Then there exists one 

and only one solution v^j^{x) o/ (97.1), each function v^j^{x) being analytic in 
the neighbourhood of the set of values x^ —p^, (1) such that v^^ (p) = {v^n)p 
i~l, w^, and (2) such that 

{i^l,...,wf) r^=l, ...,n—l 

i=l, 

_x^=p^, x^~p^ 

100. Groups of lErnEPEHnEXT components 
Equations (54.16) suggest that it is possible to divide the A {n,l) indepen- 
dent components A^^ into n~~l groups, namely a group Cq comprising A^ 
components each of which can be taken as a completely arbitrary function 

* A direct proof is given by M6ray and Riquier, loc . cit . 
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of tlie 71 variables a groap comprising components each of which 
can. be taken to reduce to an arbitrary function of the n — 1 variables 
x^ for = 0, . . . , and a group Gn -2 comprising Aj ^_2 components each 
of which can be taken to reduce to an arbitrary function of the variables 
^n-i^ fQj. _ ^^n -2 — Q division of the components into 

groups must comprise all of the A (n, 1) independent components A^; 
this is shown by (54.14). Similar remarks apply to the components got^^ys on 
account of equations (54.15) and (54.17). 

Let us first consider the A^^ . It is evident that the group Oq cannot be 
filled by selecting components A^^^ at random from the A (n,l) independent 
components A^^, since they are conditioned by equations (46.6), Our 
problem is to show that it is possible to solve equations (46.6) for first 
derivatives of the independent components such that the quantities 
for which we have solved will fall into 7i~ 2 mutually exclusive groups; first 
a group consisting of first derivatives of .4 ^ of the independent components 
A^yg with respect to (these Aj^ components will form the group (7]^), second 
a group consisting of first derivatives of Ag of the independent components 
A^y^ with respect to x^ and x^ (these A 2 components will form the group 
G 2 )} •••? a-nd finally a group consisting of first derivatives of of the 
independent components A^y^ with respect to x\ x^, ... and x‘^-^ (these A ^_2 
components A^y^ forming the group On- 2 )- possible to state a rule for 
the determination of the independent components in the groups 

Gjn(m = 0, 1, ...5 n — 2) as fonows(2). 

Mule I. The group G^ (m = 0, . . . , ^ — 2) /or the components A^y^ is composed 
of all components that can be formed from A^y^ by talcing S = m+1; = 

jgj y = 1, n subject to the inequalities andy>m-\- 1. It can readily be 
verified that the application of this Rule gives a correct division of the com- 
ponents A^y^ into groups Gj^ . It is to be observed that the components A^y^ 
in a particular group G^ as given by the above Rule are independent among 
themselves, i.e. are not related by an equation of the form (41.7), and are 
also independent of the components A^ in the other groups G^^ . 

The number of components in the group G^(m — 0, n — 2) as 
determined by the above Rule is nK (n^ 2) — nK {m+ 1,2) or A^ by (54.18). 
We shaU let Aj^, where Z= 1, A^; m = 0, n-2, denote the com- 

ponents A^ in the group G ^ . 

The separation of the components gap^ys mto groups is to be made in an 
analogous manner. 

Mvlell. Thegroup G^{m = 0, .... n- 2) for the component^ g^^y^ is com- 
posed of all components that can be formed from gix^,yB tahing a = f»-|-l; 

y, S = 1, ..., subject to the iTiequalities ^ ^ m -h 1, p<y,y^^ ^ > m -f- 1. 

The components g^^^y^ in the above groups G^ are independent since they 

15-2 
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are not connected by relations of tbe form (41.14) or (41.15). The number of 
components group G^(m==0, n — 2) is 

2)-nK(m-hl,2), 

which by (54, 19) is equal to . We shall denote by ^Im , where 1=1, ,,,, B^; 

m = 0, 1, n — 2, the components in the group G^. 

Finally the enunciation of our existence theorems demands a similar 
separation of the components of connection into groups; we therefore 
lay down the following 

Mule III. The group G^^(m = 0, n— l)/or the components F^^ is com- 

posed of all components that can he formed from F^^ by taking y = m + 1 ; 
a, p= 1, n subject to the inequality ^^m-i-l. 

There are y^=?^(m-^ 1) components F|y in the group G^ and, for con- 
venience of reference, we shall denote these y^ components by y^^ 
(2 — 1, - . obvious that no component y^^ can occur in more than one 
group, and also that no two components y^^ and y^^^ are equal in consequence 
of the condition (40.2) ; in fact the components y^^ include all components 
of a ffin e coimection which are not equal in virtue of (40.2). 

101. Special case of two dimei^-sions 

In the two dimensional space of symmetric affine connection the equations 
defining the components of the curvature tensor can be written 

—Li? __11 r 7?“ » pot pa pa pa 

-^121 ^ 02 11 al 12 > 

( 101 . 1 ) 

opa 

22 21 . , pa pa pa pa 

dx^ ■^-^22l'+' ^ a2^ 12 ^ ^ 22 * 

Components B^yS other than those which appear in the above equations are 
linearly dependent on these components. We shall regard the components 
in (101.1) as functions of the Ajq in accordance with the equations 

W _ . AOC AOC. 

-^jSyS - - ~ ' 

If we assume the components Aiq to be functions of the coordinates x°^, 
analytic in the neighbourhood of the point x°^ = q°^, then the Cauchy- 
Kowalewsky theorem* for the system (101.1) gives us immediately the 
following (3) 

Existence theorem. Let <f>i(l=l, 2, Z, A) and if^{p=l,2) denote func- 
tions of the variables x^, x^, analytic in the neighbourhood of the values 
x^ = q^. Also lei ^g^(q=l, 2, Z, 4) denote functions of the variable x^, which are 
amdytic in the neighbourhood of x^ = q^. Then there exists one, and only one, 

* Systems (101.1) of the type considered by Cauchy and Kowalewsky are a special case of the 
regolar syartems for which there are no conditions of integrability. 
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affine connection with components ( = Fy^) in a system of coordinates 
erudh function F^^ (x) being analytic in the neighJbourhood of the values 
== such that 

Ao = rpo = y^i - Cg 

P==l,2,3,4] 1>=1,2] rg^=l,2,3,4"] 

For the metric space we must add to ( 101 . 1 ) those equations which expr^ 
the conditions that the components F^y be ChristofFel symbols with resj^ct 
to the components of a fundamental metric tensor, i.e. 

We now consider that the components in (101.1) are functions of the 
^„^and gr^^^ys, namely 

{9ay,^B~gcB,hy) 

[see equations (49.9)]. Now differentiate (101.2) with respect to x^ and 
eliminate the second derivatives of by the condition 

0xy0x® dx^dxy 

From the resulting equations eliminate the first derivatives of F^ and g^^ 
by means of equations (101.1) and (101.2) themselves. We thus obtain a 
system of equations which is readily shown to be satisfied identically. 
Taking the single independent component and the as known functions 
of the variables x“, the system composed of (101.1) and (101.2) is therefore 
completely integrable. 

Existeis^oe theorem. Let ^ and ^p{p==l,2) denote functions of the 
variables x^, analytic in the neighbourhood of the values x^ = q^, sd^ — q^. Let 
(g= 2, 3, 4) denote functions of the variable x^, which are analytic in 

the neighbourhood of x^ = And finally let (ga.^)^ — (9pa)g denote arbitrary 
constants such that the determinant | (g^)g^\ 0. Then there exists one, and only 

one, fundamental metric tensor with components 5^ceis( =^j3oc) ^ system of 

coordinates x°^, each function (x) being analytic in the neighbourhood of 
the values x^ = cj^, stick that {q) = {ga^)q omd 

B^^ = ix\ x2) y^o = rai = Ca (^^)- 

[p=l,2] r^= 1,2, 3,41 

L = J 

102. General case opn(^3) dimensions 

When the dimensionality n is greater than or equal to three, the systems 
(46.6) and (46.12) must be considered; in the two dimensional case treated 
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in § 101 these systems were satisfied identically (see §54). Ta kin g first the 
equations (46.6) we shah show that these can be put into the form 

/Jc= 1, n — 2\ 

( 102 . 1 ) ■ 'iilzi" 

r^oL, r>q 

in which the summation S denotes a linear expression in the derivatives 
with constant coefi&cients; the ^ terms are bilinear forms in the 
components and For this purpose we write the system (46.6) in 
the form 


( 102 . 2 ) 


1 ^ 

dx^ 3 cxy 3 cxy 3 dx^ 3 dx^ 


and consider the conditions on the indices B = /x+l, y>B>€, yS^ytobe 
satisfied, where /z = 1 , . . . , ~ 2. The component whose derivative forms 

the left member of (102.2) therefore belongs to the group Let us now 
examine the components A whose derivatives are in the right members of 
(102.2) bearing in mind that S = jx+1 and that y, 8, e satisfy the above 
inequalities. The first component A^^^ belongs to group . The component 

^^longs to group G^if J3> fi-h IfyS = yu.-{-l, it belongs to group G^_i . 
Lastly if ^ < yx + 1 the component A^^^ is to be put equal to — (-4“g^ H- 
of which belongs to group and A^^^ belongs to group 

component belongs to group G^_ 2 _ if yS ^ yx and to group G^_^ if yS = ya + 1 . 

If yS > yx + 1 the component -^g^yg is to be put equal to — (-4“j8S + A^^^)y where 
belongs to group G ^ , and A^^^ to group . We see therefore that the 
derivatives in the first three terms in the right members of (102.2) 3 deld 
derivatives of the type occurring in the right members of (102.1). 

Since y ^ yx + 2 the component ^“yg belongs to group G^, If yS ^ yx + 1, we 
have e < yS so that the fourth term in the right members of (102.2) will be of 
the required sort. However, when yS ^ yx this term will contribute a derivative 
of the type of those in the left members of (102.1). We then eliminate it by 
means of (102.2), i.e. by a substitution of the form 




dx^ 




In case e > — 1, this substitution will yield derivatives of the type occurring 

in the right members of (102.1) in their relation to the derivatives in the left 
members of these equations;* otherwise a second substitution of the above 
sort is required. An analogous treatment of the derivative of the com- 
ponent A^^ which belongs to the group G^^j^ results finally in the derivation 
of the equations (102.1). 


* It is to be noted that one term will give the same derivative as that occurring on the left side 
of the equafion, but vrath a coefficient different from one. 
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As a result of tlie conditions (102.1) the number of algebraically inde 
pendent components is 


( n — 2 \ 71 — 2 

s aJ- S ccA^, 

(X = 0 / a==l 


wMch is seen to be equal to A (n, 2) as defined in § 54. Equations (46.6) 
cannot therefore furnish additional conditions on the components over 
those which result from (102.1); in other words the equations (46.6) and 
(102.1) are equivalent algebraically. 

In place of (101.1) we now have, as the equations which define the com- 
ponents of the curvature tensor, the equations 

3r|„ ar|s ^y=2, ...,w \ 

\d= 1, y— 1/ 

Let US observe that, in terms of the independent components and , 
these equations have the form 

1, ..., w — 1> 

(102.3) ^ = ^ + + f 

r > a, r>q 


where the first summation S denotes a linear form, and the second denotes 
a quadratic form, in the variables indicated. 

The system composed of (102.1) and (102.3) is regular. Moreover this 
system is completely integrable. This can be seen fix)m the fact that if we 
form the conditions of integrability we obtain a system B involving the 


following quantities 


(102.4) 


dsf ’ dsfdsf’ 

/q = 0,...,n—l; fi=l,...,yj\ 
Vr,s=l, rSs; r,s>q} 

4 ■ . 

daf ’ Bafdaf ’ 

/q=0, ..,,n — 2; j>= 1, 

l\r,s=l, ....ra; r^s; r,8>q) 


Now at a point Q of the space there are 


f nK (n, 2) independent components 

nK (n, 3) 

ty 

99 


nK {n, 4) 

yy 

99 


A (n, 1) 

yy 

99 


A(,n,2) 

yy 

99 


A (n, 3) 

39 

99 

joc 


(102.5) 
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(see § 38 and § 54). If we denote the sum of the components U and A in 
(102.5) by /S, so that 

S = nK (n, 2)-\-nK {n, 3) + nK (n, 4)-hA (n, 1) +AL (n, 2)+ A (n, 3), 
then S also gives the number of quantities in (102.4); in fact the number of 
quantities in any one of the six sets in (102.4) is equal to the corresponding 
term in the sum S. When the quantities in (102.4) are given at a point Q of 
the space, the components T and A in (102.5) are determined at Q, It 
follows that aU of the quantities in (102.4) can be given arbitrary values at 
the point Q, for, if this were not the case, the number of independent com- 
ponents r and A in (102.5) would be less than S. Hence the equations of the 
system M must be satisfied identically, and we have the following 
Existence Theoeem. Let 





rm = 0, ...,?^--2^ 


,7i~r\ 

L l=l,...,A^ J 

L 1=1,... 

>Ym J 


denote arbitrary functions of the variables analytic in the neigh- 
bourhood of the values of their arguments. Then there exists one, and only 

one, affine connection with components ( = Fy^g) in a system of coordinates 

x^, each function {x) being analytic in the neighbourhood of the values 
= such that 


Xl=\,...,Af\ 

y^o = ^^o(*^ "-.a;") 
P=l,...,yo] 



rm= 1, ...,n — 2 q 

rm= 1, .,.,n—l 

11 

1=1, ...,Y„ 




Turning, now, to the metric case we can derive the system 

/Jc==\, ..., n~2\ 


( 102 . 6 ) 


i — 1, ..., Sjf. 

a— 1, ..., Jc 
r^cK, r>q 


from (46.12) by a consideration analogous to that employed in the derivation 
of (102. 1); the summation E in (102.6) denotes a linear form in the derivatives 
dg^^y^jdaf with constant coefficients and the terms represent bilinear 
forms in the components goip^ys and F^^. Then the system composed of 
(102.6), (102.3) and (101.2) is regular and can be shown to be completely 
integrable by an argument analogous to that used in the affine case. 

Existence theoeem. Let 




rm=o, .. 


rm = 0, ...,n— 1 

L 1 = 1 ,.. 

•f ^m. J 

L *=l.-”>ym _ 
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denote arbitrary functions of the variables x^, analytic in the neigh- 
bourhood of the values of their arguments. Also let denote 

arbitrary constants, such that the determinant [ {g^^)q [ # 0. Then there exists 
one, and only one, fundamental metric tensor with components g^^ ( = g^fi in a 
system of coordinates x°^, each function go^^(x) being analytic in the neigTAour- 
hood of the values such that g^^ (q) = and 



! r^o=^^o(a;^ •••>*") 

[l=l,,,„Bo] 

11 

1 — t 


) yim = (X”‘+\ 

m=l,.,.,n~~2 

m=l, 

1^1, 

1=1,. ..,y^ 

[_x^ = gi^, ,,,,x^ — q^_ 

[_a;l = ^ 


103. The existence theobems in nobmal coobbinates 


The special case n=^2 has already been treated in § 54; we proceed therefore 
to the general case n'^S. 

Il/et ns write the equations (102.1) in terms of a system of normal co- 
ordinates as 


(103.1) 


1 , 

02/“ 02/** ^ a=l,.,.,m 


a<r, q<r 


where now the represents a bilinear form in the variables and . 
IVe wish to show that the equations obtained by differentiation of (103.1) 
with respect to y^^, y^» can be put in the form 

( 103 . 2 ) __ 2 :. I ^ 

dy°^dyP^ ..,dy^9 dy^dy^^ ...dy^» dy^...dy^»^ 

where s=l, 2,...; 1, 2, 

and the inequalities r, o-^, crg>q are satisfied. Each of the summations 
represents a linear homogeneous expression with constant coefficients in the 
derivatives of the type indicated. It is evident that (103.2) holds for 

since (103.2) then results directly by differentiation of (103.1). Now differ- 
entiate any equation (103.2) for 

with respect to y^-^. Then all derivatives in the right member of the r^ultang 
equation wdll be of the type which appears in the right member of (103.2) 
except derivatives of These latter derivatives, however, can 

eliminated by a substitution (103.2) for 

j - • • > 1^8 ” ^ J-,n 
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since r > g; hence (103.2) is true for 

= .,,,^^ = 71-1,71. 

Differentiating any equation (103.2) for 

P^ = 71-2; pQ,...,p^==:7i~l,7b 

with respect to we find in a similar manner that (103.2) is true for 
^i,j 82 = n- 2 ; ^ 3 ,. ..,^^ = 72,-1,91; etc. 

Hence (103.2) holds for 

If we now differentiate any equation (103.2) for 

with respect to and eliminate the derivatives of which 

occur, we obtain (103.2) for 

^l~'^ ^25 2,72- 1,72-. 

Then differentiating (103.2) for 

^^ = 7i-3; ^ 3 ,...,^^ = 72--2,72-- 1,72-, 

we obtain (103.2) for 

^ 1 ,^ 2 -=72-- 3; ySg, ...,^5 = 72-- 2,72-- 1,71, etc. 

Hence (103.2) is true for 

, . . , , = 7^ - 3 , 72- - 2 , 71 - 1 , 72- . 

Continuing this process we finally obtain (103.2) for 

as was to be proved. 

Let us denote by , where 

Z=l,...,^^; 772-= 0, 1, ...,72-— 2, 

an arbitrary function of the variables analytic in the 

neighbourhood of the values = . . . = = 0 . Now put 

-^zo = 9 ^/o Ij •••5^0)5 

also put ^Zm==^Zm (^=1,-..,^^; 772-= 1, . . . , 71 - 2) 

for = ... = 7 /”^ = 0 . From the functions and equations (103.2) we can 
then calculate the successive coefficients A^y^^^i.-er (fi) ^ power series 
expansions of the functions A^^g about the point 2 /“ = 0 , i.e. we can deter- 
mine the series 

( 103.3) = A'^ys (0) 4- A'^s, €1 (0) H- ^ ^^yS, eic* (<>) 4- . . - , 

where the constant terms AJ^(0) are given by the functions evaluated 
at y^ = 0, use being made of the identities (41.7). In the determination of the 
quantities .^^yS,€x...er W initial conditions C^y = 0 at y°^=0 are to be 
imposed so that the derivatives of the terms occurring in (103.2) involve 
only derivatives of the A^^ which are of lower order than those occurring on 
the left side of (103.2); also dC^^ldy^ at 2 /“ = 0 is equal to A^y^(0) and the 
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higher derivatives of at = 0 are determined by equations of the type 
(43.9). The number of arbitrary quantities ^^yS,€....€r(0) is 
AqK (?^, r)-{-Aj^K (%-— 1,^)4“ ... (^j ^)» 

wMch is equal to A{n,l-^ r) by (54. 16). These .4 ( 72 ,, 1 4- r) arbitrary quantities 
A^yS,€x...€r being given, the remainder are determined by the above 
calculation and by the identities obtainable from (41.7) by extension. The 
determination of the quantities -4^yS,€i...€r (^) will be unique, for if this were 
not the case we would be led to equations as a result of conditions of 
integrability which would reduce the number of arbitrary quantities 
^^yS,ex-.€r(0) to a number less than AL(n, Iq-r). Equations (46.5) cannot 
therefore give additional conditions on the quantities -4^yS^g^„.^^(0) so that 
the series (103.3) if convergent will define a set of functions -4^^(y) which 
will be the components of a normal tensor in a system of normal coordinates . 
Since it will be shown in § 104 that the formal power series ( 103.3) converges , 
it follows that by Theorem A, § 46 we therefore have the following 

Existei^gb THEOREM. Let {y) , where I ^ I , — 1, 7^ — 2, 

denote an arbitrary function of the variables y'^+^, - . - , 2 /^ which is analytic 

in the neighbourhood of the values 2 /”*+^= ... = 2 /^ = 0; also lei where 

1= 1, ..., A^, denote the components A^^ in the group G^{m = 0, 1 , 2). 

Then there exists one^ and only one, affine connection with components 
(y) in a system of normal coordinates each function being 
analytic in the neighbourhood of the values «/“ = 0, stich that the independent 
components Ai^ of the resulting normal tensor are 

AiQ = <f>iQ (Z= 1, Aq), 

and Ajjy ^^ (^ ~ I 5 ...j 772>==1, ..., 7 i 2 ) 

for 2 ^i=... = y^= 0 . 

In the metric case we proceed in an analogous manner. If we write the 
equations ( 102 . 6 ) in terms of a system of normal coordinates we can 
derive equations of the form (103.2) for the independent componentB 
of the metric normal tensor. Then denoting by 9i ^ , where 
Z = 1 , . -.3 772- = 0, 1, Ti 2, 

an arbitrary function of the variables y^+‘^, y^, analytic in the neigh- 

bourhood of the values = .. . = 2 ^ = 0 , we put 

-^10 ^ ^10 -^o)> 

and for y^=...— y^ = 0 we put 

(^ = 771= 1, .-., 72 - 2). 

Now assign the initial conditions 0^)0 — iff such that the deter- 
minant I (s^ajs)o I ^ S^SO put ®t 

y(x^Q equal to which is determined from the given functions 0^^, 

and determine the higher derivatives of at = 0 by equations of tbe 
type (43-15). Then as in the afSne case we can determine uniquely, use being 
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made of (41.14) and (41.15), the successive coejBficients ya, ex ... 
the series 

{ 103.4) yS = ^ajS,yS (0) + sra^,y8,ex (0) ^ ^a^,yS, cxe. (0) + . . . . 

The number of arbitrary (quantities S^ai 3 ,yS,ex...er (0) is G{n,2-\-r) by (54.17), 
and since the remaining quantities 9^ajS,yS,ei...er (0) are determined by the 
above procedure when these arbitrary ones are given, the equations (46.10) 
cannot furnish additional conditions on the quantities ^aj3,yS,6i..-er (0)- It 
will be shown in § 105 that the series (103.4) converges; hence by Theorem B, 
§ 46, we have the following 

Existence THEOBEM. Let where Z=l, ..., m = 0, 1, n~~2, 

denote an arbitrary function of the variables which is analytic 

in the neighbourhood of the values 0; let (ga^)o = id^odo , where 

oc, p=l, ^5 be arbitrary constants such that the determinant j (g^Q:^)o I t^O; 
also let Bim^ where Z=l, ..., denote the components in the group 

G^( 7 n — 0, 1, n~’2). Then there exists one, and only one, fundamental 

tensor with components ifs^^ (y) = tff^^ (y) in a system of normal coordinates 
each function being analytic in the neighbourhood of the values = 0, such 

that (0) = (^ajs)o > such that the independent components of the 
resulting metric normal tensor are 

BiQ=^diQ (Z= 1, -Bo)> 

and Bi^=^0i^ (Z=l, m=l, — 2) 

/or 2/^=...=2/”" = 0. 


104. Convergence of the A series 


In order to prove the convergence of tlie series (103.3) we must treat the combined 
system of equations (103.1) and (46.1). For this purpose let us consider a system of 
differential equations(4) 


(104.1a) 


(104.15) 


Oa ^ 


in which the 6m and /x are positive constants greater than unity whose more exact 
values will be jSxed later. The positive constants X>, iT, and H are to be taken such that 


(104.2) S<1; l<a£ay, 

CBa GiJlC Qty 

where a is equal to the least of the constants Ua* The indices I, m and u, v hx (104.1) 
assume all possible valu^ for the corresponding indices on the components other 
indices in (104.1) assume values from 1 to ^ inclusive. All summations in (104.1) 
denote the sum of all terms that can be formed from the representative term by giving 
all possible valu^ to the indices that occur. We will also use sets of positive constants 
Vm such that the sum is equal to the positive quantity €(cl) ocguT' 

ring in (104.1a). The integer m in the sum vi + ... + Vm in any particular equation 
(104.1a) which corr^ponds to an equation (103.1) is equal to the numher of different 
derivatives dAj^^jdy in the corresponding equation (103.1), i.e. the equation (103.1) 
for which the indices Z, m, a have the same values as in the equation (104.1a) imder 
consideration. The integer m for an equation (104.1 a) which does not corre^ond to an 
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equation (103.1) can be taAen to have tbe value unity. The function JP {y) in (104.1a) 
is defined by 

where the positive constants £1, p are to be chosen so that the expr^ion 

(104.4) , — ; 9l 

... +a„2/”)/p 

is do min ant for each derivative d(f>i^jd^ (a>m) of the functions introduced in 

§103. FinaUy 

© m) = {1 ~ [2I„, - mM'h 

where S denotes a s umm ation on the indices a, t> over all their possible valu^. 

Equations (104.1) constitute a completely integrable system of total differential 
equations- Hence, according to the well-known theorem for the existence of solutions 
of systems of total differential equations, there exists a unique solution (p) 

of the system ( 104.1) such that these integrals assume an arbitrary set of initial vmues 
(^zm)o (^y)o- We shall choose the initial values ((^^)o or (0) of the functions 
^2/) that (1) (0) (0) and (2) so that the inequalities 

(104.5) 

are satisfied; the initial values or 2(z^(0) of the functions will be chosen 

so that 

(104.6) 3l^^(0)^|{A,^)ol. 

It is to be observed that the integrals (p) are symmetric in their lower indices. 
Furthermore all derivatives at of the integrals are essentially positive, 

in fact any derivative of one of the sets of terms in the right members of ( 104. 1) or any 
derivative of the function © (^) is expressible as a polynomial in pc^tive or zero 
elements — ^tbis polynomial being constructed from its elements entirely by the opera- 
tions of addition and multiplication. Hence we have that 


3tto.|az...oc. 


(104.7) 

where a^, ..., and 2hmiai...a, denotes the derivative of the fimction H|*- This 

inequality follows obviously fn>m the inequalities (104.2) and the dominant property 
of the function F (i/) in { 104.1a). 

Now the equations 

follow jQrom (104.1a) for all values of the indict involved. It is therefore possible to 
writ© those equations (104.1a) which correspond to equations (103.1) in the form 


(104.8) 


321; 


:ls = Sv — 


tta hq 






dy^ Or dp*- ' 

where the quantity v assumes the values to so that the first sximmation in these 
equations denotes a sum of m terms in which the derivatives are taken to correspond 
to derivatives in the summation in the right members of the corresponding equations 
(103.1). The coefficients in equations (103,1) are dominated by the corresponding 
coefficients in the above equations (104.8) in consequence of tbe following 

Lemma. Given any two positive constants B and Q,itia possible to assipn vedues, eoc^ 
of which is greater than JP, to the constants a„ and 6^ , b^, such that eadh of the 

coefficients 
(104.9) 

of the derivatives in ihe right mendbers of (104.8) will be grecd&r ^mn Q, 

To prove this lemma we take ckx— py~^ and &«= where p, cr are constants and 
y is a constant satisf^ung the inequalities y> 1, y > Q/3, in which S is the le«t of the 
f’s. The above coefficimt then becomes 

yy[<Wl-00--<«-r>3^ 
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But m — a ^ 0 and q — r<0 because of the inequalities satisfied by the indices in ( 103. 1). 
Hence ( w — oc) — — r) > 0 and 

Ur Om 

Now put p and <j each equal to Py”»+^. Then 

aac = Py”“* + ^>P, 6„ = Py«-™+i>P, 
which completes the proof of the lemma. 

Consider the expression 

where the positive constants P(>1) and p(>l) are chosen so that this expression 
do m i n ates the coefficients of the in the terms of equations (103.1). Then if the 
constants % » .... < 2 „ and 6^ aa^ chosen as in the above lemma, we have ^ 1 

and hence the coefficients of the second summation in equations (104.8) will dominate 
the coefficients of the corresponding summation in the terms of equations (103.1). 
Also if we take Q equal to the numerically greatest of the coefficients of the derivatives 
in the summation in equations (103.1), we see by the above lemma that these latter 
coefficients are less in absolute value than the corresponding coefficients in the first 
summation in equations (104.8). Then, since .D (1 — e) = 0, it follows from (104.5) 
and (104.7) for 5=1 that* 

(104.10) ^zm I «x (0) ^ I (Aim, ai)o 1 , 

where ^ m . If the indices a, y, S in (104.1 6) determine an independent component 
or then we have from (104.6) that 

(104.11) <£|y|5(0)^l(A“^)o|, 

since all components Azm occur in the first summation in the right members of (104.1 6). 
The inequality continues to hold if the indices a, jS, y, S determine a dependent com- 
ponent , which is then equal to — 2A^^„ or — {A^^ + A^j^) as can readily be observed. 

The inequality (104.11) is therefore satisfied for all values of the indices involved. In 
order to extend (104.11) to higher derivatives we assume the inequalities 

(104.12) |S,...s.(0)fc 1 J.)„ I 

for 5<r(^2). If we compare successively equations (103.2) with the corresponding 
equations obtained from (104.8) by differentiation and elimination, it is then easily 
seen that 

(104.13) fai—o* (0)^ j (Azjji^ocx... a*)o 1 > 

where 5=l,...,r;ai<m; and a,- , for i > 1, is arbitrary. Combining ( 104.7) and ( 104. 13), 
we conclude that these latter inequalities are satisfied for all values of the indices 
Z, m, ..., a, involved. Now differentiate (104.16) repeatedly r— 1 times, evaluate at 
the point 2 /“ = 0, and compare with equations (47.6); this comparison shows that 

(104.14) ■R6|via,...s,(0)a21(^|^,...^)„-(^^^^...^)„| 

for all values of the indices involved, or 

(104.15) ^j^...5^(0)^2 I | 

by an interchange of indices in (104.14). Now is equal to {a^Ja^) and 

hence 

It therefore follows that the derivative j is greater than, or at least equal to, 
the left member of (104.15). Hence 

(104.16) G?,|*,...S,(0)a2 I (^^,^„.s,)«-(^f,S.^...^)o 1 . 

* We here iatrodiice the obvioiis notation (Aim,ai}o or more generally (Aim, az., .0^)0 for the 
derivative at 2^ =0 of the cx>mpoiients Aim- 



SPATIAL INVARIANTS 


239 


Since i2<l the inequality (104.14) will remain true if the derivative 

alone stands in its left member. Adding corresponding members of this latter inequality 

and the inequality (104.16), we obtain 

i &1 ... Sr ^ i Sr)o “ Ss ^ • sjo 1 * 

Ry (104.14) and this last inequality it is therefore clear that we can write 

(104.17) 

where p,, v,7ji^ ..., 77 ,. is any permutation of ...» Now form all permutations 

of the indices /Li, v, 77 ^ and add together the iR corresponding inequalities ( 104. 1 7) . 

This gives 

I ... (0) a 1 91 ... J,)„ - s (A^^^ ... ^)o I . 

Hence (104.12) is true for 8 = r since the summation in the right member of this in- 
equality vanishes by (41.2). With the recurrence process thus established it is clear 
that (104.12) and (104.13) are satisfied for a=l, 2, ... and that (104.13) is in fact 
satisfied for all values of the indict I, m, a^, ..., a* involved. Hence the power series 
expansions of the functions (E^y(y) dominate the corresponding series (46.3) for the 
with the result that the latter series converge. Similarly the power series expansions 
for the functions dominate the seri^ (103.3) for the independent components 
A Jys so that these converge- Since any dependent component A is linearly dependent 

on the components the convergence of the series for the dependent components 
A^^ follows immediately. 


(105.16) 

(105.1c) 


105. C02?^VEBGBKCB OF THE g SERIES 

By a procedure analogous to that employed in § 104 we can prove the convergence of 
the series (103.4) within a sufficiently small neighbourhood of the values y“ = 0 . There 
is, however, enough difference in several of the details of this proof to warrant at least 
an indication of the method. We begin by considering the complete system of total 
differential equations 

<106.1a) + 

( 105.1 6) 1 ^ = a:h (S) S6.S.. + I , 

( 105 . 10 ) 

We observe immediately that (105.1a) can be written in the alternative form 
( 1 05.2) ^ ^ ^ ^ X) ( 1 - €) (y) + ^0 (S) 

corresponding to ( 104.8), the positive constant c ( <: 1) being thiis defined as the sum of 
m positive constants . . . -f- v«g as in the affine theory. The fimction F (g) is defined 
hy (104.3) where the positive constants fl, p are chosen so that the expression (104.4) 
is dominant for each derivative dGiml^y^ (a>»w) of the fimctions mtroduc«i in 
§ 103. For the function © (SB) we can take 

{l-~B6,[35«,-(©«,),3}-^ 

where the constants atx(>l), 6 ^(> 1 ) and p. are given such values, in accordance with 
the lemma of § 104, that the function /u,© dominates the coefficients of the in the 
equations corresponding to (103.1) for the metric case. The function 

^ « 9L 

l_(S[S^-(§.^)o]},p” 

in which Q,' and p' are positive constants, is dominant for each of the fimctioas 
considered as rational functions of the The positive constants D, K, JR, and W are 

to be taken such that 


Oct aJtC 


Bd; Ka^ay; 
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where a is the least of the constants c&a- Finally we observe that the indices of a 
component Sup assume all values that can be taken by the corresponding indices on 
the components that other indices in the above equations assume values from 1 
to n inclusive; and that ail summations denote the sum of all terms that can be formed 
from the representative term by giving all possible values to the indices in question. 
Consider a set of integrals of the system (105.1) whose initial values 

(a5i»)o; (Sa^)o or CS;|^(0); S«p(0) 

are such that 

58zp,(0)^|(B^„)ol, 

( 0 )^ 0 , 

The integrals of this set dominate the corre^onding power series expansions of § 103. 
To prove this let us first observe that, as in the affine theory, we have 

(105.3) SBim|oc(0)>l(JS,„_a)ol- 
Ta,king accoimt of the identity 

(105.4) = + 

easEy derivable from (49.6) and (49.9), it follows immediately from (105.16) that 

(105.5) e|^ij(0)a|(^|^)oi. 

differentiating (105.1c) and comparing with the corresponding equations (46.7), we 
obtain 

(105.6) -5fl£^iy«5(0)^ I (^<x^,y5)o I 

in virtue of (105.4). In order to extend the above inequalities (105.3), (105.5) and 

(105.6) to higher derivatives, we assume 

(105.7) Sa^l^a...y,(0)^ I (S^a^,yx...y,)o I 

for a^r(^2); in addition we assume the inequalities (104.12) for a<r(^2). By 
successive differentiation of (105.2) and comparison of the resulting equations with the 
equations correspondi n g to (103.2) for the metric case, we deduce 

(105.8) Sj„la,...a.(0)S I (^x„,aa.-oc.)o I 

for 1, ...» r and all values of the indices ?, m, a^, ..., a, involved. As in § 104 it now 
follows that for a = r the inequalities (104.12) are likewise satisfied. By r-fold differ- 
entiation of (105.1c) we can therefore deduce that (105.7) is true for a=r-j- 1. As this 
^tablishes the recurrence process we conclude that (104.12), (105.7) and (105.8) are 
satisfied for all values of the integer Hence it follows as in the affine case that the 
series (103.4) converge. Incidentally we have given a direct proof of the convergence 
of the power series expansion for the components {y) of affine cormection and for 
the components {y) of the fundamental metric tensor in normal coordinates. 
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67 
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11 
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differential, 35, 36, 37 
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Metric space, 10 

Metric tensor, fundamental, 34 

Normal coordinates, absolute, 87; affine, 7, 84; 
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jective, 91, 95 

Normal tensors, affine, 102; generalized affine, 
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sets of differential, 192 
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Principle of relativity, geometrical, 25 
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space, affine representation of, 53; tensors 
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Quadratic form, fundamental, 1 1 

Reducibility of spaces, 215; algebraic conditions 
for, 218, 219, 220 
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Riemann space, 10 

Scalar differentiation, 100; generalization of, 
102 

Schur, theorem of, 135 
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122; equivalence of, 197 ; flat, 216; group, 15®, 
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34; augmented, 79, 81; conformal, 71; 
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32; projective, 57 
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numericid, 79; parallel with rwspect to a 
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